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ON (m,n)-DISTRffiUTIVITY OF PSEUDO BOOLEAN ALGEBRAS 

In th i s paper, i t has been proved that in the case of a 
complete pseudo Boolean algebra, the ioea of complete meet 
d i s t r i b u t i v i t y arid ,ioin di&tributivity are equivalent. We 
show aleo that i f a complete pseudo Boolean algebra A i s 
(nm,E)-meet d i s t r ibut ive , then A i s (m,n)- join d i s t r i b u t i v e . 
This theorem i s a generalization of the Tarski theorem for 
Boolean algebras (see [ 4 ] ) . The notation and terminology cf 
t h i s paper i s consistent with [3] and [4], see also [ 1 ] . 

1. (m,n)-meet and (m,n)- jo ln d i s t r ibut iv l ty 
D e f i n i t i o n 1 .1 . k pseudo Boolean algebra A i s 

said to be (;n,n) —meet dis t r ibut ive i f f for every (®,n)—indexed 
family ( a B t ) S 6 S t f e T of elements of A, where Ss^m, T é n, sucn 
t h a t : 

( i ) U a s t e x i s 1 : s f o r s e S , 

( i i ) O U a =t e x i s t » , 
seS teT 3 T 

( i i i ) P i a s ? , ( 8 ) ex i s t s for a l l cpe T s , 
seS 

then for a l l pe T s , ( J f j < W S , a l s 
peT seS 

j also e x i s t s and vie have 
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2 N. Ismail 

A pseudo Boolean algebra A is said to be (m,n)-;join d i s t r i -
butive i f f for every (m,n)-indexed family ( J S e s teT o f e l e " 
merits of A, where s-£.m, T ^ n , such thatt 

( i ) ' O a 0 + exists for a l l s e S . 
teT " 

( i i ) ' ( J P i a D t e x i s t s , 
seS teT " 

( i i i ) ' ( J a » > exis ts for a l l <»eT , 
o Bf\Bl T seS 

then for a l l <peTS, H ( J a 0 . j also exist and we have 
cpeTS s e S f 

U P i a s t = 0 _ U a 8 9 » ( s ) 
seS teT qpeT0 eeS 

« 

D e f i n i t i o n 1 . 2 . A pseudo Boolean algebra A 
i s said to be complete meet (join) distributive, i f i t i s 
(m,n)-meet ( join) distributive, for arbitrary cardinal numbers 
m and n. 

2. Complete distributive algebras (see [ 2 ] ) . 
D e f i n i t i o n 2 . 1 . A pseudo Boolean algebra A 

is said to be complete distributive i f i t i s complete meet 
and join distr ibutive. 

T h e o r e m 2 , 2 . I f for arbitrary elements a,b of 
a pseudo Boolean algebra A-, a ^ b or bsEa, then A ,is complete 
distr ibutive. 

P r o o f . We will prove that 

n u a < * t = u s n % , ( s ) 

seS teT 9?eT seS 

for arbitrary cardinal numbers m and n. Let ( a ^ l ^ g teT be a set of elements of a ohain suoh that M a n t ex is ts for 
teT " 

a l l s e S , and also P i U a_+ = b and 0 a , , fp® a l l 
seS teT s t seS BWB> 

? 6 T S . We will show that | J P | aa<p{a) = b* 

p>e T BeS 
Let s be given, we have a s t » h e n o ® 

0 a , U a . 
seS eeS tTl 8 
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P s e u d o B o o l e a n a l g e b r a s 3 

T h e n f o r a l l $ o e T S , a s ^ ( e ) a £ b # W e h a v e 

( 1 ) L e t V a ? ( a > . 0 a n d b i a . H e n c e a < b , 
s e S 

a < O U a H t = b . 
s e S t e T a x 

( 2 ) F o r a l l s e S . w e h a v e a < l _ J a _ « , . 
t e T B X 

( 3 ) ( s ) s u c h t h a t a < V a ( s ) l 8 t r * ( B ) = 

L e t 8 b e g i v e n . I f , t h e n U a _ t i £ a . T t i i s t s t t e T e\ 
i s a c o n t r a d i c t i o n w i t h ( 2 ) . H e n c e f r o m ( 3 ) we g e t 

a B<a i s ) ' s e S ' 
We a l s o h a v e 

( 4 ) a r Q a ( . . 
s e S a r a } a ' 

( 5 ) I f a ^ a ' c b , t h e n a = a ' . 
U s i n g ( 3 ) t o a ' , we o b t a i n a ' - O a P r o m ( 1 ) 

86 S 'fit 
a » n a / _ I = a ' , h e n o e a » a ' . 

86 S 8 9 V 8 ' 
L e t s b e g i v e n . V e h a v e a < a _ , „ < _ » , b u t f r o m ( 5 ) we s e e 

" a 
t h a t i t i s i m p o s s i b l e t o b e a < a B ^ ( s ) < 1 ) a n d 8 0 ( a ) 

f o r a l l s e S . T h a i s b i f l a „ • a . b u t t h i e i s a c o n t r a -
s t s 8 ? V ' 

d i c t i o n w i t h t h e h y p o t h e s i s t h a t a < b . 
B y t h e s a m e m e t h o d we c a n p r o v e t h a t 

u n a 8 t . n u v ( B ) -
s a S t e S ^ e T S a e S ^ 

T h i s e n d s t h e p r o o f . 
T h e o r e m 2 . 3 * F o r e v e r y c o m p l e t e p s e u d o B o o l e a n 

a l g e b r a A , i f A i s a c o m p l e t e m e e t d i s t r i b u t i v e , t h e n A i s 
a c o m p l e t e j o i n d i s t r i b u t i v e . 
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4 N. Ismai l 

P r o o f . Let 

n u aat • U s n a s ^ s ) 
seS teT felt seS 

for a l l S and T. We w i l l prove that 

u n aat - n s u a»*>(s) seS teT y>zH seS 
* — 

for any cardinal numbers m and n, S = m, T = n. g 
For a l l o e S and p e T we denote = ^ g » h a v ® 

n . u a B 9 [ B ) ' n s u v - u S l n s v ^ - -

(ft TS ieS y peT S s i s y/esT^) 9>6T 

More over ( * ) For a l l ifieS^T *, the family { ^ ^ ( p ) ] contains a subfamily 
{ a s t } t e T f o r a C 6 r t a i n 8 6 S « 

Let for s e S, u/Q be a constant function fro« TS i n to S such 
s that yg[<p) = s for a l l $peT . 

