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RELATIVE COGENERATIONS WITH APPLICATIONS 
TO TREE AUTOMATA AND A THEORY OF ABSTRACT ALGEBRAS 

WITH FEEDBACK MODIFICATIONS 

The usual theory of automata i s interpreted in universal 
algebra as a theory of tree automata. A notion of feedback 
i s used in the theory of automata, in algebraic structure 
theory of sequential machines and in the control theory [5)6] . 
In this paper we give an interpretat ion of the notion of 
feedback as an automaton used for the modifications of ope-
ra t ions . In this waqr we obtain a theory of abstract algebras 
with feedback modifications cal led br ie f ly feedbaok algebras . 
Using a theory of re l a t ive cogenerations given in § 3 we prove 
in § 4 that every feedbaok algebra admits cogenerations. This 
theorem may be considered as a generalization of my Theorem 1 
in £7]. By the notions of congruences of feedback algebras 
we obtain fo r eaoh abstract algebra A a set Q(A) of s e t s 
KcCon(A) of congruences of A. For every K e Q( A) the algebra 
A admits the re l a t ive cogenerations, i . e . for each equiva-
lence ~ of A there i s a greatest congruence in K contained 
in ~ . Using the notion of closed feedbaok algebras we in-
troduce new examples of enriohmental theories of abstract 
algebras in the sense of [9 ] . Some applications to tree auto-
mata are given in § 3 and 4 ( [ 3 ] , [ l ] ) « 

This paper i s based on the lecture presented at the Con-
ference on Universal Algebra held at the Technical University 
of Warsaw (Wilga), May 22-25, 1986. 
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2 J.Slomiriski 

1. Feedback automata and modifications 
Let Z be an; set and let n be a natural number. We denote 

by Fbn(Z) the set of all functions of the following form 

a s Z Z° 

such that cc(r,f)(r) * f(r) for all r e Z n and feZ2". 
The elements of FbQ(Z) are called the feedbaok automata 

of the rank n over Z. The set FbQ(Zj is a monoid with respect 
to the multiplication ot */i given by the formula 

(cx./3)(r,f) = a(r, /3(r,f)). 

The unit of this monoid is the projection e&(rtfj = f. For 
each HQFbn(Z) we denote by extfi the monoid homomorphism 
from the free monoid H* generated by H to the monoid Fbn(Z) 
which is the unique extension of the inclusion map 
V H - - F V Z ) . n 

ifc*e Fbn(Z), then a subset KSZ Z is said to bea-olosed 
provided K determines a subautomaton of a, i.e. K has the 
property» 

(s) if fe K and reZ n, then o< (r,f) € K. 

If a subset K is a-closed for all oc e H £Fbn(Z), then K is ca-
lled H-olosed. 

We define a feedbaok modification over a set Z to be 
a function which for eaoh natural number n determines a feed-
baok automaton of the rank n over Z. The set of all feedbaok 
modifications over a set Z is denoted by Fb(Z). Henoe Fb(Z) 
is the set of all functions (p such that <p(n) e FbJfZ) for eaoh 
natural number n. The set Fb(Z) is a monoid with respeot to 
the multiplication <p* y given by formula 

(9>*y)(n) ® <p(n)#f(n) for all n 

where 9>(n)*y/(n) is the multiplication in the monoid FbQ(Z). 
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flelativa cogenerations 3 

The unit of Fb(Z) i s the function e such that e(n) = e n i s 
the unit of Fb (Z) for a l l n. I f yieFb(Z'), then f o r a l l r e Z n 

z n 
and a l l f in Z the value <p(n)(r , f ) w i l l be a l s o b r i e f l y 
denoted b y < p ( r , f ) . I f S £ F b ( Z ) , then S ( n ) s F b n ( Z ) i s the set 
{ < p ( n ) : 9 e s } . A subset K of Z2 i s said to be S-closed provided 
K i s S (n ) -c lo sed . For every S s .Fb(Z) , we denote by Bxt$ the 
monoid homomorphism Bxtt : S * ~ F b t Z ) which i s the unique 
extension of the inclusion map i g : S pb(Z), where £ i s the 
f r e e monoid generated by S . The feedback modif icat ions w i l l 
be used to modify abs t rac t a l g e b r a s . An abs t rac t a lgebra i s 
any pair A =<AQ,A^)> such that A^ i s a sa t ca l led the universe 
or support of A, Â  i s a function which fo r each natural num-
ber n determines a se t Â  of n-ary operations in the set 
AQ$ A1 i s ca l l ed the operation s t ructure of A and the elements 
of A1 are sa id to be the n-ary fundamental operations of A. i f n 
A s t ructure type of an abs t rac t a lgebra ,A i s a pair £ = 
= » T > s u c h that £ i s a family of d i s j o i n t s e t s of 
operation symbols of rank n and 3* i s a family of s u r j e c t i v e 
mappings "¡fn : "̂ n» where n i s any natural number. 
I f an abs t rac t a lgebra A i s considered as an algebra of s t r u c -
ture type then fo r a l l n, a l l r e ^ n , the n-ary funda-
mental operation ^(S" ) i s denoted by (?A and A i s sa id to be 
£ -.algebra or an abs t rac t a lgebra of (symbol) type £ with 
a r i t y funct ion £(&) = n for fr e £ , For the general theory 
of abs t rac t a lgebras and for the theory of £ -a lgebras see 
in the papers [ 2 , 4 , 8 , 9 ] . I f A and B are two abs t rac t a l g e -
b r a s , then the r e l a t i o n A B means that A0 = By and 
A., „£ .B, „ f o r a l l n, moreover B i s ca l led an enrichment i ,n 1,n * 
of A. For each se t Z the se t finrz(AL) of a l l abs t rac t a l ge -
bras A with AQ = Z i s a complete l a t t i c e with respect to 
the re l a t ion" ^ r . Let AeBnr z(AL) and l e t <p£ Fb(Zj . By A ,̂ we 
denote the abs t rac t a lgebra B suoh that B,, = Z and B- _ = n 0 1 » n 

= <p(Z fA^ ) for each n. xne algebra A ^ i s ca l led the <p -image 
of A. I f HQFb(Z) , then the algebra A„ » U A., i s sa id to 

a cp gH ^ 
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4 J .S iomir isk i 

be the H-image of A. I f A,BeEnr z(AL) and cpe. Fb(Z) , then 
(A,<p,B) i s c a l l e d a feedback morphism from A to B provided 
A ^ r B and we w r i t e <p: A —1- B. The composi t i ons of feedback 
morphisma given oy the m u l t i p l i c a t i o n i n the monoid Fb{Z) i s 
a l s o a feedback morphism and i n t h i s way we have obtained 
a ca tegory Fb(AL) c a l l e d the feedback category of a b s t r a c t 
a l g e b r a s . For two a b s t r a c t a l g e b r a s A and B with AQ = =» Z 
and a<peFb(Z) we d e f i n e 93g1 (A) to be an a b s t r a c t a lgeb ra C 
such tha t = Z and f o r a l l number n 

C 1 ,n = { f e B 1 , n s ? < r » f U A 1 t n r o r a 1 1 r ) • 

Hence 9 ? g 1 ( A ) ^ r A or 9? : A) — A. I f B = <p~1(A) then B i s 
' —1 —1 c a l l e d an i nve r se 9- image of A. I f C (A), t h e n ^ j g (A) = C 

and thus^)g 1 (A) i s an i nve r se 9- image of A. 

