DEMONSTRATIO MATHEMATICA

Vol. XX No 1-2 1987

Emest Plonka

REMARKS ON WEAK AUTOMORPHISMS OF 1-UNARY ALGEBRAS

0. Let ¢/= (A,F ) be an algebra with the clone A (¢f) of
algebraic operstions (=superpositions of all projections
ek(x1,...,xn) = x) and the operations from F ), Any permuta-
tion w ¢ SA induces a permutation t —e £* =,u'1f M on the set
of all operations on the sst A« If A ((#) is fixed under this
permutation, 4 1is called a weak automorphism of < . This
notion was introduced by A.Goetz in [2]. Except of special
algebras as Boolean and Post algebras ([10] ), linear or affine
space, algebras with a basis ([1], [7]) and nilpotent
groups ([3], [11]) very 1little is known. Recently L. Polak
in [8] has desoribed the group of weak automorphisms of 1-unary
algebras o = {(A,f) as a semi-direct product of the automor-
phism group of ¢ and the group C = {kazl:(A.f) is 1somorphic
to (A,fk) and (k,n)=1}. Here n is the smallesat natural number
such that fn+1 = f, This description seems to be rather un-
pleasant, because the group C is not given explicitly.

Thne purpose of this paper is to give more information
about the group of weak automorphisms of 1-unary algsebras.

I, Since the clone of algebraic operations of the 1-unary
algebra O = (A,f) consists of {1,f,f2,...} and ths powers
of projections, any weak automorphism u of (¢ has %o induoe
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2 iePZonka

an automorphism of the semi-group ({1,f,f2,...},°,1). Thus
if £ = fk tor some k>1, then £9*1 _ £ for some positive n.
If there is no such n, then any weak automorpaism of o

is an automorphism of <« The group of autcmorphisms of
1-unary algebras were intensively studied in [5] and [6].
Throughout this paper n 1is the smallest positive integer
such taat 1 = £ and waut{a), aut(d) stand for the group
of weak automorphisms of (& and ths group of automorphisms
of ¢, respectively,

Proposition. Let = (A,f} be a 1-unsry alge~
bra with £7*1 = £, Then: |

1. The restriction of f to the image X = f(4) is a per=-
mutation of order n.

2. Any p ¢ Waut(U) preserves the subalgebra (X,f) of o,

3. The relation a~b if and only if f{a) = f(b) is a con-
gruencs of .,

Proof. Wehave £7*'(a) = £%(f(a)) = 1{£(a)) for
all a ¢4, which means that f maps X onto itself and =1,
Since fk(x) = x for all x ¢ X implies fk+1(a) = f(a) for all
a ¢ A, the operation f is a permutation of order n on the set X,
Statements 2 and 3 are immediate.

Let O(xo) = {xo.x1,...,xk_1}, where f(xi) = X§.4 (141 is
taken mod k, of course) be the orbit of the slement X, € X
It is well known (of.e.g. [4]) that k must divide n, thers
is no infinite orbit in X and all the orbits form a partition
of the set X. If in, 1<i<N, is the collection of all

ki-element orbits which ocour in X, then n = g.c.d.{h"kzﬁ..,kN}

Il. Theorem 1. If u is a weak automorphism of
the elgebra (I, = (X, ,f) such that £* = £* on X, then
i i

(k,ki) = 1, Conversely, if k is a positive integer such
that (k,ki) = 1, then the permutation‘uki of in defined on

each ki-element orbit {xo.x1,...,xki_1} by the formula
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Weak autonmorphlisms of algebras 3

for p=0,1,ooo,ki‘1
M.
is*an element of »VAut(Ulk } with £ * = £%,

{1 #ki(xpk) =X,

k

Proof. Since the mapping f—r#= fk has to be

a permutation on the set {1,f,...,f }, k must be relati-
vely prime to k;, because if (£1)# - f, then £l . £, i.6.,
k1 =1 (mod k;)s On the other hand, the assumption (k,ky) = 1
implies that the mapping defined by (1) is in fact a permuta-
tion on the set in. Moreover, we have

-1 -1 -1 Lk
Hig ¥ o, (Xpu) = i Bxp) = g (xppq) = Xyppapie = F (x5l

where p+1,(p+1)k and pk are taken mod kj. lheorem 1 is thus
proved.