P r o o f of ( * ) : Assume that i t i s not true. This 
S (T®) means that there exists j j ^ r and i//0€Sv , such that 

V 0 ( s ) £ { V o ^ ^ e T S for a l l s e S. Take s 0 = f ^ ) then 

a / , = b / „ i . th is i s a contradict ion. Next we con-

tinue the proof of Theorem 2.3. 

( 1 ) = ( V l = { V ( » > i = i *B t } t € T» 

Then 
V 3 « Q * w - Q 
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Pseudo Boolean algebras 5 

Thus 

u , . s , n „ w á
a y G 

y e s 

by (1) we obtain 

i 3 
B€S yB 

from here we have 

M u
( I s , M

s 
yes* ' p e r 1 

{Va^Le*8 = W t € T [] 0 W 

(3) U n a a t ^ U _ n , V W 

seS tcT 

Prom (2) and (3) we obtain 

tyieS' 
u n a 8 t - u n b ( , 

thUB 

n s u v „ . u n » 5 t . 
p e T seS seS teT 

T h e o r e m 2 .4 . I f a complete pseudo Boolean a lge -
bra A i s (nm,m)-meet d i s t r i b u t i v e , then A i s (m,n) - jo in d i -
s t r i b u t i v e , where m and n are I n f i n i t e ca rd ina l numbers. 

P r o o f . Let A be (nm,m)-meet d i s t r i b u t i v e and com-
p l e t e . Since A i s (nm,m)-meet d i s t r i b u t i v e , i f l a 8 t ) 8 e s t e l 
i s a family of element of A whioh s a t i s f i e s the condi t ions : 
( i ) S < n m , TsSm, 

( i i ) U a„+. e x i s t s f o r a l l s e S , and 0 U a_ t a l so e x i s t s , 
t tT BV a tS teT 

( i i i ) n a 8 ? ) ( s ) e x i s t s f o r a l l 

then I j c 0 also e x i s t s 
peT seS ^ ' 
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6 N , I s m a i l 

and 

n UaBt-u.n 
eeS teT peOT seS 

"apCa) ' 

Suppose t h a t U ^ m , V ^ n . Ve ge t f r o m the completeness o f A 

t h a t i f ( a 4 ) 4 - T s A t h e n 0 a4 and U a," e x i s t s f o r a l l I . i i € i i e I i i e I 1 

Le t ( l » t t T ) u t u , T £ V £ A» w * w i l 1 p r o v e t i l a t 

{ * * ) 

L e t 

( 1 ) 

t h e n 

u n 
aeU ueV 

uv n u 
f e V u ueU 

' u f f t t ) 1 

a f u 3 V ( a ) 

(2) n u vu) - n u aftt»u n «,(f) 
feV ueU f e V u ueU <peU<v > f e P u 

f o r a l l a e U . D e f i n e the mapping y>u : V ° — - U as f o l l o w s t 

9> u ( f ) « a f a r a l l f e V U . We hare 

V (V U ) L feV 

n 

t h e r e f o r e f r o n the d e f i n i t i o n o f 

Then 

(3) 

V 
ueU 

H , a. 

L feV 

u rv tt • * * ( * ) 

aeU ffeV <peU 
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Pseudo Boolean algebras 7 

Sinoe for all a e U 

hence from (1) 

(%a(f)JffeVU B (buv>veV f o r a 1 1 tteU' 

Then we have 

(4) nn a- ff) - n b for all u e U. f£yU z9>a[I' veY 

From (3) and (4), we have 

(5) u n b ^ u n • ( f ) . 
ueU veY peUv feVu 

We will prove that 
(6) u n H. {t)< u n buv. 

96U(V°) f6VU r ueU VfcV 

First we prove that 
(7) V n 3 V 3 _ [a -a>(f) and v - ftyrff))] ) utU vtV f€Vu L " 

L6t 3 _ V 3 V [a * ?>(*) or v* f(p(f))]. 
^6U(VU) ueU veV feVu 

(Tu) From this for a oertain <pQ eU1 t we have 
V 3 V n fa 4 <pAt) or v^f(^(f)) l . ueU veV ftVu L 0 0 J 

From this we get that there exists a funotion f : U— 
such that 
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8 N. Ismail 

V y ü [ u * j i 0 ( i ) o r f 0 ( u ) ^ f ( 9 > 0 ( f ) ) ] . 

Than a 4 <p0(*0) o r f
0 ( u ' ^ f o ^ o ^ f o ) } f o r a 1 1 u e U * H o n o e 

for u » ^ ( ' o ^ w e 11876 a contradict ion 

From (7) we get 

Henoa from (1) 

then 

Therefore 

and 

V u 3 n « f ^ f ) ^ 1 ^ 
feV T veV 

V 
(pe U (v

u) 
n n d. U a fa>(f )^ w ' ' "irv 

LveV ufeU veV 

1 1 a-. LJ ' O blvM. ' - t<p{t) u n 
ueU veV 

Prom (6) and (5) using (2) we obtain (**). 
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