I f Hcj ; 'b(Z) , than H ^ U ) denotes the a lgeb r a M 
* <peAra 

E x a m p l e 1. Let Z / and be two (symbol) types 
f o r a l g e b r a s . A feedback t r a n s f o r m a t i o n from t o over 
a s e t Z i s a f u n c t i o n ot such t h a t f o r each n a t u r a l number n 
the value ot(n) i s a f u n o t i o n 

oc(n) s Z n x ZL n — ^ Z L n . 

The s e t of a l l feedback t r a n s f o r m a t i o n s from Z1 to Z1 over 
a s e t Z i s denoted by S t z ( Z , ' , Z , ) . Ifo< e S t z ( ] L ' . Z . ) , til«« 
each a lgeb ra A of the type JL« w i t h Ao = 2 de te rmines an a l g e -
b r a A' of t he type 2L and a feedback m o d i f i c a t i o n Ao<6Pb(Z)" 
such t h a t AQ = Z and 

(*) ( r ) = a ( p , ff')A(r) 

(**) A a ( r , S ^ ) = a ( r , <J')A, 4 « ( r , f j = f 

f o r a l l remaining ope ra t i ons f . The a lgebr . i A7 i s an i n v e r s e 
a - i m a g e of A and i t i s oa l l ed the a - image of A. I f A i s an 
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R e l a t i v e c o g e n e r a t i o n s 

i n v e r s e <p-image of A, where ^ e F b i A ^ ) and is a £ - a l g e b r a , 
then we can d e f i n e an cx e S t , ( T . , > such t n a t 

a ( r , ©') = <5 provided <p ( ) = e
A 

and aoc|a' = (p\pf ; moreover k' i s the a - i m a g e of A. 
ir'or the seoond example we d e f i n e the g e n e r a l product of 

a b s t r a c t a l g e b r a s . I f A ^ , te ' J . ' , i s a f a m i l y of a b s t r a c t 
a l g e b r a s , then the g e n e r a l product of A ^ , t e T , i s tne a o -
s t r a c t a l g e b r a A such t h a t A^ i s the d i r e c t product of s e t s 

A < t > , t e T , or An = P a ! * ' , and f o r each n, A1 = v u t e l . U 1,11 n 

| , j / X j ilQ 
= v ( P A; 1 ) , where v i s a f u n c t i o n rrom P A; ' to A,. 

teT 1 , n teT 1 ' n u 

g i v e n by the f o l l o w i n g f o r m u l a 

v ( y 3 ) ( r ) ( t j = £ ( t j ( r ( t j ) f o r t t T . 

E x a m p l e 2 . Le t Z , ( 1 ) , Z , { 2 ) 2 L ( m ) 

be (symbol) t y p e s f o r a l g e b r a s . Let ue c o n s i d e r a type 
Z , = Z , ( 1 ) * Z ( 2 ) * . . . x Z ( m ) such t h a t f o r a l l n = 

= Z ^ 1 ' * . . . [ m ) and o , 6 S t z ( £ ' . 2 L ) , where 

Z = Z ^ x Z g * • • • Moreover , l e t us c o n s i d e r a sy s tem 

^ ~ * * * ' ^ m } 

of a b s t r a c t a l g e b r a s A^ of type ^ w i t h A i o = z ± * T J l « 
g e n e r a l produot A of a l g e b r a s A ^ , A ^ , . . . , A m may be c o n s i d e r e d 
a s an a l g e b r a of the type 2Z» p u t t i n g f o r 0 = <(3'1 , 6 " 2 , . . . ,<?m>6 
6 ZLn 

= v ( < 5 1 A i » e 2 A ? * . * > > • 1 2 m 

Now we d e f i n e an a b s t r a c t a l g e b r a A' of the type Z , 
and an f e e d b a o k m o d i f i c a t i o n O F e Fb(Z) by the f o l l o w i n g f o r -
m u l a s : 
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fc J .Siominski 

(1) A'0 - Z 

(2) for a l l n, a l l <?'eZ,'n, (r} = a ( r , e ' ) A (r ) 

) = a ( r , e')A 

and f a r a l l remaining operations 

(3) a a ( r . f ) = f . 

The algebra a' i s cal led the cx -product of 01, The algebra a' 
i s an inverse ^ot -image of A. 

For global feedback modifications we define a general d ia-
gonal over s e t s X and Y to be the set 

d(X,Y) = {<_t,u>fcX*x Y * : |t | = | u | } , 

where X*and Y * a r e the free monoids generated by X and Y and 
I t I i s the length of the word t . By d'm)(X,Y) we denote the 
subset of d(X,Y) of a l l pairs 0 » u > w i t i l = lu| = m and i t 
i s cal led the m-diagonal over X and Y. The global feedback 
automaton of rank n over a set Z i s a ranction of the form 

Gfl(Z) : d(Zn ,Fb(Z)) x ZZ — - Z 2 " 

defined by induotion as fol lows] 

1° G n ( Z ) « 6 , e > , f ) - f , £ empty word, 

2 ° G f l ( Z ) « r , 9 > > , f ) = <p{v,f) f o r < r , < p > e d ( 1 ) ( Z n , F b { Z ) ) , 

3° G n U ) ( < r t , W > , f ) - 9 ) ( r , G n ( Z ) « t t l ( / > , f ) ) . 
The global feedback modification over a set Z i s a func-

tion G(Z) defined on the set of a l l natural numbers such that 
G(Z)(n) i s the function GQ(Z) for a l l n. The values G n ( Z ) ( t , f ) 
w i l l be b r i e f l y denoted by G(Z) ( t , f ) or G ( t , f ) . 
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Relative cogeneration3 Y 

2. A theory of abstraot algebras with feedback modifi-
cations 

An abstract algebra with feedback modifications or b r i e f l y 
a feedbaok algebra is a pair < A , s u c h that A is any abstract 
algebra and Ho.pb(AQ). A structure type of a feedback algebra 
<A,H> is any pair ( 2L » M) such that £ i s a structure type 
of A and M is a structure type of H, i . e . M:M—-H i3 a sur-
jective mapping, where M is a set of feedback symbols. I f we 
consider a feedback algebra <A,H> as one of the structure 
type ( ZL » M), then for a l l n, a l l 0" € ZLn » t i l e corresponding 
fundamental operation of A is denoted by <?A and for each sym-
bol mcM the feedback modification M(m)eH is denoted by m̂  
and moreover, the feedback algebra <A,H)> is said to be 
(Ih> M)-algebra or a feedback algebra of the (symbol) type 
(Y,. M). We have three notions of (23» M)-homomorphisms. 

