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ONE MORE CONCEPT OF MULTIADJOINTNESS 

A conoept of m u l t i a d j o i n t - func to r in t roduced here may be 
t r e a t e d as a g e n e r a l i z a t i o n of a " f u n c t o r having a l e f t m u l t i -
a d j o i n t " i n the Bense of Diers [2 ] and s imul t aneous ly i t 
g e n e r a l i z e s a Gray ' s concept of " s p l i t f i b r a t i o n wi th smal l 
f i b r e s " [ 4 ] . The main i dea of our approach i s t h a t f o r a 
g iven f u n c t o r U t A—»-C and C-ob jec t X i n s t e a d of one " u n i -
v e r s a l arrow" w i t h domain X ( a d j o i n t n a s s ) or " the s e t u n i v e r -
s a l arrow" w i t h domain X ( d i s c r e t e m u l t i a d j o i n t n e s s [2 ] ) we 
c o n s i d e r a " sma l l ca tegory of u n i v e r s a l arrow" w i t h domain 
X being a c o r e f l e c t i v e subca tegory of a comma oategory ( X j U ) . 

1. N o t a t i o n and p r e l i m i n a r i e s 
Throughout U : A—-C. i s an a r b i t r a r y but f i x e d f u n o t o r 

between c a t e g o r i e s wi th smal l hom-se t s . For each Xe ob C, 
o b j e o t s of a comma oategory ( X | U ) a re c a l l e d U-morphisma* wi th 
domain X. U-morphism ( f ,A) i s c a l l e d U-epi provided t h a t 
r , s : A — - B and Ur*f = Ua*f imply r = s . Let B be a c l a s s 
of U-morphisms. By an B - f a o t o r i z a t i o n of a U-morphism ( f ,A) 
we mean every p a i r ( ( e , B ) , g ) w i t h ( e , B ) e B and Ug»e » f . 
For each C-morphiem h 1 Y—«-X, h : (X • U ) — - (Y I U) i s a 
f u n o t o r such t h a t h ( f , A ) = ( fh ,A) and h{(p) « cp f o r eaah 

This paper i s baaed on the l e c t u r e p resen ted a t the Confe-
renoe on U n i v e r s a l Algebra he ld a t t he Techn ica l u n i v e r s i t y 
of Warsaw (Wi lga) , May 22-25, 1986. 
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2 G.Jarzenbski, A.Kurpiel 

9>eMor(XtU). Bach full corefleotive subcategory D1 of a given 
category D will be described as a triple (D^G.e) where G is a 
right adjoint right inverse to the embedding ^ — D and e is 
a counit of this adjointnoss. 

Set, Cat, CAT denote categories of sets, small categories 
and all categories over given universujn respectively. 
For all unexplained notations and symbols of category theory 
we refer the reader to [6] and [lO] . 

2, Motivations and general theory 
We recall at first some well-known conaepta of category 

theory. We describe them in a non-conventional way but this 
kind of description gives us a possibility to observe their 
common structure: 

(i) U : A —-C is right adjoint [6] iff for eaoh C-objeot ~~ y 
X, (Xt U) contains a full corefleotive subcategory (I, Gx, e ) 
such that 1 is a terminal category and, moreover, for each 
h : Y—--X in C, Gy»h.6X « 

(ii) U has a left multiadjoint [2] iff eaoh (X JU) con-
tains a full corefleotive subcategory (¡fĵ Gj.t*) such that Cj 
is a disorete small category and, moreover, for each 
h s Y — r X in C, Gy»h*eX = 

(iii) U is a fibration with small split cleavage [4] iff 
eaoh (X t U) oontains a full corefleotive subcategory 
(U~1X,Gx,eX) such that U"1x is the fibre of U over X and for 
each h : Y — - X in C « idGyh* 

This suggests the following definition. 
D e f i n i t i o n 2.1. By a spectrum of a functor U 

we mean a family S. - (SX,Gx,eX)Icob £ of full corefleotive 
subcategories of each (XI U), respectively, such that 

Gy.h-6Z » id G^ 

for each C-morphism h : Y—»-X. 
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Conoept of multiadjointness 3 

Baoh speotrum S determines a f unotor S t Cop —CAT such 
that for eaoh fi-morphism h j X — - X , Sh t SX — ST and 

A 

SH » Gy'h'Bj, where B j i SX«1— (XI U) i s a fu l l embedding. 
Hote that every functor has a t r i v i a l speotrum ((X + U), 
i d ^ ^ l d ) . We oall a speotrum S small i f every SX i s a small 
oategory. I f , moreover, for eaoh X tob C every isomorphism 
in SX i s an identity then we oal l the spectrum jL strongly 
reduoed. 

