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1. Introduction 
The papers [15]-[17], [6] have been devoted to the bas i s 

of a general theory of derived polyadic groups ( for the no-
tion of a derived polyadic group ( in various meanings) c f . 
a l so e . g . [3], [18], [19], [8] , U l - [ 7 ] , [9] - [13]). In par-
t i c u l a r , in [17] we introduced the notion of a C-modification 
of a system with respect to a group. As wi l l be pointed out 
in th i s paper, the so-cal led modification theorems related 
with that notion enable us to strengthen some basic r e s u l t s 
of the polyadic group theory, such as the Hosszu theorem and 
the Dornte c r i t e r ion for an n-group to be derived from a group. 

2. Preliminaries 
We sha l l use the notions, the terminology and notation 

of [15]-[17] where one can find the def in i t ions of C-systems 
over (k+1)-groups, of C-derived (n+1)-groups and of other r e -
levant notions. Mo3t of the theorems to which we r e f e r in 
th i s paper can be found in [15]-[17]. 

The symbol (G,f ) wi l l always denote an (n+1)-group, and 
(G,«) and (G,o) wi l l denote groups. By x 1 we mean the i - t h 
power of x in (G,'«), whereas x< : L > denotes the i - t h power 
of x in ( G , ° ) . Ey x we mean the element skew to x in 
( G , f ) . We denote by Cent(G,«) the center of ( G , • ) . 
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2 J.Michalski 

Let a be an element of an (n+1)-group (Q,f ) and l e t i 
be an in teger . The symbol a ^ i 8 due to Post [18]. Namely, 

!
f l ] ( ( i+2 111 )n+1-2 l it ) (2 111} 

aL J = f ( i + 2 | i | ) ( a » a J f o r n >1» and 

a ^ = a i + 1 for a = 1, where by a i + 1 we understand the usual 
power in the (binary) group (G,f) ( c f . a l so [ l 6 ] ) . 

3. Improvement theorems for the condit ion H and c er ta in 
i t 3 s t r e n g t h e n i n g s 

To any c o n d i t i o n C one can ass ign the c l a s s of (n+1)-groups 
C-derived from groups. This o l a s s w i l l be denoted by D(C). 
For d i s t i n c t condit ions those c l a s s e s are usually d i s t i n c t . 
I f the c o n d i t i o n C i s stronger than C', then "the c l a s s D(C) 
i s obviously a subclass of D(C'). The c l a s s D(C) of ten turns 
out to be a proper subc lass , as i t takes place for H and E, 
or E and PE ( f o r the d e f i n i t i o n of various condi t ions , e . g . 
H, E, P e t c . , see [15], [ l 6 ] ) . But i t may happen t h a t though 
C 4 C ' , the c l a s s e s D(C) and D(C') are neverthe less equal. 
A c o n d i t i o n C i s said to be an ( e s s e n t i a l ) improvement of the 
c o n d i t i o n C' i f C i s ( e s s e n t i a l l y ) stronger than C' and 
D(C) = DfC'). I t i s worthwhile to add that t h i s notion i s 
meaningful f o r (n+1)-groups C-derived from (k+1)-groups with 
k> 1 . But in t h i s paper we are in teres ted only i n the case 
k -- 1. Modif icat ion theorems formulated in [17] give the ne-
cessary and s u f f i c i e n t cond i t i ons f o r two C—systems 

nd <S;c> to be n-C-creating systems of the same group ( G , f ) . 
Fixing one of the system, say <2T}b>, w e a s l c what-Way 
the second system ( i . e . , <6|C>) depends on <g^jb>. Prom Theo-
rem 1 of [17] i t fo l lows that <5jo> i s constructed from <arjb> 
by using an appropriate element d e G. Choosing the element d 
in some s p e c i a l way we can o f ten observe that <6.jc> i s a l -
ready a C'-system, where C' i s e s s e n t i a l l y stronger than C. 
According to the terminology given- above we say. that the con-
d i t i o n C' i s an e s s e n t i a l improvement of C. Theorems re so lv ing 
th i s type of quest ions w i l l be referred to as improvement 
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Theorems for polyadic groups 3 

theorems. Now we give suoh theorems for the condition H and 
some of i t s strengthenings. Note that a l l systems under con-
s iderat ion are n-systems. 