2 . 1 . D e f i n i t i o n . Let <_A,H> and < B , H ' > be 
two feedback algebras of a (symbol) type 

I . A (2,,M)-homomorphism froto <.A,H> to <_B,H'> is any 
function h : AQ—- BQ such that 
(1) h is a y.-homomorphiam from A to B, i . e . for a l l n, 

all<3-€2Ln and a l l r e AJ h ( « A ( r ) ) = f f B ( h n ( r ) ) , 

(2) h ig a M-homomorphism from H to H ' , i . e . f o r a l l n, 
meM and r,q eAQ, h(mH (r,©A ) (q ) ) = 

= mtf ( h n ( r ) , e B ) ( h n l q ) ) 

or for a l l n, for a l l <r,m> e d^1^(Ay,M) the condition (a ) 
holds: 

(a ) h(G(A0M<r,mH>,6-A.)(q)) * Q(B0) ( <h * ( r ) ,m^ ) ,<?B) (hn(4 ) ) . 

I I . A very strong (ZL»M)-homomorphism f rom<A,H>to 
<B,H'> is any (2L»M)-homomorphism h from < A,H> to <B,H'> such 
that fo r a l l n and 6" e a l l < r , t > 6 d(AQ,M), q 6 AQ : 

(b ) M O t A o J K r . M j j i t ^ ^ K q ) ) - 0(BQ) (<h m ( r ) (hP(q ft 

where M^ : M*—»-H*"is the monoid homooorphism which is the 
unique Extension of the mapping M(m)- = m̂  fo r a l l meM. 
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8 J.Siomin»ki 

I I I . A strong (2L,M)-homomorphism from <A,H> to <B,H'> 
i s any (£,,1!)-homomorphism h from <A,H> to <B,H'> suoh that 
the condition (b) holds only f o r a l l n, <? e £ and a l l 
< r , t > e d(Ay,M) of the fo l lowing form: r - r ' r ' . . . r ' « r ' ' * ' 

f o r some r ' e a£ or f o r a l l n, 0" e 2L n , a l l r ,q e AQ and a l l 
t e M * holds: 

(0 ) h d x t j j d l j j i t J H r . ^ M q ) ) « B * 1 ^ ' ( l ^ ' ( t ) ) ( h f l ( r M 9 B ) ( ! i m ( q ) ) . 

Let ub observe that the composition of very strong, strong 
and usual (Z^,M)-homomorphiems I s also a very strong, strong 
and usual (2J,M)-homomorphism. In th is way we have obtained 
three oategories of feedback algebras of (syabol) type ( £ , M ) . 
Those oategories w i l l be denoted by VSPa l ^ , •SPa l j^ 
and 

For feedback algebras we kave four notions of a congruence. 
2.2. D e f i n i t i o n . Let <A,H> be any feedback 

algebra and l e t — be any oongruenoe of the abstract algebra A. 
I . The r e l a t i on ~ i s cal led a (usual) congruence of <A tH> 

or a H-oongruenoe of A i f i t has the fo l lowing property: 
(1 ) f o r a l l eH , a l l n, al-1 f e A., and a l l r , r ' t q , q ' e A® 

i f r ~ r ' and q ~ q ' , then <plr,t]( q) ~9>(r' , f ) (q ' ) , where 
r ~ r ' means that r ( i ) ~ r ' ( i ) fop a l l i . 
I I . The r e la t i on ~ i s called a very strong oongruenoe 

of <A,H> or a very strong H-congrueiaoe of A i f i t has the 
fo l lowing property: 

(2 ) f o r a l l n, a l l < t , ^ < t ' , y > e d ( i g , H ) , a l l f 6 A1 ,(3'€ 

6 Aq i f t ~ t ' and q ~ q ' , then G( AQ) (<t,ij/>,f) (q ) ~ 

~ G ( A 0 ) « t ' ,y>,t)(q') where t ~ t ' means that t ( i ) ~ t ' ( i ) 

f o r i « 1 , . . . , I v l * n . 
I I I . The re la t io i t ~ i s a strong congruence of <A,H> or 

a strong H-oongruence of A i f i t has the fo l lowing property: 
(3) f o r a l l n, a l l f e A1 n , a l l r , r ' , q , q ' e AQ and a l l < ? € H * 

i f r ~ r ' and q ~ q ' , then B * t H ( 9 ) ( r , f ) ( i) ~SxtH(^) ( r ' , f ) ( q ' ) , . 
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Relativa cogenerations 9 

IV, The relat ion ~ is called a reversible oongruenoe 
of <AtH> or a reversible H-congruenoe of A i f i t is a con-
gruence of <A,H> and i t has the following property: 

An 
0 

(4) for each^eH, a l l n, a l l f 6 AQ i f ~ is a congruence of 
a l l operations 9>(r,f ) , where r e AQ, then for a l l q ,q 'e Ag 
9>(q,f)(q' )~9>{q' , f ) ( q ) provided q ~ q ' . 
By a simple ver i f i cat ion we obtain 
2.3. The relations modh induoed by very strong, strong 

and usual (2L »M) -homomorphisms h : <A,H>—<B,H'> are very 
strong, strong and usual congruences of <A,H>. 

2.4. For eaoh oongruenoe ~ of <A,H) of a (symbol) type 
we have the quotient feedbaok algebra <AA,, H-^>and 

a surjective (2L ,M)-homomorphisjn j^:<A»H> —- <CaA.,H^>, where 
A/k, i s the quotient ZL-algebra, j^ (a ) - LaJ~ * .{beA^tb ~ , 
R~ = { ^ : iP6H] and <jpj ) ( [q],J = [^ ( r ,©^ ) (q ) ] ^ and 
moreover $p j ( IXL, f ) * f for the remaining operations f . 
I f ~ i s very strong or strong, then j ~ i s very strong or 
strong. 

