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1 . Introduct ion 
The present note i s devoted to the study of the conver-

gence of the sequence of success ive approximations f o r the 
s o l u t i o n of the Goursat problem f o r the equation 

z ^ U . y ) = f ( x , y , z , z x , z y ) 

where z , z , z denote appropriate funct ions on any subset ' x y n 
of the space H , while z ( x , y ) i s the value of z at 

2 ™ * " ( x , y ) € R ana f s a t i s f i e s some Caratheodory type condit ions . 
The main r e s u l t of t h i s paper says that noneonvergenee of 

success ive approximations of such type equations i s in any 
sense a r a r e case . This type property i s said to be gener i c . 

The study of generic propert ies f o r hyperbolic equations 
was s tar ted by A.Alexiewicz and W.Orlicz [ 1 ] , who proved that 
under some very natura l condit ions on f , the uniquenes of so -
lu t ions of the Barboux problem i s a generic property. Lasota 
and Yorke [4] studied generic propert ies concerning existence 
and uniqueness of so lut ions f o r d i f f e r e n t i a l equations in 
a Banach space. More recent ly M.Kis ie lewicz [ 2 ] , [3] studied 
gener ic propert ies f o r f u n c t i o n a l d i f f e r e n t i a l equations of 
neutra l type of the form 

x ( t ) = f ( t , x t , ± t ) 
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2 J.Straburzynski 

where x t ( 8 ) = x(t+8) for f ixed t e R, Se [ - r , 0 ] and in the 
most general form 

x ( t ) = f ( t , x , x ) . 

Other generic properties have been studied in [5 ] . Further 
references can be found in [3]. 

2. Notations and preliminaries 
For given positive numbers oc, |3 , a, b and non-decreasing 

functions y = g (x ) and x = h(y) of class C' defined on inter-
vals [0,a] or [0,b] respect ively, having the only one common 
point at zero, l e t 0 ^ g ( x ) % b , 0$h" (y )^a and P = [ - a , a ] x 

x [ - M ] . 
Let D = { ( s , t ) j h( t ) < s ^ a, g ( s ) < t $ b } and D^ «= 

= { ( s , t ) : h ( t ) < s g ( s ) < t $ y } for x e [0 , a ] and y e [0,b] , 
Furthermore, l e t G = P \ D , D = { y e [ g ( x ) ,b ] ; ( x ,y ) e d } 

and Dy = { x e [ h ( y ) , a ] : (x ,y ) c D}. Similarly we define Gx 

and Gy. 
We introduce the following notations: 

Rn - the n-idimensional space with the norm 11*11} 
C0 (P,Rn ) - the space of a l l continuous functions with the 
supremum norm 1*1 0 ; 
C.|(P,Rn) - the Banach space of equivalence classes of a l l 
functions p such that p ( * f y ) i s measurable and p (x , * ) i s 
continuous for a*a x e [-<*,a] and such that 

oc 
|p| 1 = f 9 « « , ||p(*.y)|| dx <00} 

¿ a y « L - M J 

C2 (P,Rn ) - the Banach space of equivalence olasses. of a l l 
functions q such that q ( * , y ) is continuous for a.a y e [-p,b] 
and q ( x , * ) i s measurable and so that 

b 
\q\2 = ( max ||q(x,y)|| dy < 00* ¿p * « [ - « . « ] 
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Successive approximations 3 

A(P,Rn) - the space of a l l absolutely continuous functions 
such that z x e C i » zy e C2 a n d zxy 6 We s i i a 1 1 consider A(P,Rn) 
together with the norm |z|p = |z|Q + |zx|i + | zyl2 
Wp = CQ * C1 " C2 with the norm |(z,p,q)|p = |z| Q + ¡p^ + |q|2< 

Let F be a space of a l l functions f : D*C 0 * C1 *C2 Rn 

sat is fy ing the Caratheodory type conditions: 
( i ) f ( • , • , z , p , q ) is measurable for f ixed (z ,p-q) e C0*C1*C2 

( i i ) f ( x , y , • , » , • ) i s continuous for f ixed (x ,y ) eD 
( i i i ) there exists a Lebesgue integrable function m:D —• R+ 

such that ||f (x,y ,z , p, q ) || ^ m{x,y) for ( z f p , q ) eW p . 
Let us introduce in F the equivalence re lat ion by 

setting f ^ f 2 i f f f 1 (x,y ,z,p,q ) = f 2 ( x , y ,z , p,q ) for 
a.a (x ,y ) eD and (z ,p ,q ) eWp. We denote by Í the space of 
a l l equivalence classes of P with the norm 

A mapping f e f is called to be local ly Lipschitzean with 
respect to ( z ,p ,q ) eWp, i f f for every ( z ,p ,q ) there exists 
a neighbourhood U of ( z ,p ,q ) and a Lebesgue integrable function 
k :D —» R such that 

D 

lZ1~Z2lo • |UP Hz1-z2ll' 

X 

IPI-P2IÍ7 = J m,Ut ||Pr(B.t) - P2(s,t)||dB 

and J 
h 1 - q 2 l 2 7 " Í , h i ( « , t ) - q2(s,t)||dt. 