D e f i n i t i o n 2 .2 . A functor U is multiadjoint 
i f i t has a small speotrum. 

I t may happen that a given funotor U has more then one 
snail speotrum. Hence i t wil l be convenient to introduce the 
following def ini t ioa . 

D e f i n i t i o n 2 .3 . A pair (U,S) such that S 
i s a small speotrum of U i s called multiadjointness. I f (U,S) 
i s a multiadjointness we oal l II multiad joint with respeot 
to S. A multiadjointness (U,S) i s strongly reduoed i f 3 i s 
• strongly reduoed speotrum. 

- One oan prove that every adjointness and disorete multi-
ad jointnoss i s strongly reduoed. A small sp l i t oleavage of U 
ia strongly reduoed i f U i s amnestic i . e . every A-isomorphism 
f with Uf being C.-identity, most be an identity i s A. 

the definition of multiadjoint funotor introduoed above 
makes easy to note a connection with a l l previous concepts 
mentioned in the begining of this seotion. But for applica-
tions i t wi l l be more convenient to have i t s modified version. 
Using obvious one-to-one oorrespondenoe between functors 
P t D — - (X I D) and pairs ( J x t D — A , g 1 « ZX — - U J j ) 
(where £ i s a "constant" funotor into the funotor category) 
Une oan prove the following proposition whioh oan be treated 
as a " looal definition" of multiadjoint funotor. 

P r o p o s i t i o n 2 .4 . U i A —-C i s multiadjoint 
i f f for eaoh C-objeot X there exis ts a small oategory SX 
together with a funotor J T t SX —-A and a natural transfor-

x nation g I 4 X — U J j suoh thet the following hold t 
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4 G.Jarzembski, A.Kurpiel 

( i ) Eaoh U-morphism (fiX—- UA, A) has a distinguished 
2-faotorization ((p*,«!^)» (f,A)°) such that for eaoh g-fao-

torization ( ( g j , J x j ) , g ) of (f,A) there exists a unique 

cpt J — i in SX with g = (f,A}°.Jx(9'). 
( i i ) « i d j ± , for eaoh Ç-objeot X and l e ob SX. 

( i i i ) For eaoh h : Y —"-X in £ and (fsX — UA,A), with 
(f,A}° s J x i -A, (fh,A)° « ( f ,A)° . ( e fh , J x i ) ° . 

P r o o f . We omit teohnioal detai ls of the proof. Note 
only that i f U sa t i s f i e s ( i ) - ( i i i ) above, then the funotion 

(f ,A) ' — J x i ) , where J^i - dom(f,A)°, 

defines a right adjoint right inverse functor to the embedding 
SX —- (X I U) and {(f .A) 1}^ A )6 o b (x iu) i s a o o t u l i t o f t h l s 

adjointness, Y 
Conversely, for a given spectrum S • (SX,GX,£ ^ „ i , £ 

of U one oan define (f,A)° Aj for eaoh (f ,A)e (XlU). 
Note also that for each h : I — I in Ç and i e ob SX, 
Sh(i) « Gy«h.?x{i) - j where J y j » dom(£^h, J j i ) 0 . 

Hence we can desoribe a small speotriun of U as a 4-tuple 
(S,J ,2»( where S : Çop — C a t , J « ( J x i SX-^A) 
2 * —*"UJx^X6ob £ aQd ^ a s a i n 8 B 8 a o i l U-aorphiBm 
(f» A), an A-morphism (f,A)° and conditions ( i ) - ( i i i ) of propo-
sit ion above are sa t i s f i ed . (f,A)° i s called a universal g-ex-
tension of (f ,A). 

Now i t i s easy to observe that our concept of multiadjoint-
ness i s stronger then that one introduced by Tholen (oompare 
Theorem 2.4 ( iv) [ i l ] ) . 