Let us observe that 
2.5. I f ~ is a congruence of a feedbaok algebra < A,H>, 

then ~ has the following properties« 
(1) i f f e A 1 , <pe H and r ~ r ' , then y>(r,f ) ( r ' ) ~ $ o ( r ' , f ) ( r ) , 
(2) i f f 6 A 1 n , (p<£ H, q ~ q ' t then y>(r, f ) (q ) - p f r . f ) ( q ' ) 

i . e . ~ is a congruence of the operations ^ ( r , f ) f o r 
r e A g , n 

(3) i f f ' eAQ° and ~ is a oongruenoe of a l l operations 
p ( r , f ' ) where r e AQ and <p i s one given fixed element 
of H, and moreover (1) holds for f = f ' , then ~ is a 
oongruenoe of f ' . 
P r o o f . The property (1) follows from 2.2.(1) for 

r ~ r ' and r ' ~ r . The property 2 follows ftom 2.2. (1) for 
r » r ' . Pot (3) assume that q ~ q ' . Then f ' ( q ) « ?>(q , f ' ) (q ) ~ 
~ ^ ( q , f ' ) ( q ' ) iV ,t')(q)~.<p(q' ,t')(q') ' f ' ( q ' ) . 
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10 J.Siomiriski 

2.6. Let <A,H> be any feedbaok algebra. Then the fol lowing 
propositions hold: 

I , I f ~ i s a congruence of <A,H>, then ~ is a congruenoe 
of AR. 

I I . I f ~ i s a reversible congruence of <A,H>, then fo r 
a l l 99e H ~ i s a congruenoe of a n-ary operation f i f and only 
i f ~ is a congruence of a l l operations < p ( r , f ) , where r e AQ. 

P r o o f . I fol lows from 2 .5 . (2 ) . I I fol lows from 
2 .5 . (3 ) . For each feedback algebra <A,H> the sets of a l l strong, 
very strong and of usual congruences of 0 , H > w i l l be denoted 
by SCon(<A,H>), VSCon(CA,H>) and Con(<A,H» respect ive ly . I f 
those congruences are considered as H-congruences of A, then 
those sets w i l l be denoted by SConjj(A), VSCon^fA) and Conjj(A). 
Hence we have SCon«A,H>) = SCor^fA), VSCon«A,H>) = VSCon^A) 
and Con«A tH>) = Con^fA). l e t us observe that the notion of 
{e}-congruence of A, where e is the unit of the monoid FbfAg), 
i s identical with the usual notion of a congruence of an ab-
stract algebra A. Henoe we obtain Con(A) = Con|g|(A). 

A subalgebra of a feedback algebra <A,H> is any feedback 
algebra <Ca' ,H>, where A' is a subalgebra of A. 

2.7. I f<TA,H>is a feedback algebra, AH^ r~ a' and Y i s 
a subalgebra of A ' , then<_Y0,H> i s a subalgebra of<A,H>. I f 
a set X generates A, then fo r each HiPbiA^) and each abstract 
algebra A' with A j j $ r A' the set X generates a ' . 

P r o o f . Let < p e a . Moreover, l e t f e A 1 n . For each 
t s Y Q , f ( r j = 9 > ( r , f j ( r j e YQ since Y is a subalgebra of A ' . 
Henoe YQ i s closed with respect to a l l fundamental operations 
of A and thus YQ may be considered as a subalgebra of A. I f 
Y^X is a subalgebra of A' , then YQ may be considered as a 
subalgebra of A but X generates A, and thus YQ = AQ i . e . X 

generates a' > p A^. 

I f < A ^ , H ^ > f o r t e T are feedback algebras, then the 
general product of <A* t e T , is the feedbaok algebra 
<A,H>, where A is the general product of A ^ ' , t e T , and 
H = w( P H ^ t ) ) , w s P H ^ ' — - F b ( A n ) i s defined by the 

teT teT u 

formula: 
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Helat ive cogenerations 11 

(gp) w ( / 3 ) ( r , f ) ( q ) ( t ) = /3( t ) ( r i t ) , f ( t J Jtq (t ) ) , t e T . 

2 . 8 . The category Fal( £ m) h a s P r o d u c ' t s » 

P r o o f . Let t e T , be any family of 
feedback a lgebras of a (symbol) type (21,Mj. Let us denote 
by A the 21 - d i r e c t product of 21 - a l gebra s A ^ , t e T . For 

A 5 
each meMwe define m^eFbfAQ) putting f o r a l l n, f e A p , 
r , q e A Q Î 

i f f = f o r some 5 e 2 1 n B j j ( r , f ) ( q ) = g , where f o r 
t e T 

g ( t ) = m j t / ( r ( t ) , ® { t ) ) ( q ( t ) J 

e l s e ni j j ir j f ) * f . Let H = {nig s m e M} . Then the feedback 
a lgebra <A,H> with the pro jec t ions p^ : AQ—- AQ*^, t 6 T i s 

the product ( c a l l e d d i r e c t ) of < A ^ t e T , in the ca -
tegory F a l ( i : f M ) . 

3 . R e l a t i v e cogenerations and r e l a t i v e r e g u l a r équivalences 
in a b s t r a c t a lgebras with a p p l i c a t i o n s 

Let A be any a b s t r a c t a l g e b r a . I f K.çCon(A) i s a s e t of 
congruences of A and ~ i s an equivalence r e l a t i o n of Ay 
or ~ e BqlAy) then we say that the r e l a t i o n ~ K-cogenerates 
i n A a congruence provided ~ *" i s the g r e a t e s t congruence 
in K which s a t u r a t e s ~ , i . e . which i s contained in ~ . 
Let be a s t ruc ture type of A, Let us consider a category 
B p i j ^ ( A , K , ~ ) . The ob ject s of E p i £ ( A , K , ~ ) are a l l s u r j e c t i v e 
21-homomorphism hsA—-A' of A such that modh e K and modhs~, 
where modh i s the c ongruence of A induced by ft* The morphisms 
in B p i ^ ( K , A , ~ ) from h:A——A' to h' :A—— A" are a l l 
morphisms q : A 7 — A " with h' = q <> h. The ob jec t s of 
B p i j , ( A , K , ~ ) are ca l led mod(K,~) £ -epimorphisms of A . A object 
h : A — - A ' i s sa id to be U n i t e provided AQ i s a f i n i t e s e t . 
The terminal object of B p i ^ ( A , K , ~ ) i s ca l led a minimal 
m o d ( K , ~ ) ^ -epimorpnism of A. 
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Hano« we obtain 
3.1. An equivalanoe ~ of AQ K-oogenerataa in an abstract 

algabra A a aongruenoe i f and only i f A has a mininal mod(K,~) 
Zl-epimorpllis», whara i m the (eynbel) type of A . 

P r o o f . I f i s the congruence of A K-cogenaratad 
by ~ , then d ^ ^ i . A — A / ~ * i s a niniaal nod(K,~) 2 L - « P i m o r -
phism of A* I f h:A — A ' i s a minimal mod(K,~) -epimorphism, 
then h i s the terminal object of the category Bp i j , (A ,K ,~ ) 
and thus the congruence modh is K-cogenerated b y ~ . 

3.2. D e f i n i t i o n . l e t A be any abstract a lge-
bra and l e t Ks.Con(A) be any set of congruences of A. We say 
that K admits in A re la t i ve cogenerations or that A admits 
r e l a t i v e K-coganerations i f every equivalence r e l a t i on ~ o f 
AQ K-oogeneratee in A a congruence i . e . f o r eaoh ~ e Bq(j'AQ) 
there i s a greatest congruence in K contained i n ~ . 

