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SEMIISOMORPHISM VS. ISOMORPHISM 
OF INNER EXTENSIONS OF A PARTIAL ALGEBRA 

In [1] we introduced the semilatt ice of inner extensions, 
associated with a given par t i a l algebra. Such semilatt ioes 
have been completely characterized and i t was shown that the 
information on the part ia l algebra which can be deduced from 
i t s semilatt ice of inner extensions i s rather unsatisfactory 
and of a set-theoretic nature only. In th i s paper we define 
an order-compatible equivalence re la t ion in a semilatt ice 
of inner extensions and we use i t to invest igate some proper-
t i e s of par t i a l a lgebras . This re la t ion - oalled semi-iso-
morDhism - i dent i f i e s two inner extensions of a par t i a l a lge-
bra A_whenever they are s tructural ly very close ("almost" 
isomorphic). 

Ve r e o a l l t [ l ' ] ) that for any part ia l algebra A we. oan 
define i t s semilatt ice of inner extensions Ext(A) = < E x t ( A j , ^ > 
where Ext(A) i s the set of a l l inner extensions of A. and 
B c C means that C i s an inner extension of B. f o r any _ e _ _ _» 
B,CeExt(A) . An inner extension of A, = <A, ( f^ : f e F ) > i s 
any par t ia l algebra B « < B , ( f ® t f e P ) > of the same type such 
that A = B and for a l l f e F , f ^ c ^ , (We assume here that 
a l l algebras considered are of a f ixed type <F ,n> , where F 
i s a set of operation symbols and n :F—- N i s an ar i ty function 
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into the set of all non-negative integers;. A homomorphism 
of a partial algebra 5 F)> into a partial alge-
bra C = < C : f€P)> is any mapping h : B — - C such that for 
any f6 F and a tdonff5) (where 

dom(f®)<= B n l f ) is the domain 
of the n(f)-ary partial operation 1®- in B) we have h»a e 
e dom(f-) and h{f®( 

gl) * f-(h*a). A homomorphism h is closed 
iff h«a e dom(f-) implies aedom(f®) and h is an isomorphism 
iff it is closed and bijective (observe that a bijective ho-
momorphism need not be an isomorphism). We denote by "s" the 
isomorphism relation between partial algebras. 

Let A be any partial algebra. Define the relation £ in 
Bxt(A) as the transitive closure of the join of the extension 
relation c and the isomorphism relation = reduoed to Ext(AJ. a The following lemma will be helpful in the characterization 
of £ . 

L e m m a 1. Let h:A — - B be an is9morphism of a par-
tial algebra A = <A,(f^ : fe F)> onto B » < B , ( ^ : fe F)>. 
Then for each A'e Ext(_A) there exists a unique B'e Ext(B) 
such that h is an isomorphism of A' onto B.'. Similarly, for 
any A.' such that ^eBxt(A') there exists a unique B' such 
that BeExt(B') and h is an laemorphism of A' onto S'. 

P r o o f . Let .A' be a partial algebra such that either 
A'e Ext (A) or AeExt(A'). For any f e i and fl€in'f' take 

[ h(f^' (a)) if a e dom(M') 
# (h'a) . j 

[ undefined otherwise 

Being h an isomorphism from A. onto B, we obtain well-de-
fined partial operations in B' consistent with the operations 
o.r 3, i.e. B'e Ext(B] when A'e Ext (A) and BeExt(B') when 
A e Ext( A_'). Clearly this is the only possible definition of 
operations in B which makes h an isomorphism of A' onto B' . 

Observe that 
€ P) is the final structure on B for 

the mapping h (in the sense of Bourbaki [ 2 ] and J.Schmidt [ 3 ] ) . 
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T h e o r e m 1. Let B,CeExt (A) . Then the following 
conditions are equivalent: 
( i ) I S C 
( i i ) there is a DeExt(A) such that B c D = C 
( i i i ) there is a DeExt(A) such that 3 = D c C 

e 
( i v ) there is a bijective homomorphism of B onto C. 

P r o o f . ( i ) — - ( i i ) . I f BSC, then by the de f in i -
tion of £ there exist partial algebras B 0 ,B 1 , . . . ,B such that 

B = B c B1 = • • • c B = C. 
u e ' e n 

By iterative applications of lemma 1 ( in the f i r s t step apply 
it to B, BQ and B^) we get a partial algebra DeExt(A) whioh 
is an inner extension of B isomorphic to C. 