Obviously a multiadjointness (U,(S,J,£,( ) 0 ) ) i s an ad-
joint ne as i f f eaoh SX i s a terminal category. It i s a sp l i t 

Y 

cleveage i f f » idx for each Ç-object X and i e ob SX. 
In general, for a given multiadjointness (U,(S,J ,g , ( )0)} one 
can define a category Çs as follows [4]» objects of Cg are 
pairs (X,i) with Xe ob Ç and i e ob SX and 

Çg( (X, i ) , (Y, j )} = {(h,p)} h e Ç(X,Y), çpe SX(i,Shj )} 
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Conoept of »ultiadjointness 5 

( recal l that Shj = k, when J^k = domf?*, J y j ) ° ) and the com-
position i s given by rule (g,v)*(h,sp) = (gh, Sh(y)'$o). 
A morphism (h,<p) i s strong oartesian i f f cp is an identity. 
Then U oan be factorixed as U - P*G, where G t A—- Cg is 
a right adjoint (to P : Cg — - A such that F(X,i ) = J x i , 

P(h,$p) • (gjh, Jyd J° • Jx(9>)) and P i C g — - C (an obvious pro-
jection) i s a small split fibration i . e . there exists a split 
oleveage ( P , ( S ' , J ' , ) * ) ) . 

Let a and <3 Da a unit and oounit of the adjointness 
P —l G. 

Vote that 
( i ) for each Z e ob C g ,ocj i s a strong oartesian morphism, 

( i i ) SI = S ' l , J x • P*J j and « f o r e a o i l fi-objeot X, 

( i i i ) ( f ,A)° - /3 A .p((f ,GA)*) for eaoh U-morphisin (f ,A) . 
P r o p o s i t i o n 2 . 5 . A (right adjoint, split 

fibration) - faotoriaation of (U,(S,J*g,( ) 0 ) ) i s determined 
uniquely up to isomorphism i . e . i f (G1 ,P1 ,a1 ,/S^), 
( P 1 » ( S ^ , ( )* ) ) i s a paifr consisting of an adjointness 
and a ' spl i t fibration such that U = P-,*G1 and conditions 
( i ) - ( i i i ) above are satisfied, then there exists an isomorphism 
K such that K*G « Ĝ  and P^K = P. 

Ve omit a-proof since i t only generalizes a method used 
ip Proposition 1.1 [ 3 ] . Ve finish this seotion with a theorem 
on preservation of limits* 

P r o p o s i t i o n 2 .6 ; Let (U, (S ,J ,g , ( , ) 0 ) ) be 
a •ultiadjointness and assume that A has limits of a given 
type. Then U preserves limits of this type i f f every SI has 
limits of this type. Moreover, i f these conditions are sa-
t isf ied, then for eaoh h : Y — - X in C Sh s SX —>-SY preserves 
limits of a given type. 

P r o o f . Let I t D ——A be a diagram of a given type 
with a limit cone (wd : A—~Hd)dtob H a v i n& a D admissible' 
family (fd j X—~UHd)d60b D in.fi le t J j i d be the domain of 

(fd ,Hd)°. Thus we may define a fane tor H t D—-SI such that 
Hd «= l d for eaoh d € ob D. 
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6 G.Jarzembski, A.Kurpial 

Let (5¡>d 1 i —^^Jdeob £ a l i® 1* cono of R in SX. Then 
there ex i s t s s : J j i —-A determined uniquely 1)7 the family 
( ( f d , H d ) ° . J x ( 9 d ) : J x i — Hd)d 6 0 b D i . e . w ^ U s ^ f - f d f o r 

T 

eaoh d e ob D. Thus i s a C-morphism we are looking f o r . 
The proof of uniqueness i s obvious. 

To prove the oonverse assume that H : D —-SX i s a diagram 
of a given type. Then lim JjH e x i s t s in A. Vow, by Theorem 2 
p .117 of [6] f o r eaoh C-object X, lim B-H e x i s t s in (XjU) 

A' . 

and f o r eaoh h : Y—~ X in C, h preserves i t . Moreover, 

sinoe GY*^*elimH * i d : G Y^ B x G x l l m H —"-Gyhl im H we have 

Sh 13m H = GyhBjGj lim H • G ĥ lim H^H« limGyhBjH - limShH. 

The proof i s complete. 

3. Begular multiadjointness 
Throughout th i s seotion we assume that ( U , ( S t J , e , ( ) 0 ) ) 

i s a strongly reduoed multiadjointness. For eaoh A-objeot A, 
we write £A instead of ( id^ A ,A) 0 , 

D e f i n i t i o n 3 . 1 . An Annorphism g » A — - B i s 
cal led S-regular i f f g*eA » (Ug,B)°. 

We sha l l use S-Reg to denote the c lass of a l l S-regular 
morphisms. 

Note that ( U , ( S f J , 2 , ( ) 0 ) ) i s a d iscre te multiadjointnees 
i f f S-Reg = A. I f i t i s a small f .p l i t f i b r a t i o n then the 
notions of S-Regular morphism and strong oartesian morphism 
coincide. 