3.3. T h e o r e m . I f an abstract algebra B admits 
r e l a t i v e K-cogsnerations, then f o r every abstract algebra A 
with A « r B the algebra A admits the r e l a t i v e K-oogenerations. 

P r o o f . Since A ^ r B, therefore Con(B)s. Con(A) and 
Kc Con(B) Q Con( A) . Hence the congruence ~ * e K which i s K-co-
generated in B by ~ , i s also K-oogenerated in A b y ~ . 

By Theorem 1 from [7 ] every abstract algebra B admits 
cogenerations, i . e . admits r e l a t i v e Con(B)-oogenerations. 
Henoe by 3.3 we easi ly obtain 

3.4. T h e o r e m . For two abstract algebras A and 
B i f A ^ r B, then the algebra A admits r e l a t i v e Con(B)»ooge-
nerations, 

3.5. D e f i n i t i o n . l e t A be any abstraot 
algebra and l e t KQCon(A). Moreover, l e t ZL be the (symbol) 
type of A. An equivalence r e l a t i on ~ of AQ is said to be 
mod K S - ^ o g u l a 1 in A provided there i s a f i n i t e «od (K,~ ) 

Dimorphism of A. 
3.6. T h e o r e m , Let us assume that an equiva-

lence ~ of AQ K-cogenerates a congruence ~ * in an abstract 
algebra A of (symbol) t ypeJL » Then the fo l lowing conditions 
are equivalent: 
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(1) the equivalence ~ i s mod K ^ , -regular in Aj 
(2) there i s in K a congruence of f i n i t e index whlok satu-

rates ~ } 
(3) the congruence of A K-oogenerated by ~ has a f in i te 

index. 
The conditions (1 ) , (2) and (3) are equivalent for a l l 

K = Con(B), where B i s aity abstraot algebra with B. 
P r o o f . ( 1 ) — ( 2 ) . Let hsA — A' be a f in i te 

sod(K,~) 21-api®°rphism of A. Then oard(A0) i s the index of 
modheK and i t i s f i n i t e . Moreover, aodh saturates-^. 
(2) = ^ { 3 ) . Let a oongruenoe e K which saturates ~ have 
a f in i te index. Then therefore we have a surjective 
^-homoBorphisa hiAA/—«- AA,*. lenoe card(AA,*) = i n ( ~ * ) ^ 
« c a r ( A A / ) « i n { ~ ' ) i . e . the index o f ~ * i s a f in i te number, 
(3)=-*. (1 ) . Then i ^ i k — A/^,* i s a f i a i t e mod(K,~) Z] -epi -
morphisa of A i . e . by 3.5 the equivalence ~ i s nod K 21-regu-
lar in A. The las t part of 3.6 i s obtained by 3 .4 . 

3 .7 . D e f i n i t i o n . A subset Z£ AQ i s ealled 
mod K - r e g u l a r in an abstract algebra A of a (syabol) 
type £ provided the equivalence ~ z of AQ induoed by Z, i . e . 
determined by the partition j AQ - Z, z ] , i s mod K X . - ® * » » 1 " 
in A. 

A oharaoterization of mod K £ -regular subsets Z of an 
abstract algebra A of a (symbol) type i s S i T e n 3«6 
for ~ = ~ z . The nod Con( A) -regular equivalences and sub-
sets in a Y.-algelbra A are oalle.d £ -regular equivalences 
and subsets in A. By the last part of 3.6 we immediately 
obtain 

3 .8 . For a 2L -algebra A and any ~ e Bq{A^) the following 
conditions are equivalent: 
(1) ~ i s Y.-regular in Aj 
(2) there i s a congruence of f i n i t e index of A whioh satu-

rates ~ } 
(3) the congruence of A oogenerated by ~ has a f in i te index. 

3 .9 . D e f i n i t i o n . Let 21 be a (symbol) type 
for algebras. Let X and Y be any sets . A Y. -machine over X 
and Y i s any function 
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f : P S ( X ) 0 -Y, 0 

wh6ra i s the a b s o l u t e l y f r e e a lgeb ra of type Y. f r e e l y 
genera ted by X. A - t r e e automaton over X and Y i s each 
t r i p l e Ot = <c,A,w>, where A i s an a b s t r a c t a lgeb ra of the 
type 21 » c : x ~"" A o i s a f u n c t i o n c a l l e d the input f u n c t i o n 
of a , w : AQ —** Y i s a f u n c t i o n c a l l e d the output f u n c t i o n 
of Ot , Let OL = <(c,A,w> be any 2 L - t r e e automaton over X 
and Y. The f u n c t i o n b a = w ° o^, where c ^ : ( X ) — A i s 
the unique y.-homomorphism which i s an ex t ens ion of c , 
i s c a l l e d the y.-machine r e a l i z a b l e by Ol and Ul i s said to 
be a 21 - r e a l i z a t i o n of b^. A ^ , - t r e e automaton Ol - <c ,A,w> 
i s c a l l e d r eachab le i f o a i s a s u r j e c t i v e f u n c t i o n . 

3 .10 . D e f i n i t i o n . l e t K be any s e t of con-
gruences of the a lgeb ra F ^ (X). A mod K 2 1 - r e a l i z a t i o n of 
a T. -machine f over,X and Y i s each 21 - t r e e automaton 
UL = <c ,A,w> over X and Y such t h a t bM = f and the congruence 
induced by c^ belongs t o K. I f moreover, OL i s r e a o h a b l e , 
then Ot i s sa id t o be a mod K reachab le 2 1 - r e a l i z a t i o n of f . 

For each K c C o n i F ^ (X)) and each 21 -machine f over X 
and Y we have a ca tegory R e a l x ( f ) of mod K r eachab l e y . - r e a -
l i z a t i o n s of the 2 1 -machine f wi th morphisms from OL » 
= < c , A , w > t o Ot' = < c ' ,k ' ,w'> being a l l y . -homomorphisms 
q : A—— k' such t h a t 

commutes. The t e r m i n a l ob jeo t of R e a l ^ ( f ) i s c a l l e d a minimal 
mod K 2 1 - r e a l i z a t i o n of f . A y . - m a c h i n e f over X and Y i s 
sa id t o be mod K 2 1 - r 6 6 u l a r provided the equ iva lence modf 
induced by f i s mod K 2 1 - r e g u l a r i n the a lgebra F j , ( X ) . 