( i i ) — ( i i i ) . Apply again lemma 1 to D, C and 3 (with 
D € Ext(B) and D S C ) . 

; i i i ) — - ( i v ) . I f h is an isomorphism of B onto D, then 
idjj*h is a bi jective homomorphism of B onto (where idD is 
the identity embedding of D into C) . ~~ 

( i v ) — ( i ) . Let A = < A , ( f - : f e F)>. I f h is a b i -
jective homomorphism of B onto C, then let B' be an inner 
extension of B suoh that for any f e F and dom(f®) 

f 1 ' (a) = 
h~ 1 ( f - ( h *a ) ) i f h*a e dom(f-) 

und efine d otherwise. 

Then we have B c B' s C whioh by the definition of £ yields 
e 

It follows from the definition of the relation £ that 
i t is a quasi-order in Ext(A). Let « be the induced equiva-
lence relation in Ext (A) i . e . for any B,CeExt (A) , 

U C i f f B c c and C £ B 

(or equivalently i f f C is isomorphic to some extension of B 
and vice versa) . 
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Observe that B & C does not imply that B and C are i s o -
morphio i . e . the existence of bi ject ive homomorphisms both 
ways does not imply isomorphism. Let A = > with n(s} = 1 
and dom(s-) = { 3k : keN}u{3k+1 s k€U-{o } } . Let 

. i n+1 for n=3k for some keU 
¿ < n ) -

(n for n=3k+1 for some keN-tOf. 

Taka B = <N,s- > g Ext(A) with 
dom(s§) = {3k : keN}u{3k+1 : k e n) 

and s-(3k) = s-(3k+1) = 3k+1 for a l l keN. 
Then id^ i s a bi jact ive homomorphism of A onto B. To get 

a bi jectiva homomorphism from B onto A take any bi ject ive 
mapping h' of {3k+2 : neU) (=N-dom(sS)) onto {iO,l}u{3k+2«ke II} 
and define h as follows: 

I'D 

n+3 for nedom(s-) 

h (n) for a t dom(sf i). 
A and B are not isomorphic, since 1e s-(N) - dom(s-), while 
b-(N) - dom(s-) = 0. 

In the sequel we shall investigate some conditions which 
imply the equality of the re lat ions » and = or - looking 
at i t from the other end - some consequences of the fact that 
this equality does not hold. Before that, observe that the 
relat ion ^ in B x t ( A ) / » such that [B] < [c] i f f B £ C 
i s an order in BxtfA}/«, which by theorem 1 can be equiva-
lantly defined by 

[B] ^ [ c ] i f f there ex i s t s B'e [B] and C'e [ s ] with B' c C'. 0 

Recall now that a subset Be A i s convex in an ordered 
set i f f for any b,c eB and a e A, i f b « ¿ a < c , then a e B. 
The intersection of any family of convex subsets of A i s again 
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convex, so for any CcA there exists a least convex subset 
containing C. Wo shall cal l i t a convex closure of C. 

T h e o r e m 2. Let A ba any partial algebra. Then 
the equivalence classes of « in Ext(A) are precisely the 
convex closures of tne equivalence classes of si in the 
ordered set <̂ Ext (A) , a 

e 
P r o o f . We shall prove that for any Be Ext (A) , [B ] 

is the convex closure of [B ] a . First observe that is 
convex. Indeed, i f for some C ^ e ^ and EeExt(A) we have 
C cr E c D, then by theorem 1 there exists an algebra D'e Ext(A) 

e e 
such that Dc D' - C. Hence and SgC, whioh implies E w C 

r n 8 
and 3 e [B j^ . 

To show that [ B ^ is the convex closure of i t is now 
enough to prove that for any C e [ B ] s there exist B',B"e [ 1 ] ^ 
such that B' c C c B". But i f B k C, then again by theorem 1 
there exist B',B"e Ext(A) suoh that 

B S B'c C c B" S B . 
a e ~ 

which completes the proof. 
Prom Theorem 2 we deduoe the following simple corol laries: 
C o r o l l a r y . I f a l l the isomorphism classes in 

Ext (A) are convex, then as = as in Ext (A) . 
C o r o l l a r y . I f A. has no isomorphic extensions, 

then = s in Ext(A). 
T h e o r e m 3. Let B,C 6 Ext ( A ) . IP B % C and 3 C, 

then there exists a DeExt(Aj such that D is a proper inner 
extension of B and D = B. 