P r o p o s i t i o n 3 . 2 . For an a rb i t ra ry A-morphism 
g 1 A—-B the following are equivalent 
( i ) g i s S-re«ttHart 

( i i ) Baoh oommutative square 
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Concept of mult iadjolntness 7 

has a unique diagonal d t J x i — A making both t r iangles 
oommutativs, 
( i i i ) Ug»(f,B)° « g < f , A ) ° f o r eaoh O-morphism ( f ,A) , 
(iv) Gg. i s strong cartesian in Cg (compare sect ion 2) . 
Proof i s straightforward* 

P r o p o s i t i o n 3«3 (Properties of S-Reg): 
( i ) S-Reg i s a subcategory of A, Iao A^cS-Reg. 
( i i ) Bach U-morphism (f,A) has at most one q - f a c t o r i z a t i o n 

( ( 2 i , J j i ) , g ) with ge S-Reg and, i f i t i s the oase, g - ( f ,A)° . 
( i i i ) For eaoh C-objeot X and <pe Mor SX, J ^ ^ i s S-regular 

i f f (p i s an i den t i t y . 
The proof i s of routine nature and wi l l be omitted. 
D e f i n i t i o n 3 .4 . A (etrongly.reduced) mult i-

adjointness (U,(S ,J f £, ( )°) i s called regular i f every uni-
versa l 2 -extension i s S-regular . 

Bote that eaoh disorete mult iadjointness and small s p l i t 
cleqvage i s r egu la r . In general we have 

P r o p o s i t i o n 3.5 . A multiadjointness 
(U,{S,J,£,( )°) i s regular i f f the olass of universal £-ex-
tlsinsions i s closed under composition. 

P r o o f . The " l e f t - t o - r i g h t " implication follows 
d i rec t ly from Proposition 3.3 ( i ) . To prove the converse 
assuae tha t fo r a given U-morphism ( f ,A) , ( f ,A)° : J j i — - A . 
Then (f ,A)°*£j A i s a iuniversa l g-extension of (U(f,A)°,A) 
i . e . , ( f ,A)° i s S-regolar . 

I t follows direot ly flfom Proposition 3*2 ( i i ) that eaoh 
regular multiadjo|i'nt functor i s a morphism - (E,M)-functor 
[9] for B * 2 a n d M " S-Jfog. Conversely, i f U i s a morphism-
-(B,M)-functor then U i s regular multiadjoint with U * S-Reg 
i f C i s B-colooally small and M i s a subcategory of i . 

We o a l i two spectra S - (S , J , ? , ( )°) and T » (T ,L , | , ( )*) 
of a given functor U isomorphic i f f a r eaoh C-objeot X there 
ex i s t s an isomorphism I j t SX—-TI together with a natural 
isomorphism 1 J j — - L J T J such that fo r each U-marphiso 

( f ,A) , (f,A)**?J - ( f ,A)° i . e . the following diagram 
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8 G.Jarzembski, A.Kurplel 

U ( f , A ) < 

is commutative. 
T h e o r e m 3.6. Suppose that multiadjointness 

(U,S) and (U,T) are regular. Then the following are equivalent 
( i ) The spectra S and T are isomorphic, 
( i i ) S-Reg - T-Reg. 

P r o o f , ( i ) implies ( i i ) . Xote that f o r each 
A-obJeot A, (idUA,A)*"«3^A » ( id U A ,A ) ° for suitable i e ob SUA. 
fens i f g : A—~B is T-regular, then g » ( i d U A ,A ) * = (Ug,B)* 

and g ' ( i d U A . A ) ° » g.( idUA ,A)^3r5A - (UgtB)*>JA - (Wg,B)° 
i . e . g is 3-regular. In the same way we prove S-Reg<= T-Reg. 

( i i ) implies ( i ) . For eaoh C-objeat X and i e o b SI l e t I^ i 
be a unique objeot in TZ such that L^I^i is a domain of 

and Proposition 3.3 ( i ) , ( i i i ) one oan easily deduce that 
j = i and * L x I x i } 0 . J^ i s a natural Isomorphism. low 

i t io a routine to ver i f y that I x can be extended to an 
isomorphism of categories and tnat oonsideied spectra are 
isomorphic. 