3 .11 . T h e o r e m : 
I . A 21 -machine f over X and Y has a minimal mod K 

y,-realization i f aha only i f the equiva lence modf induced 
by f K-cogenera tes a congruence i n the a lgeb ra F „ ( X ) . 
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I I . I f a -machine f over X and Y hae a minimal mod K 
^ . - r e a l i z a t i o n , then f has a f i n i t e mod K - r e a l i z a t i o n i f 
and only i f f i s mod K 2L - r e g u l a r , 

I I I . Let K = Con(B), where B i s any abstract algebra 
with F t ( X ) i £ r B. Then we haves 

( i ) every -maohine f over X and Y haB a minimal mod K 
^ - r e a l i z a t i o n , 

( i i ) a -machine f over X and Y has a f i n i t e mod K 
2 1 - r e a l i z a t i o n i f and only i f f i s mod K - r e g u l a r . 

P r o o f . I . The categor ies R e a l R ( f ) and 
E p i £ ( P ^ ( X ) , K , m o d f ) are isomorphio and thus by 3.1 we 
obtain I . 

I I . Follows from part I by 3 . 6 . 
I I I . Follows from parts I and I I by 3 . 4 . 
3 . 1 2 . D e f i n i t i o n . Let K be any set of con-

gruences of the algebra F E ( X ) . We say that K admits minimal 
r e l a t i v e £ - r e a l i z a t i o n s over X i f f o r every set Y every 
21-maohine f over X and Y has <a minimal mod K 2L - r e a l i z a t i o n . 

By 3,11 we immediately obtain 
3 . 1 3 . T h e o r e m . A set K admits minimal relat iv.e 

^ - r e a l i z a t i o n s over X i f and only i f the algebra F j - i X ) 
admits r e l a t i v e K-cogenerations. 

Now we give a remark on tree automata with d i f f e r e n t 
types. Let OL = <c,A,w>and • <c,A7 ,W> be a 
automaton and a 2 1 -automaton over X and Y respect ive ly with 
the same input function o:X—»-A^ = AQ and the same output 
function W:AQ—»- Y. 

Then using 2 . 7 we can prove the following proposition 
3 . 1 4 . I f <p »A—- k' i s a feedback morphism, i . e . A', 

and Ol i s reaohable, then Ct ' i s reaohable and by t ree induc-
t ion we obtain a function cp s — - F ^ ' (Xj^ such t h a t : 

1° 9 (x) « x for x eX , 

2° f o r a l l n, a l l <5e2L n we have 

, t 2 , . . . , t n ) ) - ff'tyit,), y ( t 2 ) f . . . f ^ ( t B ) ) 

provided 9>(<o<<(t1), o „ ( t 2 ) , . . . , o a ( t n ) > , ©A) = S y , 
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3 ° bc* e ' 9 a n d 7 € Y . 

4 . Cogenega t ions i n f e edbaok a l g e b r a s and r e l a t i v e 
f e e d b a c k c o g e n e r a t i o n s i n a b s t r a c t a l g e b r a s 

Now we prove the main t heo rem. 
4 . 1 . T h e o r e m . Le t <A,H> be any f e e d b a o k a l g e b r a 

and l e t ~ by any e q u i v a l e n c e r e l a t i o n of t he s e t Aq. Then 
t he f o l l o w i n g p r o p o s i t i o n s h o l d : 

(1) t h e r e i s a g r e a t e s t oongruenoe ~ * of <A,H> c o n t a i n e d 
i n ~ and i t i s t h e g r e a t e s H-congruenoe of A c o n t a i n e d i n ~ | 

(2) t h e r e i s a g r e a t e s t vgry s t r o n g congruence _ of 
V 5 

< A , H > c o n t a i n e d i n ~ and i t i s t he g r e a t e s t v e r y s t r o n g 
H-oongruenoe of A c o n t a i n e d i n ~ j 

(3) t h e r e i s a g r e a t e s t s t r o n g c o n g r u e n c e ^ * of <A,H> 
c o n t a i n e d i n ~ and i t i s t h e g r e a t e s t s t r o n g H-aongruenoe 
of A c o n t a i n e d i n ~ | 

(4) t h e r e i s a g r e a t e s t r e v e r s i b l e congruence of <A,H> 
c o n t a i n e d i n ~ and i t i s t he g r e a t e s t r e v e r s i b l e H-congruenoe 
of A c o n t a i n e d i n ~ . 

z n * P r o o f . For a s e t Z, f g Z and y e Fb(Z) we d e f i n e 
i n Z a (|if) | + 1 ) * n - a r y o p e r a t i o n f ^ by the f o r m u l a 

fv(r) - a ( z ) « t , v > , f ) ( q ) , 

where r = t«q i n the monoid ( Z n ) * . Let us obse rve t h a t , by 
1° f rom the d e f i n i t i o n of G(Z) which i s g i v e n i n t he l a s t 
p a r t of §1 , f c = f , where e i s t h e empty word . Moreover , 
f o r y e Fb (Z)* , if / e , an n - a r y o p e r a t i o n f a c t i n g on Z we 
d e f i n e i n Z a 2 n - a r y o p e r a t i o n ^ f by t h e d e f i n i n g f o r m u l a 

^ f ( r ) = Ext(iy) ( t , f ) (q ) , 

where Ext : P b ( Z } * — ^ P b ( Z ) i s t h e unique monoid homomorphism 
which i s t h e e x t e n s i o n of t h e i d e n t i t y i n c l u s i o n 

t and q be long t o Zn and r = t*q i n t h e monoid ( Z n ) * . We 
remark t h a t ^ f ( r ) = f ^ f u ) , where f o r some t and q i n Z n we 
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Relative cogenerations 17 

have r = t*q and u = t ' ^ ' . q in the monoid (Z n ) * . I f F i s a set 
of operations acting on Z and y e F b ( Z ) * , then 

- { F Y F 6 P } A N D - F } . 

Using the above definit ions we give the proof of ( 1 ) - ( 4 ) . ©o 
P r o o f ( 1 ) . We define OpV'U) = U U (A, n)w 

n n=0 yieH y 

and O P J 1 , ( A ) M = { f : f e O p * 1 , ( A ) and f i s m-ary], Let A ( H ) 

be the abstract algebra B suoh that B,, = A,, and for a l l na-i l 1 U U /jr\ tural n B1 = 0p£ (A)n . Prom the construction of A we 
obtain 

(1*) A J ? r A<H> and C o n U ^ ' ) = C O D J J U J ^ Con«AtH>). 
I ji) 

Sinoe A , therefore by 3 .4 the algebra A admits r e l a -
tive Con(A^)-cogenerations. Let be the congruence of A 
Con(A(H)) -oogenerated b y ~ . henoe, by ( 1 * ) , ~ * i s the greatest 
oongruenoe of <A,H>contained in ~ and i t i s also the greatest 
H-oongruenoe of A contained i n ~ . „ 

P r o o f ( 2 ) . We define 0p£2 ,(A) = LJ LJ (A1 ) 
a n=0 ye H 1 , 1 1 v 

and 0 P ^ 2 , ( A ) M = { f f e O f 4 2 , ( A ) : f i s in-ary}. Let A v s ( H ) be 
the abstract algebra B such that BQ = AQ and B1 Q = 0p^2^{A)Q 

for a l l natural number n. Prom the construction of i t 
follows that 
( 2 * ) A $ P A v s ( H ) and Con( A V S ( H J ) = VSConjji A) = VSCon« A,H>). 

