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ON THE NONEQUIVALENCY OF THE THEOREM OF MIOUEL Mg 

WITH A FOUR-POINT CASE OF THE THEOREM M4 

The configurational Theorem of Miquel has analogous s igni -
ficance in inversive planes as the Theorem of Pappus in pro-
j e c t i v e planes. 

An inversive (Möbius) plane i s an incidence structure 
I = (iP, © , z), such that for every point Pe J> , the internal 
structure I i s an a f f ine plane and whose blocks are cal led 

In the fundamental paper on the axiomatios of the geometry 
of c i r c l e s [2] van der Waerden and Smid proved that an inver-
sive plane i s miquelian ( s a t i s f i e s the Theorem of Miguel) i f , 
and only i f , i t can be represented by a quadratic extension 
of a commutative f i e l d (or i t i s an ovoldal plane 1 (6) , with 
6 a non-ruled quadria in a 3-dimensional geometry over a 
commutative f i e l d ) . 

There are d i f ferent formulations of the configurational 
proposition known as the Theorem of Miquel [1], [2], [3], U K 

We c a l l "configuration of Miquel" the set of eight points 
A v A2, A3, A4, B.|, B 2 , B^, B4 and s ix c i r c l e s c.,, c2 > c^, 0 4 , 
°A' CB i n a n inversive plane, such that: 

Cj_ i s incident with A l t B i t A i + 1 , B i + 1 with the subscripts 
taken mod 4; 

cA i s incident with A^, A2, A^, A ĵ 
oB i s incident with B 1 , B ? , B , , B . . 
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2 Ch.Lozanov 

Here we use the following formulation of Theorem of IJiqueli 
I f eight points are incident with five of the circles 

of e miquelian configuration, then the sixth circle of the 
configuration is incident with four of the points. 

The case where A i t B.̂  are eight distinct points i s called 
Theorem of Miquel - M g . 

In [2] van der Waerden and Smid consider the case Mg (VII) 
along with the case when A^ coincide with B^. 

Yi Chen in [4] proves that the last case is a consequence 
of Mg. He considers the different nontrivial coincidences of 
the points A^, B^, called k-point degenerations of the Theorem 
of i.iiquel according to the number k of the points in the 
configuration. There exist exactly nine such nonisomorphic 
miquelian configurations. 

We make the following convention: when A^ = B^t c^ is 
tangent to c^+i» when A.̂  = is tangent to cA , and 
when Bĵ  = B i + 1 , c i + 1 is tangent to Cg. 

There are different notations for these configurations 
[4], [5 ] , [6] . Here we denote by: 
Mr» : Aj = BJ 

5I M, 

Mf 

B 

= B 

M, 5 

4 

A, = B 

A, = B 

A4 = B 

A, = B, 

M 

M 

A i = B 

A, « B 

Ai+1 = B i +1 

Ai+2 = B i + 2 

Ai+1 = Ai+2 

Ai+1 = B i +1* Ai+2 = Bi+2 

A i+1 = Ai+2 ' B i + 1 = Bi+2 

Ai+1 = A i+2' Bi+2 Bi+3 

Ai+1 = B i +1* Ai+2 = B i+2 ' Ai+3 Bi+3 

Ai+1 = B i + V Ai+2 = Ai+3 } Bi+2 = B i+3 ' 

In a l l cases 
taken mod 4* 

i is one of 1, 2, 3, 4 and the subscripts 

- 328 -



Theorem of Miguel 3 

I n the papers [ 4 ] , [ 5 ] , [6] i s i n v e s t i g a t e d the e q u i v a l e n -

cy of the above c o n f i g u r a t i o n s . H. S h a e f f e r proves t h a t My 

i m p l i c a t e s Mg, and both Mg and H^ i m p l i c a t e Kg [ 6 ] , 

So i t i s n a t u r a l to i n v e s t i g a t e the problem of r e a l i z a t i o n 

of m i q u e l i a n c o n f i g u r a t i o n s i n non-miquelian i n v e r s i v e p l a n e s , 

i . e . i n v e r s i v e p l a n e s which do not s a t i s f y the Theorem of 

Miquel Mg. The p o s s i b i l i t y of r e a l i z a t i o n of some m i q u e l i a n 

c o n f i g u r a t i o n i n such plana e n a b l e s us t o come to c o n c l u s i o n 

about i t s e q u i v a l e n c y <vith L£g. 