Hence the speotrum of a regular multiadjointnesa (U,S) 
is determined uniquely (up to isomorpnism) by the subeategoag? 
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Concept of mul t i ad jo in tness 9 

S-Reg of i t s r e g u l a r morphisms. Thus we w i l l o f ten say "U i s 
mul t i ad jo in t with respect to a subcategory DcA" instead of 
" there e x i s t s a r egu la r mul t i ad jo in tness (U,S) and S-Keg=D". 

4. Po-mul t iad jo in tness 
D e f i n i t i o n 4 .1 . A spectrum ( S , J , g , ( )°J of U 

i a ca l led po-spectrum i f f o r each C-object X, SX i s a p a r t i a l l y 
ordered s e t . A mul t i ad jo in tness (U , (S , J ,£ , ( ) 0 ) ) i s ca l led 
po-mul t iad jo in tness i f ( S , J , £ , ( i s a po-spectrum. 

Note t ha t every po-mul t iadjo in tness i s s t rongly reduced* 
P r o p o s i t i o n 4 .2 . (U , (S , J ,g , ( )°) i s a po-

-mul t i ad jo in tness i f f I s U-epi f o r eaoh C-object X and 
i e ob SX. 

P r o p o s i t i o n 4 .3 . Let i b i a complete c a t e -
gory and U preserve« a l l l i m i t s . Then eaoh s n a i l speotrua S_ 
of U i s a po-speotrum. More p r e c i s e l y , f o r eaoh m u l t i a d j o i n t -
ness (U,S) and C-objact X, SX i s a complete l a t t i c e . 

Proof fol lows d i r eo t ly from Proposi t ion 2.6 and Propos i -
t i o n 3 [6] p.110. 

Below we prove tha t under some aaaumptions weaker then 
i n Proposi t ion 4.3» we can "reduce" a given small spectrum 
of U to a po-speotrum. The c r u c i a l point of our cons idera t ion 
i s the fol lowing lemma. 

L e m m a 4*4. Let B be a small oategory with equa-
l i z e r s and l i m i t s of a r b i t r a r y chains . Then there e x i s t s 
a f u l l c o r e f l e c t i v e subcategory D̂  of D such tha t D̂  i s 
a poset . 

P r o o f . For each D-objec^ d, the c l a s s of a l l pa-
r a l l e l pa i r s of morphisms with domain d, 

P(d) = 
4 
f 1 
Z2 

" d i 

i s a s e t . Thus using equa l i ze r s and l i m i t s of ohains one can 
const ruct a l imi t of a diagram P(d) i . e . morphism 
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10 G.Jarzembski, A.Kurpiel 

»., « eq P(d J : d., 

such tha t = f | e 1 f o r each ( f j , f | ) e P(d) and f o r every rîô1 
h : d Q — - d there e x i s t s a unique h^ with h = e^ provided 
tha t h equa l izes each pair of P(d) . 

Let a be an ordinal number with c a r d a > card(ob Dj. We 
def ine a chain F Oc OP. •D (« íb a chain of o rd ina l s l e s s 

-Fd(n) 
then a t rea ted as a category) as fol lows F (0) • d, 
Fd(n+1 — n ) « e n + 1 = eq P(Fd(n}) s Fd(n+1) 
f o r each l imi t o rd ina l fi < o< 

n) 

and 

Fd(/3 
-F d (n)) a < ft 

i s a l imi t cone of a chain Fd|y3 — D . By the smallness 
assumption there ex i s t n<m<c* such tha t Fd(n) = F d (mj , 
I f m = n+1 then obviously Fd(k) = Fd(m) f o r eaoh k>n+1 . I f 
m>n+1, then we have a commutative diagram 

Fd(m^ n+2) 

x=Fd(m>n) 

Fa(n+¿) F (n+1) 

Note t h a t s Fd(n) — F d ( n ) . So we have ejy.i*J***e
n+i • 

« e n + 1 and = i d . Thus y i s s p l i t epi and, oonse*-
quently e n + 2 i s an isomorphism i . e . Fd(k) • Fd(m) f o r each 
k ^n+1. » A 

For each D-object d we s h a l l use d to denote an objec t 
Fd(n) such tha t Fd(k) = Fd(nJ f o r eaoh n < k < o t . note .that f o r 
every d ' e ob D there e x i s t s at post one morphism from d to 
d ' . Now i t i s not hard to v e r i f y tha t the f u l l subcategory 
generated by ob jec t s j d , d e ob d | i s tha t one we are looking 
f o r . 
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Concept of multiadjointness 11 

T h e o r e m 4.5. Let A be a category with equalizers 
and l imi t s of arbitrary chains. Assume also that U preserves 
l imi t s of these types. Then the following are equivalent. 
( i ) U has a small spectrum. 
( i i ) U has a small po-spectrum. 