Sinoe Ai£r a v b ^ therefore by 3 .4 the algebra A admits the 
re la t ive Con( A v b ^ )-oogenerations. Let be the congruence 

/ \ 

of A which i s Con(AV8*H ')-cogenerated b y ~ . Hence by (2*) the 
oongruenoe ~ * v s i s the greatest very strong congruence of 
< A , H > contained in ~ and i t i s also the greatest very strong 
Q-oongruenoe of A contained i n ~ . 
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P r o o f 
oo 

( 3 ) . We define Opi 3 , (A ) = U U j * , J 
n n=0 y e H 1 , n 

U VIA1 ) ) and 0p^ 3 ) (A )m = f e Op^3 , (A) : f i s m-ary] . We de-
f ine A s ( H ) to be the abstract algebra B such that B,, = A,, and 

(1 ) 
B1 n = 0pH f o r a 1 1 n a t u r a l - number n. From the .def init ion 

of A s ( H ) we obtain 

(3*") A < R A s ( H ) and C o n ( A S ( H ) ) = SCon^A) = SCon«A,H>) . 

Since A therefore by 3.4 the algebra A admits r e l a -

tive Con( A 8 ^ )-cogenerations. Let be the congruence A ' — • O 
of A which i s Con(A8<H>)-c ogenerated b y ~ . Hence by (3* ) the 
congruence i s the greatest strong congruence o f < A , H > 
contained in ~ and it i s also the greatest strong H-congruenoe 
of A contained in ~ • 

P r o o f ( 4 ) . We denote by HCon«A,H>) and RConjj(A) 
the seti- of a l l revers ib le congruences of <A,H> and of a l l 
revers ib le H-coneruenoe of A* Moreover, fo r each <p e Fb( A^) 
v;e denote by R^, the set of a l l n-ary operations f acting 
on AQ sat i s fy ing -he fol lowing condition: 

( r ) f o r e^'ery H-congruenoe = of A i f = i s a congruence 
of a l l operations y>(r , f ) with r e Ay, tÒèii , f ) (q ' ) = 
= <p(q' , f ) ( q ) f o r a l i q and q' in AQ with q = q ' . 

oo 

We define Opì4 ) ( A) = Opi 1 , (A )U U U (RÌ n ) ) , „ and 0p^4 i ( A>m « 
H ^ n=0 <pe H 9 V t i • 

=* j f t O p ^ 4 ) ( A ) s f i s m-ary|. We define to be the ab-

stract algebra B such that BQ a Aq and B1 = °E>H4^(A)n f o r 
a l l natural number n. 

Prom the construction 6f the algebra i t fo l lows 
that 

(4* ) A « r A r ( H ) and Con (A r ( H ) ) = RCoHgiA) = RCon«^,H>) . 

Since therefore by 3.4 the algebra A admits the 
r (H ) r e l a t ive Con(A v ) - c ogenerations. Let be the congruenae 
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of A whioh i s Con(Ar(H) )-oogaDerated b y ~ . Hence by (4*) 
the r e l a t i on i s the greates t revers ible oongruenoe of 
<A,H> contained in ~ and i t ia also the grea tes t revers ible 
H-oongruenoe of A contained in ~ « This f in i shes our pro6f 
of Theorem 4.1. 

The abstraot algebra A i s equivalent under oogenerations 
to the feedback algebra<A,{e}>, where e i s the unit of the 
monoid FMAq). Hence Theorem 4*1 nay be considered as a gene-
r a l i s a t i o n of ay Theorem 1 from [7]* 

4.2. D e f i n i t i o n . Let A be any abstraot alge-
bra . I f K^Con(A), then K i s said to be a feedbaok set of 
congruences of A provided there i s a set HsFb(AQ) with 
Ke {CongCA), VSConjj(A), SCon^(A), EConjjU)}. The set of a l l 
feedbaok seta of congruences of A i s denoted by Q(A). 

By 4*1 we immediately obtain||t 
4*3» T h e - o r e m . For every abstraot algebra A, 

fo r each feedbaok set K of congruences of A, i . e . fo r K€Q(A), 
the algebra A admits r e l a t i v e K-oogenertotions. 

By 3*13 and 4*3 we have 
4.4. T h e o r e m . For every KeQ(FE(X)) the set K 

admits minimal r e l a t i ve £ - r e a l i s a t i o n s over X. 
For any feedbaok algebra <A,H > of a type (ZL,M) we can 

define i a an analogous way as in § 3 the categories 
* p i ( £ f l | ) «A,H>,~) , VSBpi(2 ^mj«A,H>,~) and SBpi^>Mj«A,H>,~) 
of usual, very strong and strong Ql.MJ-epimorphisme of <A,H> 
which saturate an equivalence ~ e Bq(AQ). 

From 4.1 i t follows that 
4.5. The categories B p i j ^ (<"A,H>,~) t VSBpi^ t M j «A,HV) 

and SBpi{£ u)(<A»H>,~) have terminal objeots. Ve have the 
following isomorphisms of oategoriess 
B p l ( E ,M) «A,H>,~) ^ Bpi E (A, CoagU),-) 
VSBpi(£ i H )«A,H>,~) — Bpi^ (A,VSCon^( A ) a n d 
SBpi ( E > m ) « A , H V ) ^ Bpi^iA.SConjfA),- ) . 
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5. Feedback enrlohmental theories of abstraot algebras 
5.1. T h e o r e m . For each feedback algebra < A , H > 

there is least olosed feedbaok algebra < A ' , H > with As^r A ' . 
P r o o f . Por aaoh n, we define by induction a seqaen-

oe Z ^ * ) t h r o u g h the formulas 

Ve define A ' = C1H(A] to be suoh an abstract algebra that 1 oo 
Art • An and for aaoh n A ! _ • LJ z { n K By the oonstruotion 

u u 1 » n j=o 3 

tjhe feedbaok algebra <A ' ,H)> is closed and i t is the least closed 
feedbaok algebra with A I £ P A ' . 

Let us observe that 
5.2. Por aaoh HEFb(Z), the function C1H : B n r z ( A l ) ^ 

—— Bnrz(AL) is a monad of the poset oategory Enrz(AL) with 
refipaot to the relation ^ p . The Cl^-monad algebras are 
H-closad abstract algebras. 

5.3. B e f i n ' t i o n . A feedback selection is 
any mapping fb such that fo r each set Z fb (Z ) ¿S Fb(Z). Any 
feedbaok seleotion fb defines a mapping fb : Enr(AL)—- Enr(AL) 
suoh that for any abstraot algebra A, fb(A) = C l ^ ^ j (A ) . 