D e f i n i t i o n 1. Let <5;c> eH(G,• ) . The system 
<6jc> i s said to be an L^-system over (G,») i f there e x i s t s 
an element a cG such that : 

1° 6(a) = a , 

2° c = a i n + 1 . 

Putting in Corollary 1 of [17] the element in place 
of d we get 

P r o p o s i t i o n 1. I f <3";b> e H(G, • ) , then the 
system <8;c> given by 

(1) 6(x) = b i . 2 r ( x ) . b - i , 

(2) c = b i (n+1)+1 

i s an L̂  -system over the group (G,o) = Re t 1 ' ? (G , » ) (c = a < i n + 1 > 

i+1 b 
where a «= b ) and 

(3) d e r J } b ( G , - ) = d e r ° . c ( G , o ) . 

The condition LQ i s j u s t the condition H. For every in-
teger i we have 2(1^) = D(H). Thus, any condition L^ i s an 
improvement of H. All conditions are stronger than Hj so 
they are (n ,1)-regular ( for the def in i t ion of the regular i ty 
of a system see [15]). for certa in i and j the conditions 

and Lj oan be uncomparable. The problem of the comparabi-
l i t y of L^ and Lj wi l l be invest igated in the next sect ion. ' 
Now, we are going to show'only the way how for any n-I^-creat-
ing system of. a given (n+1)-group (G,f) one can find an 
n-Lj-creat ing system of the same (n+1)-group ( G , f ) . Namely, 
putting in Corollary 1 of [17] the element a3""'' in place of d 
we obtain 
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4 J .Michalski 

P r o p o s i t i o n 2. Let j be an integer . I f 
<2f}b> e ) ( i . e . , b = a i n + 1 and ¡¡r(a) = a ) , then the sy s -
tem <6;c> given by 

(4) S(x) = a 3 - 1 . ^ * ) ^ " 3 , 

(5) c » a J n + j " i + 1 

i s an L_,-system over the group (G,o) = Het 1 f^ . (G t « ) ( c = c < ^ n + 1 > , 
. . ^ a 

where c = a 3 ) and (3) holds. 
The problem of the (n ,1 ) -nonres t r ic t iv i ty of the condi-

t ion L^ i s closely related to the Hosszu theorem. By the 
well-known Hosszu theorem ( c f . [8 ] , [18], [4]) an (n+1)-grou-
poid (G,f ) i s an (n+1)-group i f and only i f (G, f ) i s H-derived 
from some (binary) group. Note that th i s theorem remains true 
when we subst i tute certa in other conditions for the condition 
H. Thua, from the de f in i t ion of the condition G ( c f . [15], 
( 6 ) , [16]) we in fer immediately the following theorem: 

Let a condition C be stronger than G and weaker than H. 
Then an (n+1)-groupoid (G,f ) i s an (n+1)-group i f and only i f 
(G,f) i s C-derived from a group. 

The Hosszu theorem i s equivalent to the f ac t that any 
such condition C ( i . e . , between G and H) i s (n ,1 ) -nonres t r ic-
t ive ( c f . [15], [16]). Let us r e c a l l the following stronger 
version of Hosszu theorem ( c f . Corollary 4 of [4] ) : 

An (n+1)-groupoid (G,f) i s an (n+1)-group i f and only 
i f for any kin (G,f) i s H-derived from a (k+1)-group. 