P r o o f . The only nontrivial implication i s ( i ) = > ( i i ) . 
Let (S , J ,£ , ( )°) be a small spectrum of U. Then by Proposi-
tion 2.6 for each C-object X, SX has equalizers and l imits of 
chains. Henoe by Lemma 4.4 there exist coreflect ive f u l l sub-

A 

oategories SXc SX. For each i e ob SX, by cpi ; i — • i we denote 
a ooreflector of i in SX. Let us consider a 4-tuple 
( S , J « J § , e = ? s , ( )*) where (f ,A)* = (f,A)°'Jyi{<pi) for each 
(f : -UA, A) with J j l = dom(f,A)°. Obviously ( S , J , ? , ( )*) 
s a t i s f i e s ( i ) and ( i i ) of Proposition 2.4. Let h : Y —- X 
in C and i 6 ob SX. Let P1 : a°p—— SX be a ohain that con-
structs i , i . e . i = lim F 1 . Then, by Proposition 2.6, 
Sh i = lim ShP1. 

^Shi A ± 
Shi ^ Shi •Shi Shi » lim ShP 

For eaoh k < a there ex is ts exactly one morphism 
t Shi—^ShP i (k) . I t follows that there ex is ts a unique 

* xs A /X 
y : Shi—•Shi and consequently Shi = Shi. Now for each 

U-morphism (f,A) with dom(f,A)° « J j i we have (fh,A)* » 

- ( f , A ) ° . ( ? f h f J x i ) ° . J y ( p s h i ) = ( f ^ ^ . J ^ M p f h . ^ i ) * -

= (f,A)**(c>fh, J T i ) * i . e . , condition ( i i i ) of Proposition 2.4 

i s also s a t i s f i e d . The proof i s complete. 

5. Examples 
The f i r s t group of examples i s based on the following 

observation* 
P r o p o s i t i o n 5.1. Assume, that C has a fac -

tor isat ion system (E,M) and C i s colocally small with respect 
to B. Then for every f u l l subcategory D of C, closed with 
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12 G.Jarzembski, A.Kurpiel 

respect to M ( i . e . Be ob D provided that there i s m : B —- A 
with meM and A e ob D), tha f a l l embedding D ^ C has a small 
spectrum consisting of suitable f a l l subcategories of Ex = 
= small skeleton of j e e E , dom(e) = x } . 

I f Be Epi c then the speotrum desoribed above is a po-
-speetrum. 

5.1.1. The category of groups Gr, oommutative rings CRng 
or, in general, each variety or quasivarioty V has a f ac to r i -
zation system (Surjective Epi, Mono). Then the f a l l embeddings 
Finite GrcL-^Gr, Finite CRng CRng, Finite V^—V are po-mul-
t iadjo int functors with spectra consisting of a l l congruence 
of a f in i tary index. 

5.1.2. Full embeddings Dom^— CRng, Red CRng, 
P r i m C R n g e t c . . . , where Dom, Red, Prim e t c . . . are f u l l 
subcategories of integral domains, reduced rings, primary 
r ings, e tc . ' . . , are multiadjoint functors. The spectra of a 
commutative ring A re la t i ve ly to these embeddings are prize, 
semiprime, primary e t c . . . spectra of A considered here as 
a poset [ 2 ] . 

5.1.3. Let Loco be a f u l l subcategory of CRng with looal 
ring? as objects. Then the f u l l embedding Loco «^-^CRng is 
po-multiadjoint. The speotrum of a commutative ring A is a 
prime speotrum of A (with dualized order). 

5.1.4. An embedding of a f u l l subcategory of a l l metri-
zable spaces into a category of a l l topological spaoeB is 
po-multiadjoint. 

5.?. The scoond group of examples is based on the obser-
vation that some compositions of po-multiadjoint functors 
are po-multiad.ioint. 

