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Kazimiera Dyrda

NONE OF THE VARIETY E,;, n>2, ISLOCALLY FINITE

In this paper we shall prove that there exists a 2-gene-
rated infinite algebra in 132.

Let us recall some fundamental definitlons.

By a BCK-algebra we mean a general algebra A = (4,%,0>
of type {2,0) satisfying the following axioms:

(1) ((xxy) % (x*e)) »(zxy) =0

(2) (x x(xxy))xy =0

(3) Xxx =0

(4) Oxx =0

(5) if x¥y =0 and yxx =0, then x =3,

If x<y means x%y = 0, then the relation < 1is a partial
ordering. Recall that a BCK-algebra A satisfies condition (S),
if for any a,be A in the set {xeA H xxash} e greatest
element, ac b, exists uniquely. In this case we can extend
the structure of BCK-algebra and add a new operation o sa~
tisfying the 1dentity:

(S) ax(bog) = (axh)x*o.

This pager is based on the leoture presented at the Con-
ference on Universal Algebra held at the Technical University
of Warsaw (Wilga), May 22-25, 1986,
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2 K.Dyrda

By a BCKS-algebra we mean a general algebra A = {A,#,0,0)
of type {2,2,0) satisfying (1)-(5) and (S). Let A be a
BCKS-algebra.

By the reflection of A (ses [8]), which in the sequel
will be denoted by R(A), we shall mean the algebra
(AUR(A),#R,OR,O>where the set R(4) = {ra : aeA} is the
image of A under a bijection r such that ra¢ A for every
ac A, The zerc~element in R(4A) is the same as in A and the
operations ¥Ry OR 8are dofined by the following conditions
for svery a,be As

(1) axpb=axd

(11) Ta*g Tp = bxa

(111) T¥Rr D =Ty

(iv) bxpr, =0

(v) aopb=aoh

(vi) Ta % Tp = Tp

(vis) Sop Ty = Ty op 8 =Ty .

By By, n>1, we denote the class of all BCK-algebras
satisfying
(B,) : xxy” = x»yn“, where

xa;y" = XxY

xx-ykﬂ - (Ix-yk) *xy, kxt.
The class ¥,, n>1, is e variety (see [1])« On the other
hand, as it is well known, BCK-algebras do not fora a va-
riety ([7]). Moreover, B, is a well-known variety of algebras
determimd by the purely implicational fragment of the set IRT
of all theses of the intuitionistic propositional caloulus.
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Locally finite varilety 3

The symbol IES denotes a suboclass of the class chs formed

by all BCKs-algebras which satisfy (E,).

Prom the result of Diego [2] and Popiel (see Jankov [6])
it 18 known that: any free algsbra of the variety ]E1 free-ge-
nerated by a finite set is finite,

We shall prove that the theoram of Disgo and Popiel does
not hold in B, n>2.

The following lemma holds.

Lemma 1. If n>2 and A ¢ Ei, then R(A) ¢ !i.

Now we define terms o, as follows:

0(1 = p, whers p 1s variable

o = (°‘n°°‘n)"°‘n' nx>1,

n+1

Then we obtains
Lemma 2, Por every i,j = 1,2,... the following

oonditions hold:

(4) BeKS =¥p[oy>ay o],

(11) BoRS =¥p oy =ay =0y = oy ],

We omlt easy proofs of Lemma 1 and Lemma 2,

For every valuation v : {p} —~ A, A€ BCK®, we define
a valuation v : {p}——-—R(_A_) putting: ¥(p) = Ty(p)*

Then it is easy to verify the following lemma,

Lemma 3. (1) ?(q1)>v(cx1)
(41) V(an_n) = v(an), for every n = 1,2,...

Proof. The condition (i) follows immediately from
the definition, We easily prove (ii) by induction on n.

Lemma 4, Por 1 £ j, we have oy # qd in the 1-gene-
rated free algebra of the variety ma, so this algebra must
be infinite.

Proof., We define algebras An’ n>1, by putting

Ay =<{0,e,b,8}, %, 0, 0>
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4 K.Dyrda

a #]0 ¢ b a o/0 ¢ b a
b 0|0 0 0 O 0/0 o b a
¢ cles 0 O O ¢clc a a a
0 b{(b o 0 O b(b a a a8

aja ¢ ¢ O ala a a a

and A 4 = R(A, ), n>1. It 18 easy to see that for every n>1

we have An 3 mg.
Let v, @ {p}——én be valuations such that

v1(p):b and v =Voy nx1.

n+1

First let ns observe that for every n = 1,2,...
Vplog) >vplop)> cee>vplop)>vplag L),

For n = 1 we have v, (o,)>v,(x;)s Let us suppose for induction
that in the algebra An:

Vol ) > v (op)> see >V (o) >V (o o)

Fow let v . {p}—= A4 be the valuation defined by

Vne1 = Vo
Then by Lemmsa 3 we have Vn+1(v:1)>vn(0(1) and vn+1(p(k+1) =

= vn(ak), k = 1,2,¢00,0+1. This implles that

vn+1(°‘1 )> vn+1(°‘2) >ene> "n+1(°‘n+1)> Yn+1 (_°‘n+2)'

Let us suppose now that 1 # J and 1 <j. We consider the alge-
bra A, and the valuation vy : {p}—"ﬁy Then we obtain

vj(a1)>':’(°‘2)> eee >vj(0(i)> eee >"3(CXJ)>.'J(0(J+1).

which means vd(ai) £ vj(°‘;])’
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Locally finite varlety 5

Lemma 5., Ifa BCls-algabra A i3 (»,0)-generated
by a set G, then R(A) is («)-generated by the set GlJ{zo}.

Yow it is easy to see that the following theorem holds.

Theoremoa. There exiats a 2-generated infinite
algebra in 12.

Corollary. Nons of the variety nn, n>2, is
looally finite.

Proof. It is easy to see that

E1C EZC 33(: ese o

Henoe by the theorem we obtain the above corollary.
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