Thus, any condition C which i s stronger than G and weaker 
than H i s (n ,k)-nonrestr ict ive for kin. Then the question 
a r i s e s whether the Hosszu theorem remains true when we sub-
s t i t u t e s-ome condition e s sen t i a l ly stronger than H for the 
condition H. In other words, i s any condition e s s e n t i a l l y 
stronger than H an ( n , k j - r e s t r i c t i v e condition? In th i s paper 
we assume that k = 1 and in this case the answer i s pos i t ive . 
Taking into account the Hosszu theorem and Proposition 1 we-
get a coro l lary , which i s a stronger version of the or ig inal 
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Theorems f o r polyadic groups 5 

Hosszu theorem. To formulate t h i s corol la ry we use the nota-
t i o n of our papers (which d i f f e r s considerably from the o r i g i -
nal Hosszu's no t a t i on ) . 

C o r o l l a r y 1. Let (G,f) be an (n+1)-groupoid. 
Then the fol lowing condi t ions are equiva lent : 
1 ° | ( G , f ) i s an (n+1)-group; 
2° there e x i s t s an in teger i such tha t (G,f) i s L^-derived 

from a group; 
3° f o r every in t ege r i , ( G , f j i s ^ - d e r i v e d from a group. 

C o r o l l a r y 2. For any in teger i the condi t ion 
i s ( n , 1 ) - n o n r e s t r i c t i v e . 
Thus, the condit ions L^ are the s t rongest from the condi-

t i ons known so f a r fo r which the Hosszu theorem holds ( a l l the 
time we aonsider only the case k = 1). 

Pot a nonrestr i jc t ive condi t ion C any of i t s improvement C' 
i s a l so non re s t r i c t i ve and, conversely , any n o n r e s t r i c t i v e 
condi t ion C' which i s s t ronger than C i s an improvement of C. 
In Section 5 we w i l l show tha t there ie no ( n , 1 ) - n o n r e s t r i c -
t i ve condi t ion which i s s t ronger than a l l condi t ions L^. 

Coro l l a r i e s 2 and 3 of [17] together with Proposi t ions 1 
and 2 enable us to give f u r t h e r improvement theorems ( f o r -
mulated below as c o r o l l a r i e s ) . 

C o r o l l a r y 3. I f <b> c B(G,*), then the system 
<c>, where c i s given by (2 ) , i s an EL^-system over the 
group (G.o) = Ret 1 ' ? (G,«) tc = a < i n + 1 > , where a = b i + 1 ) and 

b " 1 

(6) der£(G, . ) » der°(G,o) . 

|c o r o 1 1 a r y. 4. I f <b> e B L ^ G , ' ) ( i . « . , b = a i n + 1 , 
where a e C e n t ( G , * ) ) , then the system <c>, where c i s given ' 1 0 by (5 ) , i s an EL^-system over the group (G,o) = Ret £_j(G,») 

(c = 3 < J n + 1 > , where c - a J ~ i + 1 ) and (6) ho lds . 
C o r o l l a r y 5. I f <b> e B(G,<) ( i . e . , b = b n , 

A 
where b e C e n t ( G , • ) ) , then the system <c>, where c i s given 
by (2 ) , i s a Bl^-system over the group (G,o) > Ret1»^(G,*) 
(o = a < i n + 1 > , where a = b i + 1 , and c = 8 < n > , where L b 2 i n ^ 1 ) 
and (6) ho lds . 
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C o r o l l a r y 6. I f <b> € BL^(G,') ( i . e . , b = bn 

and b = a i n + 1 , where b , a e C e n t ( G , * ) ) , then the system <c>, 
where c i s given by (5) , i s a BLj-Bystem over the group 

(O,o) = Ret 1 ? 2 (G, . ) ( c = c < 3 n + 1 > , where c = a 3 ~ i + 1 , and 
.3 0 

c = c < n > , where c = a 2 ^ " 1 ' ^ ) and (6) holds. 
I t sho; lid be emphasized that the condition BL^ (which was 

mentioned in Corollary 5) i s not a good improvement of B. Na-
mely, putting in Corollary 4 of [17] the element b in plaoe 
of d we get the following corollary (which was proved in 
another way in [16]). 