5.2.1. Let TopVect R be a cartegory of a l l topological rea l 
vector spaces and linear continuous naps, Vect(R) be a cate-
gory of a l l real vector spaces and linear maps. Consider 
a commutative diagram of functors 
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TopVect(8) 

U1 

Top 

Veot(R) 

U 

-Set 

One oan ea s i l y prove, that Z1 i 3 po-mul t i ad jo in t . Then UZ1 

i s a po-mul t iad jo in t f u n c t o r , 
5 . 2 . 2 . Let Ktsrm(R) be a category of a l l normed r e a l vec-

to r spaoes and l i n e a r maps f with | | f | | ^ 1 . The topology 
associa ted with a norm gives the func to r Ug : Norm(R) — 
—•TopVect(R). U2 i s a r egu l a r po-mul t iadjoint f unc to r ( f o r 
a de sc r ip t i on of i t s spectrum see [ 2 ] ) . Regular morphisms 
with respec t to t h i s spectrum are norm-preserving l i n e a r maps. 
I t has been proved by Manes [7] tha t U1 iB r i g h t a d j o i n t . Then 
botn compositions and Z^U^ are po—multiadjoint. 

5 .2 .3 . Let Ban(R) be a f u l l subcategory of Norm(R) with 
r e a l Banach spaces as o b j e c t s . The f u l l embedding E:Ban(R)e—-
«^-^NormiR) has a l e f t ad jo in t and the unit of t h i s ad jo in tness 
i s point-wise a l i n e a r , norm-preserving map. Then the conpo-
s i t i o n U^UgB i s a r egu la r po-mul t iadjoint funo to r . 

5 . 2 . 4 . Let Ab be a category of abel ian groups and OrdAb 
be a category of ordered abe l ian groups and order preserving 
homomorphisms. Then the f o r g e t f u l func to r UsOrdAb—- Ab i s 
po-mul t iad jo in t ( f o r a de sc r ip t i on of i t s speotrum see ^2] ) . 

Regular morphisms with r e spec t to t h i s spectrum are pro-
per order preserving homomorphisms, i . e . V x, (fxs> 0 =»• x > 0 ) . 
Then the composition OrdAb —-Ab —•Se t i s a r e g u l a r p o - a u l t i -
ad jo in t f u n o t o r . 

5*2.5, Let Grph be a category of graphs i . e . , ob jec t s are 
4 - tup les (X,A,(d,o):X =£A) and morphisms from (X,A,(d,c}J 
to (Y,B, (d 1 , o 1 ) ) are given by pa i r s of func t ions ( f , g ) such 
tha t d ^ f = g«d and = g*o. Let UsGrph —-Se t , where 
U(X,A,(d,o}) = X, L{f,g) = f . The («p i , mono)- faotor iza t ion 
system in Set induces a na tu ra l f a o t o r i z a t i o n system in Grpkj 
( f , g ) = (f ,m )« ( id , e ) , where g = m »e i s an ( e p i , monoj-f«c-
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to r i z a t ion of g in Se t . I t fol lows that U Is a po-multi-
adjoint functor with a spectrum (S,J,£>,( ) ) where SX i s 
a poset of equivalence r e l a t i on s on the set X x { o , l | . 

Sinoe U' :Cat—-Grph i s r i gh t ad jo in t , then the composi-
t ion UU': Ca t—-Se t i s a po-multiadjoint functor . 

Regular morphi'sms foe t h i s speotrum are functors with 
i n j e c t i v e objeot-funct ion. 

5 .3 . P a r t i a l monadio a lgebras [ j f ] . Throughout we w i l l 
wr i te pb( f ,g ) - ( f ^ g ^ ) i f the square i s a pullbaok: 

f 

By a pb-monad over topos Q (A l exand ro f fmonad i n [ 8 ] ) « • 
mean a monad T * ( T , s u c h that for eaoh monomorphiam 
• i X—-Y in C 

pb(|Wy,TTo) - ((Ux,Tm), pb(Tm,?y) = 

and for eaoh f : Z — - Y , T preserves pullbaok of ( f ,m) . 
A p a r t i a l monadio T-algebra i s a pair (A , ( a , a 0 ) ) where 
( a , a 0 1 : TA—- A i s a p a r t i a l morphism such that ( a , a 0 ) ° m 

o id A and ( a , a 0 ) ° (Ta,TaQ) = ( a r a 0 ) o w h e r e o i s a com-
posit ion of p a r t i a l morphisms defined by pullbaok. Motfphisms 
from ( A , ( a , a 0 ) ) to (B, (b ,bQ ) ) are given by C-morphiamB 
h s A — B such that h ( a , a Q ) ^ (b,bQ) ° Th, where ^ i s an 
obvious order on the set of p a r a l l e l p a r t i a l morphisms. 