By 5.2 we obtain 0 

5*4. T h e o r am . Por every feedback selection fb 
the mapping fbiBnr(Al)—"-Enr(AL) is a monad of the poaet ca-
tegory Enr(AL) of a l l abstraot algebras under the relation si r 

i . e . fb is an anrichmental theory of abstract algebras. 
The theories of the form fb are said to be tha usual 

feedbaok anrichmental theories of abstraot algebras. 
5.5. D e f i t f i t i o n . Let <A,H> be any closed 

feedbaok algebra and let Op(A) be the sat of "all fundamental 
(basio) operations of A. Then <A,H> is called right complete 
i f it has the property 

(1) i f f eOp (A ) , then f ^ eOpU ) for aaoh y e H*. 
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<A,H> i s oa l led l e f t oomplete I f I t has the property: 

(2) i f ' f 6 Op A, then ^ f e Op(A) f o r eaeh i f t H * (we assume 
that e f • f i f 6 i s empty word). 

The a lgebra <A,H> i s c a l l e d complete i f i t i s r i g h t and 
l e f t complete* 

5 . 6 . T h e o r e m . Por every feedbaok a lgebra < A,H> 
there i s a l e a s t r i g h t complete, l e f t oomplete and ooaplete 
feedback a lgebra < A' ,H> with A ^ r A ' . 

P r o o f . Por a s e t P of operations ac t ing on Z and 
f o r y>6Fb(Z) we def ine p (P) to be the s e t { i o ( r , f ) : there i s 
n . r t Z n and f e p ) . We def ine by induction three seiqueno«, 
P i ' i 1 ' a n d p i » 1 " o f 8 e , B o f operat ions aot ing 
on AQ through the formulas : 

(1) - f J 1 1 " p J C ) - opt A), 

(2) l l S . l [ " u U 9 l » l r , l « 

(3) r [ \ \ - F ^ u l J 9 t * [ 1 ] > u ^ d i 1 » ) , 
* (pen 

( 4 ) p[<J - p j 0 , u U U ( ( p [ ° \ u ( p [ o ) ) ) . 

1+1 1 <p eH 1 ye H X V V i 

Por t e { r , l , o } we put O p i t , ( A ) - Q and Opi*^(A) -I a i=0 a n 
» j f e Opg*^ (A) j f i s n - a r y j . Moreover, f o r t e | r , l , c } we 
def ine A*** = c i | t , ( A ) to be the abs t raot a lgebra B l t ) saoh 
that BQ*^ = AQ and B ^ ^ = O p ^ t , ( A ) n f o r a l l n. Prom the con-
s t r u c t i o n i t fo l lows that < A ( r , , H > , < A* 1* ,H > and < A ( o * ,H > 
are the l e a s t r i g h t complete, l e f t complete and complete f e e d -
back a lgebras with A^ A ^ , A ^ r A * 1 ' and A ^ r A ^ 0 ' . 

Prom 5 .6 we obtain 
5 . 7 . Por t e i r , l , c ) , Hcpb(Z) the mappings 

f t ) 
Cly ' : E n r z ( A L ) — - Bnrz(AL) are the monads of the poset c a t e -
gory Enrz(AL) of a b s t r a c t a l gebra s with universe Z under 

- 2 1 1 -
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5.8. D e f i n i t i o n . Far t e {r f l ,o} and for each 
feedbaok selection fb we define fb^*' to be a mapping . 
fb^»Enr(AL) —-Bnr(AL) such that 

fb^J(A) - O l i { | v ( A ) 

for every abstraot algebra A. 
By 5.7 we iuwdiate ly obtain 
5.9. T h e o r e m . For every feedbaok selection fb 

and for t e{ r , l , c } the mapping fb^*'jEnr(AL) —- Bnr(AL) i s 
a monad of the poset category Enr(AL) of a l l abstract a lge-
bras under the re lat ion s£p i . e . f b ^ , for t e { r , l , o } , i s 
an enrichmental theory of abstract algebras. 

The theories of the form f b ^ and fb^0 ' are called 
right complete, l e f t complete and oomplete feedbaok enrichmen-
t a l theories of abstraot algebras. 

6. Feedback adjunctions 
The categories u}» V S F a l (L»M) a n d S P a l (£, ,M) w i l 1 

be denoted by F a l j ^ g ) , Falj|.' g) and PalJ^,' . 

6.1. T h e o r e m . For 1 • 1,2,3 the forgetful func-
tor U ^ s F a l j j ^ M ) - ^ Set, U ( i ,«A,H>) - AQ, U { i , (h ) - h, 

has a l e f t adjoint funotor F*1 '»Set —» F a l [ ^ 

P r o o f . Let $ be the ar i ty function of . We 
put m M * - { e j . Let us consider three types = 
- H u i x L , Z . ( 2 ) - 21 u * ZL and Z ( 3 ) - Z . U M+*Z, 

with the ar i ty functions and such that 

- 2g(C) and Z^h®) - for i = 1,2,3. We denote by W(1) 

and W*3) the Z, ' -var iety and Z ^ 3 , - » a r i e t y defined by a l l 
equations of the form <mt0>(xx) =<?(*), where n i s an arbi-
trary natural number, S'eT"'»,« me M and x s a one-to-one 

* *—ay (AI #2) 

n-ary sequence of variables . Let Wv" be the 2_.v ' -var iety 
defined by a l l equations of the form 
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<m,e>(xxj = 6(x) 

<my,<J>(xyx) = <y»«>(yxJ 

where n i s arbitrary natural number, G e n» m e M » 
and x and y are one-to-one n-ary and |y|*n-ary sequences of 
variables . Por ever; set y and i • 1,2,3 we denote by B 1̂"' 

f i ) 
the free algebra in Wl ' freely generated by 7. Let us denote 
by K*1' = jm^D : m e m} QPb(B£1') such that for arbitrary n, 
a l l • e M and r , q e B { 1 ) B we have 

V 1 > ( r ' V 1 , H q ) 

Ve define by induction K^2' « {• t me m|c Pb(B^2i) 
through the defining formulas 

K S B 

where n i s arbitrary , e £ n » a«M, <t f^^>6d(B¿2, ,X (2 ,) and 

r , q6B^ 2 ' n , Moreover, we define by induction the set 

« |"k(3) ' through the defining formulas 

• ( 3 ) ( r , G ( B j 3 ) ) « r k l , ?>,G ( 3 ) ) (q) -<•* , »> ( 3 ) (w j ) 
K B B 

where n i s arbitrary', ( JeZL,» • e Mt ye K^3^* and r ,qe 

eB< 3 , n . Then for i - 1,2,3 F ( 1 ) (T) -<B ( i , |Z, , K ( i ) > , 

where t i s the 2Z »retract of B ^ . Pro« the construc-
tion of P ^ ' i t follows that P*1 ' i s a l e f t adjoint functor 
to This f inishes our proof of Theorem 6 ,1. 
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