C o r o l l a r y 7. I f <b> € B(G,•) ( i . e . , b = b n , 
where b e Cept (G, • ) ) , then the system <c>, where c = b " \ i s 1 ? e PE-system over the group (G,o) = Ret,;' (G,*) ( i . e . , c i s 

b 

the neutral element of (G,o)) and (6) holds. 

4. L.-systeme 
In this section we resume the re la t ions between the con-

dit ions L i *ind Lj for i ji j . 
P r o p o s i t i o n 3. A condition L^ i s stronger 

than a condition L^ i f and only i f there e x i s t s an integer t 
such that j = (n i+1) t+ i . Moreover, for every t / 0 the condi-
tion Lj i s then es sent ia l ly stronger than L^ provided 
( i+ j )n t -2 . 

P r o o f . Let j = (ni+1)t+i for some integer t . 
Consider an Lj-system <jr;b> over (G,• J . Thus there e x i s t s «n 
element a e G such that y(a) = a and b = Observe that 
a jn+1 = g(tn+1)(in+1) = ^ t n + l j i n + 1 . S o < y . b > e L ± ( G , • ) . 

Conversely, l e t for some integers i , j the condition L^ 
be stronger than L^. Consider the additive grouR of integers 
(Z,+) . The system <b>, where b = jn+1, i s an L«j-system over 
(Z,+) (in f a c t , <b> i s even an SL^-system). Thus, by assump-
tion, < b > e L i ( Z , + ) , i . e . , there e x i s t s an element x e Z such 
that 
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(7) jn+1 = (in+1)x. 

Prom (7) we infer that j = (in+1)t+i for some t e Z. 
Suppose that for some j = ( in+1)t+i , with j + i and 

( i+ j )n 4 -2, the conditions Lj and L.> are equivalent. From J 
(7) we get 

(8) in+1| jn+1. 

On the other hand, the condition L^ i s stronger than L̂  (they 
are equivalent, by assumption), whence 

(9) jn+1|in+1. 

Prom (8) and (9) we infer that in+1 = jn+1 (consequently, 
i = j ) or in+1 = -(jn+1) (consequently, ( i+ j )n = -2) , which 
i s impossible. This completes the proof of Proposition 3. 

The case ( i+ j )n = -2 requires a separate treatment. 
P r o p o s i t i o n 4. For every integer i the 

condition L^ i s equivalent to the condition provided 
n » 1, and i t i s equivalent to provided n = 2. 

Prom Proposition 4 we conclude that for n = 1 i t i s suf-
f ic ient to consider only conditions L^ with i ^ -1, and for 
n = 2 only with 0. 

Taking into account Corollary 2, Propositions 3 and 4 we 
see that for i 4 -2, -1, 0 a l l conditions L^ are (n,1)-non-
res t r ic t ive and essential ly stronger than H. So we get the 
solution of Problem 1 of [15]. 

The main purpose of [16] was to give some characteriza-
tions of n-C-identity elements for various conditions C. Now-
we are going to give such a characterization for the condi-
tion L^. We s tar t with two. easy lemmas. 

L e m m a 1. Given an (n+1)-group (G,f) = derli (G,o), 0 p G 
where n> 1, le t a be an element of G such that 5(a) = a. 
Then 
(10) coa = a <1-n> 
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8 J .Miohalski 

P r o o f . Indeed, 

a = f ( a , a ) = aoa< n >oo, 
( n ) . _<n> 

which implies ( 1 0 ) . 
l e m m a 2 . Given a 2-group (G, f ) = der ! (G,o), l e t 

0 | c 
a be an element of G such that 6(a) = a and l e t a be the 
inverse of a in ( G , f ) . Then 
( 1 1 ) Soc = c '^"» o a < - 1 > . 