There are known two c l a s se s of f i n i t e i n v e r s i v e planes 

M(q) and S ( q ) , which are isomorphic t o an e g g l i k e i n v e r s i v e 

plane 1(6) , where 6 i s non-ruled q u s d r i c i n P ( 3 , q ) and ovoid 

t(n>) respect ively ( [1 ] , 2 , 4 ) . 
We invest igate in [7] the r e a l i s a t i o n of the configuration 

M̂  in f i n i t e non-miquelian inversive planes S (q ) . In that 
paper we c a l l " L i t t l e Theorem of Hiquel", 

Here we sha l l invest igate the rea l i za t ion of the other 
1 2 

possible four-point miq uelian configuration LÎ  in the same 
plane. 

We use for our invest igat ion a representation of S (q ) , 
which we introduced before [8] . The points of S(q) are the 
points (x,y) of the corresponding a f f ine plane A(2,q) and 
the symbol (00) , The c i r c l e s of S(q) are thd spec ia l ovals ftiO 

D<r(x,y) + Ax + By + C = 0 in A(2,q), where <y(x,y) = x " + 
+ y 6 + xy and ¡D,A,B,Ce GF(q)-Galois f i e ld of q elements, 
q = 2 e , e odd and > 1, and 6 i s the unique automorphism rf2 ? 
of GF{q) s a t i s f y i n g xD = rr for a l l xeGF(q ) . The point (00) 
i s incident only wi th .c i rc le s with D = 0. 

The elements of Aut S(q) are exp l i c i t ly given by 

"Pabpsr s 

§ ( P t B i * t y ) 1 ( * r ( p , s , x ' - [ a + r f t p . s . x . y ) 

Y = [b + r r 6 h(p ,x ) + a 6 g ( p . s , x . y ) 
7 L° + r r i p , s , x , y ) 

f o r (x,y) 4 ( p , s ) and <p£ b p a r (p , s ) = (00) , < £ b p s r ( ~ ) = ( a a , b « J 
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4 Ch.Lozanov 

x' = [k h ( l , x ) ] P 

y ' = k 6 + 1 g ( l , m , x , 7 ) 

f ( p » s , x , y ) = iy(x ,y) + sx + py + n>(p ,s ) , a l s o a , b , p , s , r , k , e 
e GP(q) , r / 0 , k / 0 , and ot, (3 are inner automorphism of 
GF(q) . 

Aut S (q ) i s doubly t r a n s i t i v e on the p o i n t s o f S ( q ) and 
t r a n s i t i v e on the c i r c l e s of S ( q ) . Note t h a t i n every s e t of 
p e n c i l s ( p a r a b o l i c penci ls)) with c a r r i e r L - n*1, t h e r e e x i s t s 

L L unique p e n c i l such t h a t the s t a b i l i z e r of n i s t r a n s i t i v e 
on the c i r c l e s of fl^ [ 9 ] , We c a l l tt^ s p e c i a l p e n c i l i n the 
point L . 

I t i s convenient to denote b y : 
c ( A B C . . . ) - the c i r c l e c i s i n c i d e n t wi th p o i n t s 

A , B , C , , . . ; c A c ' - the c i r c l e s c and c ' are tangent i n 
the point A. 

2 
The Theorem of Miquel f o r the c o n f i g u r a t i o n M^ i s : 
I f A, B, C, D are four d i s t i n c t p o i n t s noninc ident w i t h 

a c i r c l e and 
i ) C.J (ACD), C 2 A O V C 2 B O 3 , C 3 ( B C D ) , C A ( A B C ) , C a C O 4 > 

D e then O B ( A B D ) and C B D 
i i ) c ^ A C D ) , c 2 A c 1 , c 2 B c ^ , c ^ B C D ) , C A ( A B C ) , C B ( A B D ) , 

then c^ C c A and c^ D c 0 . 
We s h a l l prove the f o l l o w i n g 
T h e o r e m s Every non-tniq u e l i a n f i n i t e i n v e r s i v e 

plane S ( q ) s a t i s f i e s the Theorem of Miqiuel f o r the c o n f i g u -
r a t i o n M^. 

P r o o f . Aut S ( q ) i s doubly t r a n s i t i v e on the p o i n t s 
of S ( q ) , so without r e s t r i c t i o n we can take A = (00) and 
B = ( 0 , 0 ) . 

