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ON (m,n)-DISTRIBUTIVITY OF PSEUDO BOOLEAN ALGEBRAS

In this paper, it has been proved that in the case of a
complete pseudo Boolean algebra, the icea of complete meet
distribultivity and join distributivity are equivalent, We
show aleo that if & complete pseudo Boolean algebra 4 is
(n®,m)-meet distributive, then 4 is {m,n)=join distributive,
This theorem is o generalization of the Tarskil theoram for
Boolean algebras (see [4]). The notation and terminology cf
this paper is consistent with [3] and [4], see also [1].

1e (m,n)-meet and (m,n)-join distributivity

Lefinition 1.1, ¢t pseudo Boolean algebra & is
said to be (m,n)-meet distributive iff for every (m n)-indexed
family (agy) seS,teT of elements of A, where S<m, T<n, suci
that:

(1) U 844 oxists for all seS,
(ii) ﬂ U a ¢ oxists,
8eS tel

(1ii) ﬂs 8gg(s) EXiSts for all e S,
8¢

then for all gpe TS, U ﬂ 2g(s) alsc exists and we have
¢eTS 8¢S

n U ag U n Asp(s)*

seS teT ;oeT s€S
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4 pseudo Eoolean algebra 4 is said to be {(m,n)=-join distri-
butive iff for every (m,n)-indexed family (ast)ses tep OF ele-
ments of A, where s<m, ‘1‘<n, such thats

(1) m 8,4 oxists for all se S,
(11)’ U () a_, exists

seS te? °oF ’
(11i)’ U as¢(e) exists for all ;oeTs,

8eS
S
then for all ¢el”, ﬂ U asg:(s) also exist and we have
¢eT 8eS
U ﬂ agy =) %sp(s)*
Be8 teT . <peT seS

Definition 1.2. A& pseudo Boolean algebra A
ie sald to be complete meet (join) distributive, if it is
(m,n)-meet (join) distributive for arbitrary cardinal numbers
m and ne

2. Complete distributive algebras (see [2]).

Definition 2.1, A pseudo Boolean algebra A
is said to' be complete distributive if it is complete meet
and join distributive.

Theorem 2.2 If for arbitrary elements a,b of
a pseudo Boolean algebra A, a<b or b<a, then 4 ,is complete
distributive.

Proof., We will prove that

N U e = U (M 2agie)

8eS teT 5peT 8¢S

for arbitrary cardinal numbers m and n. Let (aat)ses,tel‘
be a set of elements of a chain such that U agy exists for
teT

all seS, and also { | {UJ a_, = b and (AL Bop(s) 107 811
- 13

5 seS teT
@eT”. We will show that | ) s N Bgp(s) = De
peT” BeS
Let & Ye given, we have as;o(s)s t%% By henoce

MNoa < U a.

8eS 550(8)\8&8 teT
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Pseudo Boolean algebras 3

Then for all gpeTS’ m as¢(3)$b. We have

seS
(1) Let \Vlgo(azQS amp(s)) and b{a. Hence a<b,
a< m U 8g¢ = be
8eS teTl
(2) Por all se S,we have a< U 8g4°
teT
(3) \VBGSH such that a<aa¢a(3) let soa(s) = t.

Pa(8)
Iet o be given. If\V/(a <a), then U a_. <a. This
t' "8t tET st

is a contradiction with (2). Hence from (3) we get
Bsn a .

BeS s¢a(s)

We also have

(4) aFma

8eS B?a(s).
(5) If a<a’<b, then a = a’,

Using (3) to &', we obtain a’ = M

yo From (1)
8eS

aegoa(s
8)!38 aB%(B) = a’, hence a = a’,

Let 8 be given, We have a<as¢ (8)
a

that it is impossible to be a<as¢ (s)<b and so bsaasa (8)
a a

, but from (5) we mee

for all se S. Thus bsﬂ a = a, but this is a contra-
8eS sy)a(s)

diction with the hypothesis that a <b,
By the same method we can prove that

M age =) a
at .
8e8 teS 97e'1‘s “LJS' 39’(8)
This ends the proof. .