T h e o r e m 1 . An element e i s an n-I^ - ident i ty 
element in an (n+1)-group (G, f ) i f and only i f there e x i s t s 
an element a e G such that e = a ^ . Moreover, (G, f ) = 
= der j j { 0 (G,o) , where <6;c> i s an n-I^-system over (G,o) and 
e i s the neutral element of (G,o) , i f and only i f 

( 12 ) (G,o) = r e t n | 2 ( G , f ) , 

( 1 3 ) 5{x) = f ( 2 ) ( a [ i ] , x , a 2 n - 1 ) , 

(T4) , [ i (n+l) ] 

where the (2n-1)-ad i s inverse to the 1-ad < a C i J > 

in ( G , f ) . Furthermore, c = c < i n + 1 > , where S = a t i + 1 ] . 
P r o o f . The unary term operations in (n+1)-groups 

are described by d i f f e r e n t formulas f o r n > 1 and f o r n = 1 
( c f . [ 16 ] ) . For t h i s reason th i s proof d i f f e r s in d e t a i l s 
f o r n> 1 and f o r n = 1 . 

Let n > 1 . Assume that e » a ^ , where a e G . By Proposi-
t ion 6 of [ 15 ] , any element of (G, f ) (so, in p a r t i c u l a r , the 
element a) i s an n-H-identity element. Thus there e x i s t s 
a group (G,<) with a as the neutral element and there e x i s t s 
an H-system <2T)b> over (G, • ) such that (G , f ) - d e r J | b ( G , . ) . 
Using once more Proposition 6 of [15] we get 

(.151 ( G f . ) = R e t J ( G , f ) , 

- 316 -



Theorems for polyadic groups 

(n-2) 
(16) y (x ) = f ( a , x , a , a ) , 

(17) b = a [1] 

Define a system <6;c> as in Proposition 1, i . e . , l e t 6 and c 
be given by (1) and (2 ) . Then <6;c> i s already an I^-system 
over (G,o) = Ret 1»?(G, . ) (c = c< i n + 1 > , where c = bi+1) and 

b"1 

(G,f) = derg . c (G,o) . We prove that 

(18) V - a 1 1 1 . 

Indeed, for i> 0 

[ i ] a i (tit-2) _ (n+1) (n-2) (n+1), _ 
b = f ( t i < i 1|(t , a , a ,b ) = f ( 2 i _ i ) ( a » a » a» . a 

i - 1 i - 1 

For i < 0 the proof of (18) i s l i g h t l y more complicated. Using 
Lemma 4 of [16] we get 

4 1 4 1 (n-fc) 1 
b 1 = ( b - 1 ) " 1 = f f _ j - i ) ( b , a . i . b " 1 ) = 

- i - 1 
(n-2) (n-2) _ (n-2) _ (fc-2) _ 

* f ( -2 i -1 )^ . a * ^ » ° ' a » a >a»a» b ,b , a ) = a, b , b , a ) = 

- i - 1 - i 

((n-2)(n+1)+1) (n+1) (1 - i * ( - i ) 
• f / . » ( , a , a , a ) «» f ( a a ) = 

\ / v - —1•> • * v " • 1 

- i 
( - in+1+2i) ( -2 i ) 

= f ( ) ( a , a ) = a J . 

Therefore, (18) holds for any integer i ( for i = 0 equal i ty 
(18) i s ev ident ) . I t i s easy to oheok that e i s the neutral 
element of <G,o). Observe that 
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a [ i ] . a [ - i ] = f ( a f a , a , a ) = a , 

whence 

(19) b " 1 - . 1 " 1 1 . 