A 

The c i r c l e s c 1 and O2 determine a p e n c i l IT wi th a 
c a r r i e r A. 
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Theorem of Miguel 

A 

I . Let w i s the spec ia l pencil in the point A. Then 

Cg : x = 0 and c 1 : x = m, n ^ 0 , 

But in the subgroup of Aut S(q) which f i x e s the points A 
and B, e x i s t s automorphism r 1 _ 1 such that 

oo 

1 1 T (c.J ) = c^ : x = 1 and z ' { c 2 ) = c 2 < 
m m oo oo 

So without r e s t r i c t i o n we put c 1 : x = 1. 
As C e c ^ , D e c 1 , so 

C = ( 1 , c ) , D = ( l , d ) ; c ,d eGP(q) . 

Prom the condition c 2 B c^ we have 

C^ s <t>(x,y) + px = 0 . 

But C e O j , D e O j therefore 

( 1 ) p = v ( 1 , o ) = ii»(1,d) 

i . e . ( c + d ) 6 " 1 = 1 or d = c+1 . 
îtoom the condition c^ (A B C) we obtain 

oA s y = ex. 

i ) Prom c^ C c A , D e c 4 and (1) i t follows that 

c ^ : 4 > ( x , y ) + v ( 1 , C ) = 0 . 

On the other hand c B (A B D) i . e . c f i t y = dx. 
The common points of c B and c^ we obtain from 

y(x,dx) + h>( 1 , c ) » 0 . 
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I 6 + 2 6+1 I 
But d = c+1 i . e . (x+d^) + c = 0 whence x = (c+d)^ = 1. 
Therefore Cg D c^, q . e . d . 
i i ) Prom the condition Cg(A B D) we have 

c B : y = dx. 

But c^ C c A , D ec^ and therefore 

c^ : i|i(x,y) + V ( 1 , O ) = 0 . 

From ( 1 ) , as well as in i ) we prove that c^ D c^, q . e . d . 

I I . Let jrA i s a non-special pencil in the point A. Then 

c 2 s y = 1 x and c 1 : y = 1 x+n, n^O. 

But in the subgroup of Aut S(q) which f i x e s the points A 
and B e x i s t s automorphism with k = n 1 - ^ such that 

î k o o ( c 2 ) = c 2 : y = m x» 

1 

7 k o o ^ c l ' = C1 : 7 = M + 1 w i t J a m = n 1 ' 

So without r e s t r i c t i o n we put 

c 1 : y = mx + 1, c 2 î y = mx, m e GP(q). 

Since C e c ^ , D e o ^ 

C = ( c , mc+1), D = (d , md+1), c ,d e GP(q). 

Prom the condit ion c^ B c 2 i t fo l lows that 

s + Mmx + y) = 0 . 

But C e c^, Dc Oj and we obtain 

(2) A = <f(c, mc+1) = 4>(d, md+1). 
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Theorem of Miquel 7 

Sinoe Ca(A B C), then 

cA : (mc+1)x + cy • 0. 

i) Prom c^ C cA and D ec^, and (2) we have 

C4 ! H>U»7) + A = 0. 

But Cb(A B D), and therefore 

Cg : (md+1)x + dy = 0. 

Let us find the oommon points of and c^. If d = 0, 
then A = 1, d = (0,1) and o^ : <i>(x,y) + 1 = 0, cB : x = 0. 
So V(0,y) + 1 = 0 i.e. y = 1. 

Therefore D = (0,1) is the unique common point of cn and 
_ J , J £ 

o^, i.e. cB D c^. If d 4 0 then cfi : y = -^p- and 

V(x, x) + % = 0, or 

x + •¿•l"2 
x +

 — 3 -
M - ( ^ f * a 

from where 

6 / 2 \ l i L 

(3) x + (^±l ) 6 / 2 = [(.Sfijlf1 + V(d,md+1) 

The equation (3) has unique solution x = d and therefore 
c4D Cb. 
ii) From Oq(A B D) it follows that 

oB : (md+1)x + dy = 0. 

Prom o^ C oA and D e o^ we obtain 

04 • vU.y) + A = 0. 

Henoe as in i) we prove that o^ D ofi> q.e.d. 
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8 Ch.Lozanov 

Since "the planes S(q) do not satisfy the Theorem of Miquel 
IL, [ 1] , [8] we obtain the following: 

2 2 C o r o l l a r y : M̂  does not imply Mg, i . e . M̂  i s 
not equivalent to Mg. 
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