Theorem 2.3 For every complete pseudo Boolean
algebra A, if A is a complete meet distributive, then A is
a complete join distributive.
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Proof, Let

ﬂ U 8g¢ = U ﬂ aay.w(s)

seS teT q)e'l‘ seS
for all S and T. We will prove that

() 8 =ﬁSU *sp(s)

geS teT @eT” seS

for any cardinal numbers m and n, 5 = m, T = ne

For all seS and goeTs we denote & b, .. We have

sp(s) = “gs
N a ﬂ L M ¢ Yool
¢eTssLer ople) ~ -LeJS we’sLHTS) per® e
Moreover

S
(x) Por all yes{T ), the ramily {bwm} contains a subfamily
{ } for a certain seS.
st[tel s
Let for seS, y, be a eonstant function from T° in to S such
that y (p) = s for all peT .
Proof of (¥): Assume that it is not true. This

S
means that there exists g:oeTS and tyoes(T ), such that
2sg (a) ¢ {bWo(?)}%TS for all seS. Take s = y (p,) then

= b this is a eontradiction. Next we con-
Pol8o) ~ 98l R)”

tinue the proof of Theorem 2,3, We have

(1) {b¢Wg(¢)}?ETS = {b¢s} = {asq>(s)} = as‘ti}teT’

{
V eS(Ts) 3365 {b9’w($0)}¢eq_‘53{agt}te;r.

Y
Then

b <M a
es(Ts) HsesQTs ‘N(W tel
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Thus

2 v o<l J[)

(2) }U(Ts) N pyip1 < 4 Leh ot
yes peT

by (1) we obtain

Y 3 {bqi%(go)}qae S~ { St}te'r ﬂ agt < UJ S ﬂ bgup(?)

BeS y
8 tpeST 9>e'l's

from here we have

(3) U M 3t <U ﬂs Poy(p)*

geS tel es( S)?

From (2) and (3) we obtain

UM age = U () 00

seS tel S('rS) pers
thus
N U %sp(s) ~ U m 8st
(peT 8eS s8eS teT

Theorem 2,4, If a complete pseudo Boolean alge-
bra A is (n®,m)-meet distributive, then A is (m,n)-join di-
stributive, where m and n are infinite cardinal numbers,

Proof. Let A be (n® m)-neet distributive and com-
plete. Since A is (nm,m)—meet distributive, if (aat)ses,teT
is a family of element of A which satisfies the conditicns:
(1) S<n®, T<n,

(ii) U agy oxists for all se S, and m U agy also exists,
tel geS teT

S
(1i1) QS 8a(s) exists for all eI,

then U ﬂs assp(s) also exists
9?&’.[‘ 8¢
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and

mUB ’U mas(s).

seS tel yJeT BeS

Suppose that U< m, Y<n. We get from the completeness of A
that if (ai)ieIgA then ay and H ay exists for all I.
€

jel

Let (b“ uel, vy S A» Wo will prove that

e U Mooy =N U by
uelU ueVv £evY uel

Let
(1) 8rq = Bue(u)
then

2evY nev eV ueu peU(V") gep

U

for all ne U. .Define the mapping $, + V' —=U as follows:

P (f) = u for all fe 7Y, We have

YV, [mu i< a“"‘”J '
Sp,eu(v ) Leev 9oeu(' ) feV
therefore from the definition of ¢,
v/ [m ag (1)< U .
Lo (£)= S20(2)
uel | o yU '} SD U( ) £ V“
Then
(3) U m stou(f) U U n ar?(f).
uel fevl 9°6U( vev?
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Sinoce for all uelU

(due(u) )feVU = (Ouylyevs

hence from (1)

(afs"u(”)fevu = (buv’vev for all uneU,

Then we have

(4) f(DVU af?u(ﬁ = QV b,y for all uel,

Prom (3) and (4), we have

uel veV pel’ feV

We will prove that

(6) U N e U Mooy,
ger(v ) peyV el veV

First we prove that

(1) v [0 =p(2) and v = 2lp())]

pel
. (VU)\vueUHVeV \v;evu [n £ plf) or v4 f(‘p(f”] )
pel
vY)

3
(vY) aueU\vvev gevU
Let

From this for a certain %o eU( s we have

vV 3 V¥V U [ulgoo(f) or v#f(qu(f))J.

uclU veV feV

From this we get that there exiats a funotion fo : U—V,
such that
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\v;eVU [u t p,(£) or £,u) # f((po(_f))].

Then u # ¢ (£,) or £ (u) # £,(9,(£,)) for all ueU. Hence
for u = goo(fo) we have a contradiction

2(p (2,)) # £,(p (20000

From (7) we get

v U(VU) nel (b“)“vc(b'P(f)r(go(f”)feVU‘
pe _
Hence from (1)
veu(VU) HueU (buy)vev © (af‘/’(”)fevu'
¥
then . ,
3 N < » ]
\V;OeU(VU’ uel | geyU “ogte) vev
Therefore
WU(VU) vev! uel- vev
and

U ﬂ af‘P(f)s U ﬂ buv‘

Soe'U(VU’ vevY uel vev

From (6) and (5) using (2) we obtain ().
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