Theorem 2, There is an slement u in Waut(X,f)
with £# = £¥ if and only if (k,y) = 1 for all 1 = 1,2,...,N.
Moreover, any such weak automorphism u of (X,f) is of the
fora u =M a, where G¢ Aut(X,f) and 4, is defined by

(2) Uo(x) =,uki(x) for xexki, 1<i<N,

Proof. Observe that any weak automorphism u of
(X,f) maps every orbit o(x ) onto other orbit O(x }, because
4 permutes £, 1 =1 2,... « Thus 4 has to preserve the sum
of all ki-element orbit, i.e., in and, consequently, the

restriction of u to the set X, is an elemeni of WAut(ak )e
i i

It follows from Theorem 1 that (k,ki) = 1 for all i=1,¢e¢.,N.
Now let u be a weak automorphism of (X,f) such that
£# < £5, Firet of all we check that g defined in (2) is an
element of WAut{X,f). Indeed, if k is relatively prime to
each ki’ 1<1ix<N, then Uy is 8 permutation of Xk and accor-

dingly to Theorsm 1, it is a weak automorphism “k of the
slgebra Uy , i = 1,2,...,N, such that f Ho | gk,
i
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4 E. PXonka

Let us consider the restriotion of  the function;1;1 u
tc the set X , k.> 1. ¥e have
ki’ "1

1

-1 £ly. gkl

ITRUTI 7 ~1

-1 -1
M= u py fuy =
ky Ty
where 1 18 a positive integer from the set {O 1,...,k. 1}
such that4¢;1f%uk = f. This gives k1l = 1 (mod k ) and, con~
i i

sequently, the function;L;1,u maps f on f which is enough
to be an autoamorphism of the algebra (X,f). Theorem 2 is thus
proved.

Remark. Forks=1weget Aut{X,f) = Autk1k1)x

X Aut(ozk2)x... x.Aut((/(kN). In turn, if {xt}teTiﬂéisN, is
a selector of all orbits in Aki, then the algebra (0(x,),f)

can be identify with the algebra ({0,1,...,ki-1},6), where 6
is a permutation defined by G (i) = i+1(mod k;). Thus
Aut(o(xt),f) = Z, for all i = 1,2,...,N and tae group of

i

automorphisms of 1 is (isomorphic to) the wreath product
ky

of Z) and the symmetric group STi on the set Ty (cfe [5])
i

IITI. Theorem 3. A weak automorphism u of
(X f) can be extended to a weak automorphism i of the algebra
= (A,f) with +# = £% if and only if the oardinality of the
ats [a]_ and f'1({yfk(a)}) is the same for all a c¢X' = A-X,
Proot. By statement 2 of the Proposition, any weak
automorphism 7 of o maps the elements of X' onto itself.
Thus, 1f g is an extension of u¢ WAut(X,f), then, of course,
= f « Moreover, sinoce k>0, u is a permutetion on X and
the last equality gives f(i(a)) = u(£5(a)) for all acx’.
hLccording of statement 3 of the Proposition the relation ~
is a congrusnce of ¢ and any weak automorphism of ¢! has to
paraute the abstract classes of ~ . Thus Allal.) =
= £ ut®(a)}).
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‘Weak automorphisme of algebras 5

Suppose now that we WAut(X,f) with £4 - £X satisfies the
condition card([a].) = card(f” ({pfk(a)})) tor all aeX’'.
Let ¥, be a bijection of the set [a]. onto the set

ff1({pfk(a)} ), where a runs through a selector T of abstraot
classes of ~ in the set X'. We put

alx) if =xeX,
#(x) =
y(x) if =x¢[a] , acl.

Clearly, Z is a permutation of A, We have also tya(x) 3
£ 1"1({/.11’ (a)}), which is eguivalent to f( \ya(x)) = uf (a).
Thus for any x ¢[a]_, a¢T, we have

$leaix) = a7 ley (x) = @7uek(a) = 257N (2(a)) = £ (2(x)) =

fk(x)

1

for all x ¢ A, Thererors iJ 1s a weak automorphism of O,
as required.

Corollary 1. Since any bijection y, of [a].
onto £~ ({pf (a)}) is a superposition of a fixed bijection
und some psrmutation of the sat [a]_, the set of all exten-
sions of 4 mentioned in Theorem 3 cen be identified with

the Cartesian product 1 s .
aleT (8]

Corollary 2, If all classes [a]._, a¢T, have
the same cardinality and £(X’) = X, then each weak automorphiem
of (X,f) can be extended to a weak automorphism of the alge-
bra U/ .
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