Let PMA(T) be the category of a l l p a r t i a l monadio T-a lge-
bras and the i r morphisms. Then^tihe obvious fo r g e t f u l functor 
U : ?MA(T)—-0 i s regu la r po-multiadjoint with a speotrus 
defined as fo l lows : 

For every object X in C, SX i s a poset of a l l subobjeote 
of TX x, : X,—*-TX suoh that» 

1 X 
( i ) 2x i a c t 0 V B though i « « » 2x = c i * ? i 
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( i i ) pb( fJL^x^ « ( x ^ , T x ^ x ^ ) f o r some x£ s Z — - T X ^ 

Note t h a t » ( X ^ i x ^ x ^ ) ) i s a p a r t i a l monadic T - a l g e b r a . 
Then we d e f i n e a f u n c t o r J j : SX — PMA(T) by J j U ^ = X ^ 
Let f : X — — U ( A , ( a , a 0 ) ) = A. I t s u n i v e r s a l ^ - e x t e n s i o n i s 

a morphism a * f 1 i ( X f , ( x j , x £ ) ) — - ( A , ( a , a 0 ) ) , where ( f 1 , x f ) = 
« p b ( T f , a 0 ) . 

One can prove t h a t h i ( A , ( a , a 0 ) — ~ ( B , ( b , b 0 ) ) i s S - r e g u l a r 
i f f h o ( a , a 0 ) = ( b , b 0 ) o Th. I n p a r t i c u l a r , every u n i v e r s a l 
^ - e x t e n s i o n i s S - r e g u l a r . 

5 . 3 . 1 . For a l l ca tegor ies C i l i s t e d below, monads T^ 
( i = 1 , . . . , 5 ) over Se t , which s a t i s f y the equation Q i = S e t - i 
are pb-monadst 
C1 - Algi2 = c a t e g o r y of a l l a l g e b r a s of a g i v e n type S2, 
C2 = Smgr = o a t e g o r y of s e m i g r o u p s , 
C j = L a t t = c a t e g o r y of comple te l a t t i c e s w i t h maps p r e s e r v i n g 

j o i n s a s morphisms i . e . T^ • p o w e r - s e t monad, 
C^ = CompHaus « o a t e g o r y of oompaot H a u s d o r f f s p a o e s 

i . e . « u l t r a f i l t e r monad. 
C^ « CLat t = o a t e g o r y of o o n t i n u o u s l a t t i c e s and maps p r e -

s e r v i n g d i r e o t e d j o i n s and a r b i t r a r y meets a s 
morphisms, i . e . - f i l t e r monad 

Then, t he c a t e g o r i e s of p a r t i a l monadic T ^ - a l g e b r a s a r e i s o -
morphic t o t h e f o l l o w i n g ones» 
PMA T1 m o a t e g o r y of a l l p a r t i a l a l g e b r a s of a g i v e n t y p e Q , 
PMA T 2 B o a t e g o r y of p a r t i a l s e m i g r o u p s . 
P1IA T j = c a t e g o r y of aomple te o rde red s e t s [ 2 ] i . e . , p o s e t s 

i n which every upper-bounded s u b s e t ha s a j o i n , w i t h 
maps p r e s e r v i n g a l l e x i s t i n g j o i n s . 

PMA T^ • o a t e g o r y of l o c a l l y oompaot H a u s f o r f f s p a o e s . 
PMA Tjj » o a t e g o r y of c o n t i n u o u s comple te p o s e t s i . e . p o s e t s 

( X , f ) such t h a t ( X , ^ o p ) e ob PMA(T^) and f o r eve ry 
f a m i l y ( D l f i e l } of d i r e c t e d s u b s e t s A { V D ^ i e l } • 
" V { A { d i ' i e I } » ( d i » i 6 l ) e T T { D i , i e l } } i n t h a t 
s e n s e , t h a t the l e f t hand s i d e e x i s t s i f f t he r i g h t 
hand s i d e e x i s t s and t h e n , t hey a r e e q u a l . Morphism 
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are maps which preserve directed jo ins and a l l 
ex is t ing meets. 

5 . 3 . 2 . Let T be a pb-monad. A pair (A,(a ,a Q ) : TA —»-A) 
i s called a weak part ia l monadio T-algebra, i f ( a»a 0 )o = 
= idA and (a ,a Q ) o « g { a , a 0 ) ( T a , T a 0 ) . Let WPMA(T) be the 
category of a l l weak par t ia l monadio T-algebras with morphisms 
defined i a the same way as in PMA(T). Let U' sffPMA T — - C be 
the obvious forget fu l funotor. We define a spectrum of U' in 
the same way as i a 5*3» One oan easi ly prove that th i s multi-
ad jointnasa i s a po-multiadjointness but not regular . 
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