-J(5 s e [ - « t x ] 
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4 J . S t r a b u r z y i f e k i 

S i m i l a r l y t o p r o o f s i n t h e paper [6] we can proVe the 
f o l l o w i n g Lemmas 

L e m m a 1. ( A ( P , R n ) , M i s a Banaoh s p a o e . 
L e m m a 2 . ( i , i e a complete m e t r i c space w i t h p 

d e f i n e d by ( * ) . 
L e m m a 3 . Suppose t h a t z : G R n i s a b s o l u t e l y 

c o n t i n u o u s f u n c t i o n , t h e n t h e r e e x i s t s an a b s o l u t e l y c o n t i -
nuous e x t e n s i o n z of the f u n c t i o n z on P such , tha t 
IZ lp = | z | Q . 

L e m m a 4» For every f £ i and e > 0 "there e x i s t s 
f 6 "i , l o c a l l y L i p s c h i t z e a n and such t h a t p { f £ , f ) . 

3 . Convergenoe of s u c c e s s i v e a p p r o x i m a t i o n s 
Let us c o n s i d e r t he f o l l o w i n g f u n c t i o n a l - d i f f e r e n t i a l 

eq u a t i o n 

( I ) 
z ( x , y ) = ?>(x,y) f o r ( x , y ) e G 

z ^ U . y ) = f ( x , y , z , z x , z y ) f o r a . a ( x , y ) e D 

where <r e A(G,Rn) i s g i v e n , f 1 D * C 0 * C^ » C j —• R n and f e J . 
The problem c o n s i s t i n g i n f i n d i n g a s o l u t i o n of e q u a t i o n {1} 
w i l l be c a l l e d t h e Goursa t problem* 

I t i s easy t o v e r i f y t h a t ( I ) 16 e q u i v a l e n t t o t h e i n t e -
g r a l e q u a t i o n 

( I I ) z ( x , y ) " • 
f o r x , y ) € G 

A ( x , y ) + j f f ( s , t , z , z x , z y ) 4 s d t f o r ( x , y ) eD 

where 

7 
A ( x , y ) . <P(0,0) + ( f x ( s , g ( 8 ) ) d s + J f y ( h ( t ) , t ) d t . 

0 0 
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Henoe we obta in 

fT(3Ci7) f o r a . a x e [-<*,a] and y e G 
B x ( x , y ) 1 

Í 
gix) 

< P x ( x , g ( x ) ) + j f ( x , t , z , z x , z y ) d t f o r a . a x c [ 0 , a ] 
and y e D 

and 

S y U . y ) -

f o r x c G
y
 a n d a » a 7 6 [ - P t b J 

x 
<Py{My)»y) + I f ( s , y , z , z x , z y ) d « f o r x eDy 

h(y ) and a . a y e [ o , b ] . 

Let I » A(G,Rn) x J and l e t us denote by S the s e t of 
a l l (<p,f) wi th l o c a l l y L i p s c h i t z e a n f . 

In v i r t u e of Lemma 4» we have S = X. 
Let (z Q ) "be a sequence from A(P,Rn) d e f i n e d by 

(**) z n ( x , y ) e 
<f(x,y) f o r ( x , y ) e G 

Mx.y) •+. j f f t s . t . z ^ . f a ^ ^ . t z ^ j y j d s d t 
D 

^ f o r ( x , y ) e D, 

where z 0 ( x , y ) = <p(x4y) f o r (*»?) « G and a 0 ( x , y ) » $ ( x , y ) , 
f o r ( x , y ) e 0 . Here $ denote an a b s o l u t e l y cont inuous e x t e n -
s i o n of the f u n o t i o n <p on P» 

T h e o r e m 1. Por ever^ (<p,f) e S the sequenoe ( s Q ) 
de f ined by (**} i s convergent i n A(P,Hn) t o the unique s o l u -
t i o n of ( I ) . 