Let a (2n-1)-ad <a^n"1> be inverse to the 1-ad < a [ i 3 > in 
( G , f ) . Using (1 ) , (18) , (19), (16) , and (17) we have 

i i m (n~2) _ (n-2) _ (n-2) r ^ 
6(x) = b *y<x)'b = f ( 3 ) ( a , a , a , a , x , a , a , a , a , a L J) = 

= f ^ (a ^^ ,x , ^ ) - f ^ i a ^ . x . a ? - 1 ) , 

i . e . , (13) ho lds . Note t ha t 

. ( - i n - 1 ) 2_ * 
xo j = x*b *y = f ^ j U . a ,y) = f j 2 j ( x , a 1 \ y ) , 

which proves tha t (G,o) i s given by (12) . 
Taking in to account (17) , (2 ) , and (18) we obta in 

c = bKn+1 )+1 = = 

(in+1) (n-2) (n+1) M(n+1)+1] 
- f ( ( i + U ( n + 1 ) + 1 ) ( ^ ' , a ' a ' . ' 

n+1 
By Propos i t ion 1 we have c = £ < i n + 1 > , where 8 = b i + 1 = b ^ b = 

(in+1) (n-2) (n+1) r i + 1 1 
= f ( i + 2 ) ( a . a , a , a ) = a l x + 1 J . 

Conversely, l e t e be an n-L^- ident i ty element in ( G , f ) . 
Then there e x i s t s a group (G,o) with e as the n e u t r a l e l e -
ment, and there e x i s t s <6;c> e L t(G,o) such tha t (G,f ) >» 
= d e r g j 0 ( G , o ) . Since <8jc> i s an ^ - s y s t e m , the element c i s 

of the form o = c < i n + 1 > with 5(c) = c . Let a = c < _ i > . Then 
«<«> „ <n> „ ~<in+1> _ ~ a o c = a oc = c . 

(in+1) (n-2) (- in+1) 
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Note that 6(a) = a, aoc = coa, and (G,f) = derg . c (G,o) . 
Thus for i > 0 we have 

Q [ i ] - „<in+1> <i> „ ~<i> e = a ) = a oc = aoc = e. 

The case i <0 i s more complicated. Using Lemma 1 we obtain 

l i ] , ( -2 i ) ( . m u z » _<-2i> <-i> — T - . . I a a I o * o 8 OC a = a , à ) = a 

= a < - i n + 1 + 2 i > o i < - 2 i > o c < - 2 i > o c < i > 

<-in+1+2i> <-2i(n-1)> <i> = a o a o c = 

<in+1> „<i> 0„„<i> = a o c = aoc = e• 

Therefore, e = a ^ for any integer i . 
Now we pass to the proof of Theorem 1 for n = 1, By Pro-

position 7 of [15], (G,f) = dery . b (G,« ) , where a i s the 
neutral element of (G, * ) , and <y;b> eH(G,•) • Moreover, 

(20) ( G , . ) = R e t J ' 2 ( G , f ) , 

( 2 1 ) 

(22) 

y(x) = f ( 2 ) ( a , x , d ) , 

, ( 2 ) 
b = f ( a ) , 

where d i s the inverse of a in (G , f ) . Define a system 
<5$c> as in Proposition 1, i . e . , l e t 8 and c be given by 
(1) and ( 2 ) . Then <8jc> i s already an L^-system over (G,o) = 
= Ret^» 2(G,*) and (G,f) = derg J 0(jG,o). The re s t of the proof 

i s similar to that for the case n > 1 (now we use Lemma 4 of 
[16] and Lemma 2) . 

Both the conditions H and L^ are (n,1)-nonrestrict ive. 
However, the former has a certain property which does act belong 
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to the l a t t e r . Namely, every element of an a r b i t r a r y ( n + 1 ) -
-group i s an n-H- ident i ty e lement , whereas one can e a s i l y 
g i v e the examples of (n+1)-groups where there e x i s t e lements 
which are not n - L ^ - i d e n t i t y e l e m e n t s . 

Pu t t ing t o g e t h e r Theorem 1 of [16] with the above Theo-
rem 1 we get 

C o r o l l a r y 8 . An element e i s an n-EL^- iden-
t i t y element in an (n+1)-group ( G , f ) i f and only i f e i s 
a c e n t r a l element of ( G , f ) and i t i s of the form e = a ^ ' f o r 
some a e G. 