P r o o f . Assume B « C and B ^ C for B,C eExt(A>. By 
theorem 1 there exist B ' ,C 'e Ext(A) such that 

{*-) B c C ' a C and C c B ' s b , — e — - — e -

where C' is a proper extension of B (since B ^ C ) . Moreover, 
there exists an algebra DeExt(Aj euch that 

C' c D s B' 
a ~ ~ 
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since, by (*-) C'c b ' . Thus 

B c C' c D = B 
a e ~ ~ 

and D is a proper extension of B. 
C o r o l l a r y . Let BeBxt(A.) f o r some part ia l a lge-

bra .A. I f [B] , , contains two non-isomorphic extensions of A, 
then f o r any C € [ B ] ^ there ex ists a proper inner extension of 
C isomorphic with C. 

For the proof, observe that i f B ' ,B"e [B ]^ and B ' ^ B " , 
then f o r any CspB]^, C ^ B' or C ^ B " . 

C o r o l l a r y . l e t BeEx t (A ) . I f [ l ] « contains two 
non-isomorphio inner extensions of then i t contains a count-
able ( s t r i o t l y increasing with respect to c ) chain (B : n eN ) 

e n 
of pairwise isomorphic inner extensions of A.. 

The proof consists in an inductive generalization of the 
proof of Theorem 3. 

The fo l lowing i s just an equivalent formulation of Theo-
rem 3. 

C o r o l l a r y . I f no algebra CeExt (A ) i s isomorphic 
to i t s proper inner extension, then in Ext(A.). 

L e m m a 2. Let B t CeExt (A ) f o r some part ia l a lge-
bra A. I f B » C, then f o r a l l f e P , 

card (domtf5-) ) = carti(dom(f£)) and 

c a r d ( A n ( f ) - fJomif®)) = c e r d U " ^ - dom( f 5 ) ) 

(where A i s the carr ier of a l l algebras invo lved ) . 
P r o o f . I f B » C, then by Theorem 1 there exists 

a D 6 Ext (A) such that B * D c c. Thus f o r a l l f e P , ~ ~ a 

cardldom(fS)) = card (dom( f^J )card (dom( fS )J . 

Analog-ously we obtain the inverse inequality and a dual argu-
ment proves the second claim of the lemma. 
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T h e o r e m 4. Let I) t Ext (A) f o r some p a r t i a l a lge -
bra A. I f [B]^ contains two non-isomorphic extensions of A, 
ther. there e x i s t s a fundamental operat ion f e P such tha t f o r 
any C e [ B ] ~ the domain of f - i s both i n f i n i t e and o o - i n f i n i t e . 

The proof fol lows d i r e c t l y from ¡Lemma 2 and the f i r s t 
coro l la ry fol lowing Theorem 3, since proper inner extension 
increases the ca rd ina l i t y of a f i n i t e domain of an operat ion 
or decreases the ca rd ina l i t y of a f i n i t e complement of a do-
main. 

C o r o l l a r y . Let A be a p a r t i a l a lgebra . I f the 
domain of every operat ion in A i s c o f i n i t e , then »== i n 
Ext(A). 

This l a s t r e s u l t suggests tha t the "gap" between a* and = 
may contain some informat ion on the "degree of p a r t i a l i t y " 
of a p a r t i a l a lgebra (we may consider an algebra A with co-
f i n i t e domains of operat ions as an algebra with l i t t l e par -
t i a l i t y ) . On the other hand, the case of two p a r t i a l a lgebras 
B and C, f o r which there e x i s t b i j e c t i v « homomorphisms both 
ways "but no isomorphism, can a l so be inscr ibed i n the context 
presented in t h i s paper, s ince both a lgebras may be considered 
as inner extensions of a common d i s c r e t e algebra (on a se t 
equipotent to the c a r r i e r s of B and C). This may be usefu l 
f o r the c h a r a c t e r i z a t i o n of such cases , 
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