P r o o f * Let BQ(x' fy) - <p(x,y) f o r ( x , y ) eG and 
z 0 ( x , y ) « f ( * i y ) f o r ( x , y ) e D. 

Suppose UQ and kQtD — ' a r e a neighbourhood of 
( z 0 , ( 2 0 ) j [ > ( z 0 ) y ) and Lebesgue i n t e g r a b l e f u n c t i o n , r e s p e c t i -
v e l y such t h a t 
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| | f ( x , y , z 1 , p 1 , q 1 ) - f l x . y . Z g , p 2 ,q 2 ) |U 

^ k 0 ( X , y ) ( | z r z 2 | ^ + | P l - p 2 | f + | q 1 - q 2 | ^ ) 

f o r ( z 1 , p 1 , q 1 ) , ( z 2 , p 2 , q 2 ) eUQ and (x,y) e D. 
Let SQ be a closed ba l l of Wp with the center 

( z Q , ( z 0 ) x , ( z 0 J y ) and a radius r Q > 0 such that SQC UQ. 
Select ( x 0 , y 0 ) e D such that 

f j m(x,y)dxdy S f - ; j j k 0 ( s , t )dsdt <± , | A - z q | , 
0 

o o 

where DQ = { ( s , t ) : h(t) * s $ x 0 , g ( s ) i t o 0 ] . This i s 

possible, because U - z L 0, j j m(s,t)dst -»• 0 and u " D*y 
JJ k 0 ( s , t )dsdt — 0 as (x,y) — (0 ,0) . D*y 

Let 

u i ( x » y ) 
<p(x, y) f o r ( x , y ) e G 

A(x,y) + j j f ( s , t , 2 0 , ( z ) , ( z 0 ) Idsdt 

xy 
o " o ' x " o 'y ' 

f o r (x ,y) e D. 

We observe that u1 e A(P,Rn) and 

I V o l o D 0 * - f ' | « » 1 > x - « " o » x l l D 0 * T ' l ^ ^ y - ^ o J y U D ^ - J ' 

Then | v z I | d S r Q . 

Now l e t 

^ ( x . y ) = 
u.,(x,y) f o r ( x , y ) e G u D 0 

«0(x»y) + ( v ^ o * f o r ( x « y J e D \ D
0 » 
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Using induction we define sequences: (uR) and (z n ) in A(F,kn) 
by se t t ing 

unU»y) = 
< p ( x , y ) for (x ,y ) eG 

A(x,y) + j j f ( s > t , z n _ 1 , ( z n _ 1 ) x , ( z n _ 1 ) y ) d s d t 

for (x ,y) e D xy 

^ ( x . y ) for ( x , y ) e G u D 0 

z Q (x ,y) + (u n -z Q ) for ( x , y ) e D \ D Q 

for n = 1 , 2 , . . . . 
I t i s easy to see that 

l z n " z o l p = l u n ^ o l D 0 « r o 

for n = 1 , 2 , . . . and ( 3 n , U n ) x , ( z n ) y ) e s 0 e u 0 ' r h « r e f o r e , 

l z 2 " z l l p = I z 2 ~ z l l oD0 + l i z 2 > x - i z 1 ^ l l D 0 + | i s 2 > y - i a 1 > y l 2 D 0 ^ 

«sup jj k 0 ( s , t ) | z i - z a | s t dsdt + 2 jj k 0 ( s , t ) | z 1 - z 0 | s t d s d t $ 
o D. xy 

< l z 1 - z o l p ( 3 I S k 0 ( s , t ) d s d t ) . 
Do 

S imi lar ly , we get 

l z n + 1 - z n l p ^ 3 l z n - z n - l l p S ! M 8 » * ^ 8 « 
Do 

f o r n = 1 , 2 , . . . . Hence, by the completeness of A(P,Rn) the 
existence of z° eA(P,Rn) s a t i s f y i n g lim = 0 fol lows. 

Of course ( z ° , z ° , z ° ) eSQ. Then 
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| z ° ( x , y ) - A ( x , y ) - j j f ( B ( t , z ° , z £ , z ° ) d s d t N o P + 

x y 

+ j j || f ( s , t , z ° , z ° , z ° ) - f ( s , t , z n _ 1 , ( z n _ 1 ) x , ( z n _ 1 ) ) d s d t $ 

x y 

< l z " z n | p ( 1 + f l k o < B ' * 

f o r ( x , y ) e D 0 and n = 1 , 2 , . . . . F u r t h e r m o r e z ° ( x , y ) = < p ( x , y ) 

f o r ( x , y ) e G . T h u s 

z ° ( x , y ) = . 

