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NONE OF THE VARIETY En, n>2, IS LOCALLY FINITE 

In t h i s paper we s h a l l prove tha t there e x i s t s a 2-gene-
ra ted i n f i n i t e algebra in E2* 

Let us r e c a l l some fundamental d e f i n i t i o n s . 
By a BCK-algebra we mean a genera l a lgebra ^ = <A,*,0> 

of type <2 ,0> s a t i s f y i n g the fol lowing axioms: 

(1) ( ( x * y ) * ( x * i ) ) * ( z * y ) « 0 

(2) (x * ( x * y ) ) * y » 0 

(3) x * x - 0 

(4) 0 * x - 0 

(5) i f x * y = 0 and y * x = 0, then x = y . 

I f x « y means x * y = 0, then the r e l a t i o n ^ i s a p a r t i a l 
order ing. Reoall tha t a BCK-algebra A. s a t i s f i e s condi t ion (S) , 
i f f o r any a , b e A i n the se t {xeA t x * a < b } a g r e a t e s t 
element, a ° b , e x i s t s oniquely. I n t h i s case we can extend 
the s t r u c t u r e of BCK-algebra and add a new operat ion o s a -
t i s f y i n g the iden t i ty» 

(S) a * (b ° o) = (a *b) * o. 

This paper i s based on the l eo to re presented a t the Con-
ference on Universal Algebra held a t the Technical Universi ty 
of Varsaw (Wilga), May 22-25, 1966. 
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2 K.Dyrda 

By a BCK®-algebra wa mean a genera l a lgebra A_ = < A , * , o , 0 ) > 
of type < 2 , 2 , 0 > s a t i s f y i n g ( l ) - ( 5 ) and ( S ) . Let A. be a 
BCK® - a l g e b r a . 

By the r e f l e c t i o n of A_ (see [^8]), whioh in the sequel 
w i l l be denoted by R(A), we s h a l l mean the a lgebra 
< A U R ( A ) , * R , o R t O > w h e r e the s e t R(A) * | r a : a e A } i s the 

image of A under a b i s e c t i o n r such that v á A f o r every 
a 6 A. The zero-element in R(A) i s the same as in k and the 
operat ions * H , ° R are defined by the fol lowing condit ions 
f o r every a , b e At 

(1) » * R b - a » b 

( i i ) r a * R r b - b *-a 

( i i i ) r a * R b " r a o b 

(ÍT) b * R r a - 0 

M a Og b =» i a o b 

U U r a °R r > ' " rO 

( v i i ) • ° R r b " r b °R a * 

By B Q , n^ .1 , we denote the o l a s s of a l l BCK-algebras 
s a t i s f y i n g 

(B f l) x * y B • x * y n + 1 , where 

1 x * y » x * y 

x * y k + 1 - ( x * y k ) * y , 

The a l a s s n > 1 , i s e v a r i e t y ( see [ l ] ) . On the other 
hand, a s i t i s wel l known, ICK-algebraa do not form a v a -
r i e t y ( [ 7 ] ) . Moreover, 1» a well-known v a r i e t y of a l gebra s 
detonlasd by the purely i a p l i c a t i o n a l fragment of the s e t IHT 
of a l l theses of the i n t u i t i o n i s t i c p r o p o s i t i o n a l o a l o u l u s . 
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Locally f in i te variety 3 

The symbol E^ denotes a subolass of the class BCK® formed 

by a l l BCI^-algeDras whioh sat isfy 
Prom the result of Diego [2] and Popiel (see Jankov £6]]} 

i t is known that: any free algebra of the variety ]S1 free-ge-
nerated by a f in i te set is f i n i t e . 

Ve shall prove that the theorem of Diego and Popiel does 
not hold in En, n>2. 

The following lemma holds. 
L e m m a 1. If n^2 and A e then R( A) e K^. 
Wow we define terms oR as follows: 

= p, where p is variable 

Then we obtain: 
L e m m a 2« Por every i t j = 1 , 2 , . . . the following 

oonditions hold: 
(i) BCK® ^ V p t W J ' 

( i i j BCK̂  t=Vp [ a ± - o<i+1 - <*i+j] . 

Ve omit easy proofs of Lemma 1 and Lemma 2. 
Por every valuation v : | p } — A , AeBCK ,̂ we define 

a valuation v : |p|—- R(A) putting: v(p) » rv(p)* 
Then i t is easy to ver i fy the following lemma. 
L e m m a 3. (i) v(« 1) > v(a 1) . 

( i i ) •(°<n+1) - •(0(n)t for n - 1 , 2 , . . . 
P r o o f . The condition (i) follows immediately from 

the definition* We easily prove ( i i j by induction on n. 
L e m m a 4. Por i 4 j , we have c*. 4 « j in the 1-gene-

s " 
rated free algebra of the variety EjJ, so this algebra must 
be in f in i te . 

P r o o f . Ve define algebras AQ, n , by putting 

A1 = <{o,c,b,a}, * , 0 , 0> 
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4 K.Qyrda 
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b o 0 0 

a o o 0 
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0 o b a 

c a a a 

b a a a 

a a a a 

and Afl+1 - H(AQ ) , n>1 . I t i s easy to Bee that for every n^.1 
o 

ne have A„ e IB0. -n z 

Let vn : |p|—- Aq be valuations such that 

• 1 ( p ) » b and « « > 1 » 

First let as observe that for every n « 1 ,2 , . . . 

vn ( o f1 } > v n ( 0 ( 2 , > • • • > r n i o t n J > Tn (otn+1 } • 

For n • 1 we have v1(oi1) > v 1 ( a 2 ) . Let us suppose for induction 
that in the algebra i B : 

J > v n ( 0 f 2 ) > ••• > V a n , > T n ( o ( n + 1 

Now let vn + 1 t j p } — - Aq+1 be the valuation defined by 

vn+1 " V 
Then by Lemma 3 we have vn+-| ) > v n ( a i ) 8,1(3 7n+1^ak+l' " 

« v ( o k ) , k • 1,2, . . . ,n+1. This implies that 

7n+1 (oc1 ] > vn+1 (o<2> > ' ' ' > vn+1 («n+1 > > vn+1 ( c W ' 

Let us suppose now that i 4 i and i < j . We consider the alge-
bra Â  and the valuation v^ : { p } — - A^. Then we obtain 

v ;j {a1 J> Vj(o<2)> . . . > V j ( a i ) > . . . >v^ (cx̂  ) > v^ ( °<j + 1 ) , 

which means 4 
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Looally f i n i t e variety 5 

L • m • a 5. If a BC^-algebra A i s (*» °)-generated 
by a set G, then R(A) i s (*)-generated by the set Gu {z 0 j . 

low i t l a easy to see that the following theorem holds. 
T h e o r e m . There ex i s t s a 2-generated in f in i t e 

algebra in i g . 
C o r o l l a r y . lone of the variety Bn, n>2, i s 

looal ly f i n i t e . 
P r o o f . I t i s easy to see that 

B.j c Kg ^ . . . • 

Renoe by the theorem we obtain the above corol lary. 
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