Note tha t the c o n d i t i o n PH i s e s s e n t i a l l y s t r o n g e r than 
the c o n d i t i o n L^ f o r every i n t e g e r i . P u t t i n g t o g e t h e r Co-
r o l l a r y 10 of [16] with Theorem 1 and t a k i n g i n t o account 
the f o l l o w i n g Lemma 3 we can o b t a i n a new c r i t e r i o n f o r a g i v e n 
(n+1)-group to be PH-derived from a group. 

L e m m a 3. I f an (n+1)-group ( G , f ) has an element a 
such that 

(23) a [ i n + 1 ] = a 

f o r some i n t e g e r i , then ( G , f ) has an idempotent element 
( t h i s may be , e . g . a ^ ) . 

P r o p o s i t i o n 5 . An (n+1)-group ( G , f ) i s 
PH-derived f^om a group i f and only i f there e x i s t s an e l e -
ment a e G such t h a t 

(24) a [ u ] = a , 

where GCD(u,n) «= 1 ( i . e . , l u = in+1 f o r some i n t e g e r s 1 , i ) . 
Moreover, ( G , f ) = d e r g ( G , o ) , where <6> 6PH(G,o) and e i s 
the n e u t r a l element of ( G , o ) , i f and only ' if 

(25) (G,o) = R e t ° ( G , f ) , 

(n-1) 
( 2 6 ) . 6(x) = f ( e , x , e ) , 

(27) a = a [ i l . 
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P r o o f . l e t a [ t t l = a and l u = in+1. Then a [ i n + 1 ] = 
= = a ; hence, by Lemma 3, the element e = a ^ i s idem-
potent in ( G , f ) . By Corollary 10 of [ l6] , ( G , f ) = de rg ( G . o ) , 
where the group (G ,o) and 5 are given by (25) and (26) , 
which completes the proof. 

In a s imi lar way, using Proposit ion 4 of [16] and Propo-
s i t i o n 5 we get 

T h e o r e m 2. An (n+1)-group (G, f ) i s PE-derived 
from a group i f and only i f there e x i s t s an element a e G such 
that for any x e G and some integer u with GCD(u,n) = 1 we 
have 

(a) (u) 
(28) < a ,x> = <x, a > . 

f 

In th i s ca se , moreover, (G, f ) = der" (G,o) , where e i s the 
neutral element of (G,o) , i f and only i f (25) and (27) hold 
(where lu = in+1 for some integers 1, i ) . 

P r o o f . Assume that (23) holds f o r some a eG and u 
with GCD(u,n) = 1 ( i . e . , lu = in+1) . Equelity (28) i s ob-
viously equivalent to 

( ( u + | u | ) ( n - 1 ) ) ( | u | ) ( | u | ' ( n - 1 ) + u ) ( | u | ) 
(29) f ( u + 2 | u | ) ( a , a , x , a , a ) = x . 

Putting in (29) the element a in place of x we get (24) . 
Then, by Proposit ion 5, (G, f ) = derg(G,o) , where (G,o) and 5 
are described by (25) , (26) , and, furthermore, the element 
e = a ^ i s an idempotent of ( G , f ) . Hence, using (28) we have 

(n) (lun) ( lu) 
<x,e> = < e ,x ,e> = < a , x , a> = 

f f f 

(lun) ( lu) ( lu) 
= < a , a ,x> = < a , x > = <e ,x> , 
f f f 

which proves that e i s 
a centra l element of ( G , f ) . Thus 5 

i s an ident i ty mapping of (G,o) . Consequently, (G, f ) i s 
PE-derived from (G,o) , and so the proof of Theorem 2 i s com-
p le te . - 3 2 1 -
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Observe that for a = 1 Theorem 2 takes the form of pro-
position 4 of [16], which is cloeely related to the well-known 
Dornte criterion (c f . [3] and [18]). 

5. LQQ -systems 

In Seotion 3 we put the question about the existence of 
an (n,1)-nonrestrictive condition which would be stronger 
than L^ for a l l integers i . Now we can come back to that 
problem. 