</>(x,y) f o r ( x , y ) e G 

W x . y ) + J J f ( e , t , z ° , z £ , z ° ) d s d t f o r < x , y ) e D & . 

x y 

z ( x , y ) + ( z —z ) f o r ( x , y ) e D \ D n . 

We s h a l l show now t h a t t h e r e e x i s t s e x a o t l y one f u n c t i o n z 

s a t i s f y i n g a b o v e e q u a l i t y . S.uppose t h a t Z e A ( P , R n ) s a t i s f i e s 

i t t o o . S i n c e 

| z ° - z | = U ° - z | o D + K n * x \ w n + l z y " ® y 1 2 D ^ 
0 0 u

 " 0 

$ 3 l z ° - z | p jf k 0 ( f i , t ) d s d t $ | z ° - z | p 

t h e n | z ° - z « 0 . 

t ( 1 ) L e t now z ^ " ( x , y ) « z ° ( x , y ) f o r ( x , y ) e G u D Q , a n d z £ 1 * ( x , y ) = 
r v j 

» z ° ( x , y ) f o r ( x , y ) e I ^ \ D 0 w h e r e z i s a s o l u t i o n o f ( I ) o n D Q . 

S i m i a r l y we flan pr.ove t h a t t h e r e e x i s t s a o l o s e d b a l l 

S - j C U . , w i t h t h e c e n t e r ( z ^ ^ J ^ , ( z £ 1 , ) y ) a n d a r a d i u s 

r ^ > 0 a n d a p o i n t ( x 1 , y 0 ) ( x Q < x., s u c h t h a , t 
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j j m(x,y) , j j k 1 ( s , t ) d 8 d t < l , K - z o 1 , I D «TT 
TI T\ I 

where 
A 

^ ( x , y ) = z ^ 1 , ( * 0 , g ( x 0 ) ) + j ( z j )
1 , ) x ( s , g ( s ) ) d s + 

and D1 = | ( x , y ) t x 0 < x ^ x v g(jc) < y $ y 0 j . 

Analogously, we d e f i n e 

un(x>j) » 

and 

-0 f o r ( x , y ) e G u D 0 

A.,(x,7) + j j f ( s , t , z n _ 1 , ( z n _ 1 ) x , ( z n _ 1 ) )dadt(x,y)£D1 

1*y 

z Q (x ,y ) -
U N ( * » Y ) F « ( x , y ) e G u D Q U D 1 

+ ( v ^ 1 ) ) FOR ( X , J ) 6 D \ ( D O U D 1 ) , 

Now, i n a s i m i l a r way as above we can de f ine a f u n c t i o n 
z 1 e A(P,Hn) such t h a t lim | z n - z 1 | p = 0 . 

n - o o 
Continuing t h i s process we can de f ine a unique f u n c t i o n 

z e A(?,Rn) s a t i s f y i n g ( I ) on the whole P . This completes the 
p roof . 

3« Son-convergenoe of success ive approximations f o r the 
equa t ion ( I ) 

Let (<p,f) e l and l e t be a sequence of A(F,Rn) 
def ined by 
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( * * * ) Z ^ ' f ) ( x , y ) = 

<p(x,y) for ( x , j ) e G 

Dxy for ( x . y j eD 

In this section we shall show that non-convergenoe of a ee-
qusnoe ( z ^ ' ^ J i s in any sense a rare case. 

We w i l l use here the fo l lowing, not published yet result 
of Lasota (the proof is given in [ 2 ] ) . 

L e m m a 5. Let (X,d) be a complete metric space 
and S a dense subset of (X,d) . Suppose a function [ 0 , 0 0 ) 

i s such that £ ( x n ) —• U as n 00 f o r any sequence (x n ) of X 
such that x n - » x e S a s n - » o o . Then the set 3E = {xeXs^ix ) = o } 

i s a residual subset of (X,d) . 
Let % ' x b a defined by ^ ( y , f ) = l i m diam 

m-00 
where = { z ^ ' f >> f ' > , . . . } f o r o = 1 , 2 , . . . " a n d 

diam E ^ * ^ denotes the diameter of We have c 

c and then diam * diam Since 

0 s diam 6 f j m(x,y)dxdy 
D 

f o r every (<p,f) e X, then lim diam B ^ 9 ' ^ ex is ts f o r eaoh 
m-»oo 

i f , f ) £ X. Now, by de f in i t ion of i t at once fo l lows 
that X(<Pt f) = 0 i f f converges in A(P,Rn ) . 