As was mentioned in Section 4» the condition L^ is essen-
t ia l ly weaker than PH for every i . We are going to define 
a new condition, which turns out to be essentially stronger 
than a l l conditions L^ and essentially weaker than PH. 

D e f i n i t i o n 2. Let <6;c> e H(G,•). The system 
<S;c> is said to be an Loo-system over (G,*) i f for every in-
teger i there exists an element aeG such that 
1° 6(a) - a, 
2° c - . 1 « . 

In other words, a system <6jo> is an Loo-system over (G,*) 
i f and only i f <6|c>€L1(G,•) for every i . From the def ini-
tion of the condition L^ and hy Theorem 1 we get immediately 

C o r o l l a r y 9. An element e is an n-Loo -iden-
t i ty element in an (n+1)-group (G, f ) i f and only i f for any 
integer i there exists an element aeG such that e = a ̂  . 

Consider an inf inite cyclic (n+1)-group ( i . e . , a free 
(n+1)-group generated by one element). This (n+1)-group (G,f ) 
can be described as the set nZ+1 ( i . e . , the set of integers 
which equal 1 modulo n) with the î sual addition (c f . [li] , [12]). 
I t is easy to check that for n> 1 (G, f ) has no Loo-identity 
element. So (G, f ) is an n-Loo-primitive (n+1)-group ( for the 
definition of an n-C-primitive (n+1)-group see [15]). Thus 
we have 

C o r o l l a r y 10. The condition L^, is (n,1) -re-
str ict ive for n>1. 

Since the condition PE is (1,1)-nonrestrictive ( c f . [15]), 
any weaker condition is also (1,1)-nonrestriotive (and so 
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i s Loo) . The case n = 1 is then very spec ia l . For th is reason, 
further remarks w i l l be done separately f o r n> 1 and n = 1. 

Let n> ' . The condition Loo i s essent ia l l y stronger than 
the conditions L^ (which are ( n ,1 ) -nonres t r i c t i v e ) . Therefore, 
there i s no (n, 1 ) - r .n res t r iu t i v e condition stronger than a l l 
conditions L^ (observe that such a condition would be stron-
ger than LQO, b u t l a t t e r i s (n, 1) - r e s t r i c t i v e ) . On the 
other hand, i t i s evident that Loo i s weaker than PH. As we 
now prove, th is i s essent ia l ly weaker. Indeed, consider a cy-
c l i c (n+1)-group of order n ( c f . [18]J. This (n+1)-group 
can be described as fo l lows ( c f . [9] , [10], [11 ] ) . The 
(n+1)-group C n > n + 1 = ( Z n , ? ) , where = { o , 1 , . . . , n - l } , 

</>(l"+1) = 11 + . . . + l n + 1 + 1 (mod n ) , i s a cyc l i c (n+1)-group 
generated, e . g . , by 0. Observe that the equation e = x ^ has 
a so lut i on f o r any e £ Z^ and f o r any integer i . Henoe, by 
Corollary 9 any element 8 £ Z n i s an n-Loo-identity element 
in Cn n + 1 , i . e . , ^ i s Loo-derived from a group. Never-
the less , Cn .J has no idempotent element ( c f . [ i s ] ) , and so 
i t is not PH-derived from a group ( c f . Corollary 10 of [ 16 ] ) . 
Thus the condition PH is just enough stronger than Loo to ba 
not even an improvement of the l a t t e r (the classes of PH-
and Loo-derived (n+1)-groups are d i f f e r e n t ) . 

This is not the case for n = 1. The classes of groupB PH-
and Loo-derived from groups are equal (both PH and LQO are 
(1,1)-nonrestrictive conditions). But now the condition PH 
is also essentially stronger than Loo* Indeed, let (G,*) be 
the multiplicative group of positive real numbers and let 
a 4 1 be an element of G. Then <a> is an Loo-system over 
(G , « ) » whereas i t is not a PH-system over (G , . ) . 
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