L e m m a 6. Let f ) eS and (<Pn,fn) be a sequenoe 
in X such that |<f>n- <pg|+ p ( f n , f ) 0 as n 0 0 . Then 

(V ^ j 

|zm n ' n - z ^ ' ^ ' l p 0 as n - » 00 , uniformly with respect 

to m^ 1. 
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P r o o f . Let z o ( x , y ) = <p(x,y) f o r ( x , y ) e G and 
z

0 ( x , y ) = <p(x,y) f o r ( x , y ) e D. S e l e c t a neighborhood UQ of 
( z o ' ( z o ) x ' ( z o )

7
) and k

0
e L ( D ) s u c h t h a t 

f o r ( x , y ) e D and ( z 1 , p 1 , q l ) , ( z 2 , p 2 , q 2 ) eU Q . 
Let B q be a c losed b a l l of Wp wi th the c e n t e r 

( z 0 , ( z 0 ) x , ( z 0 ) ; y ) and a r a d i u s r Q > 0 such t h a t BQC UQ. 
S i m i l a r l y as i n the proof of Theorem 1 we can s e l e c t 

( x 0 , y Q ) e D and N £ 1 such t h a t 

o o 

if 7 

An(x,y) = <Pn(OfO) + J ( < p n ) x ( s , g ( s ) ) d s + j U n ) y ( h ( t ) , t ) d t . 
0 0 

Denote 

f o r («»*) e G 

z ^ ^ ^ s . t ) f o r ( s , t ) e D \ D 0 , 

( z ^ ' f ) ) x ( s , t ) f o r ( s , t ) e G u D, o 

0 f o r ( s , t ) e D \ D q , 
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1 V o ( ( ^ ' f ) V ( 8 ' t ) -

( z ^ ' f , y ( s , t ) f o r ( s , t ) € GuD0 

0 f o r ( s , t ) e D \ Dq . 

Let us observe t h a t 

3 „ < ,j9,t) - j ( z i 
O" 0 

k ((z(<Pa'ta>) ) - k J ) 
X 0 7 0 IB I 

o" 0 V o m 

1 - 3 i i k ( x , y ) d x d y 
[l<Pn-«PU + I V M D + 3 P t f n » f , l 

f o r n ^ N , whioh proves t h a t 

I V " V - ^ ' " l : 0 a s n oo, 

un i formly w i t h r e s p e c t to m? 1. Continuijaig t h i s p rooess wa 

oan g e t 

a s n —• oo 

un i formly w i t h r e s p e c t to m^ 1 . Th i s proves Lemma 6« 
We s h a l l show now t h a t % ( f n i ^ n ) — f o r eve ry sequent)a 

( f n ' V o f x 8 U o h t h a t I fa~ ? g I + 0 a f l n 0 0 » 
where (<p,t) e S . 

L e m m a 7 . Let ' (<P a t f a ) be a sequence of X suoh t h a t 

| fa- <pG|+ —• 0 a s n —• oo and (<p,t) e 8 . Then 

tf(<*>n»fn, 0 « a n — oo . 
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P r o o f . Suppose that ( ? Q , f n ) i s a sequanoe of X 
convergent to ( ? , f ) eS such, that % ( < P n > f n ) 1 8 not convergent 
to aero. Then there are 0 and a subsequence (<iPk»fk) of 
(<Pn,fn) such that tp^- <pQ + p ( f k , f ) — 0 as k —» oo and 
/((<f>kifk) ^ y for eaoh k ^ 1 . Henoe, i t follows that 

di am B„ * 0 for k,m$1. But in view of the Lemma 6 
(<p f ) 

a sequence (zm k ' k ) i s convergent to z ^ ' * ^ in A(P,Rn), 
uniformly with respect to m^ 1. Therefore, for n,m^ 1 and 
sufficiently large k, say we have 

I m n l p * k + lzm zn lp* 

Thus 

i? « diara B^ 5 P k , f k , + diam 1 
Tc 

for k^N k , beoause (<p,£) e S. This contradiots to 0. 
T h e o r e m 2. The set 3E of a l l (<p,t) e X for whiah 

a sequenoe ( z ^ * * ^ ) defined by the formula («km) i s convergent 
in A(P,Rn) ia residual subset of X. 

P r o o f . In virtue of Lemma 7 the mapping [0,oo) 
s a t i s f i e s the assumptions of Lemma 5. This implies that the 
set £2- {(<p,f) eX « ^(<p,f) « o } i s a residual subset of X. 
Then, I i s a residual subset of X, too and the proof has 
been oompleted. 
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