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JOINT DISTRIBUTIONS OF OBSERVABLES 
AND MEASURES WITH INFINITE VALUES 

J o i n t d i s t r i b u t i o n of observables i n measures a t t a i n i n g 
i n f i n i t e va lues i s i v e s t i g a t e d i n the framework of quantum 
l o g i c s . For a log io of a separab le H i l b e r t space, dim H > 3 , 
i t i s proved t h a t any - f i n i t e measure has a c a r r i e r , and 
t h i s r e s u l t i s appl ied to the problem of the ex i s t ence of 
a j o i n t d i s t r i b u t i o n . 

1 . I n t r o d u c t i o n 
Let us suppose t h a t the s e t , L, of a l l experiment-all;? v e -

r i f i a b l e p ropos i t i ons of phys ica l system forms a quant am l o -
g i c . According t o Varadara j sn [ l ] , assume t h a t the quantum 
log io L i s an orthomodular orthooomplemented <5 - l a t t i c e wi th 
the minimal and maximal elements 0 and 1, r e s p e c t i v e l y , and 
with an orthocomplementation x >ai—«-a"1, a , a x e L, which s a -
t i s f i e s ( i ) (a i)"L « a , f o r any a e L ; ( i i ) i f a < b , then 
b J " < a X | ( i l l ) a w 1 • 1, f o r any a e L ; ( iv ) i f a < b , then 
b « a v ( a x A b ) . 

Two elements a and b of L are said to be ( i ) or thogonal 
and we Write a x b , i f a < b x ; ( i i ) compatible and wr i t e a-*»b 
i f the re are th ree mutually or thogonal elements a^ , b^, c 
such t h a t a « ftjvo, b * b.j v o. 

Phys ica l q u a n t i t i e s are I d e n t i f i e d wi th the observables 
of the quantum l o g i c . An observable on L i s a map x from the 
s e t , B(R. ) , of a l l Borel measurable subse t s of the r e a l l i n e 
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2 A.Dvure^ensklj 

R 1 f into L such that ( i ) x(R1) = 1; ( i i ) x ( B ) i x ( i ) i f E n p > 
oo oo 

= 0; ( i i i ) x ( U a V x(Ej ) whenever B, n B. . 0, i 4 j , 
i=1 1 i=1 1 

An observable x i s bounded i f there i s a compact subset Cc R1 

such that x(C) = 1. Two observable a x and y are compatible i f 
x(E)-~~y(F) for any B,F e B(R^ ) . 

Physical s ta tes are identified with the s ta tes of the 
quantum log ic , that i s , a s tate i s map m:L - * ~ [ o , l ] with 

.00 " 
( i ) m(D » 1} ( i i ) m((\/ a , ) - 2L m(a4) whenever a4 x 84 

i-1 1 i-1 1 > 3 

for i 4 j . The more general notion as the s tate i s a measure. 
So, we say that a map m: L —~ R., U {00} i s said to be a measure 

00 « 1 

on I i f ( i ) mf(\/ a . ) « 2_i m(a4j whenever a , i S i for ± 4 it 
i-1 1 i -1 1 1 3 

( i i ) m(0) - 0. 
An element a i s a carrier of a measure m i f m(b) - 0 

i f f b i a . I t i s clear that i f a carrier of a measure ex i s t s , 
then i t i s unique. The measure m i s ( i ) f in i t e i f m ( a ) < ° ° , 
for any a e L , or, equivalently, i f m{1)<«>$ ( i i ) <?-finite i f 
there i s a sequence of mutually orthogonal elements { a j j j ^ 

00 

with \ / a^ - 1 and mta^Jc 0 0 for any i . An observable x i s 
i-1 

C- f in i t e with respect to a measure m i f there i s a sequence 
{ b J ^ c B(R.,) such that i ^ I , 4 0 i f i 4 j , m(x(B 1 ) )<oo, 

00 

for any i > 1, and U B± - R 1 . 

We say that a function m i s continuous from below 
(above) on an element a e L I f , for any a- < a - < . . . with 
00 A 

V / a< - a (a .<>a 9 > . . . with / \ a, - a and at leas t for 
i-1 1 1 2 i-1 x 

one n m(a„ )<<*>) we have m(a) - lim m(a,). Similarly as 
0 Do i 1 

in £2] we may prove that a f in i te ly additive funotion on L 
with m(0) - 0 i s a measure i f f m i s continuous from below 
on any element of L, or, equivalently, m i s continuous 
ftiom above on the minimal element 0. 
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Joint distributions of observables 3 

2. Joint distributions 
Por an observable x, an event x(Ej denotes that the 

measured value, ^ , of tha corresponding physical quantity l i e s 
in a Borel subset BeB(R^). I f a quantum mechanical system i s 
described by a measure m, the expression 

m . a 
(2.1) fi " _ (B. x . . . x B ) = n ( A XJ(EJ)) , 

B^e B(R.,), 3=1 , . . . , n , 

denotes the measure of the simultaneous measurement of the 
observable x . j , . . . , x Q whioh give measured quantities lying in 
the Borel subsets E^eBfR.j), i « 1 , . . . , n . 

According to Gudder [3] , we say the observables x . j , . . . , x n 

have a Joint distribution in a measure m .if there i s a 
measure//® „ on the set B(R_) of a l l Borel subsets of Rn 1 X« . . . X J J D ü 

such that (2.1) holds. 
Gudder [3] introduced the notion of the joint distribution 

only for a state ( i t i s named type I Joint distribution, too). 
This type has been studied in [5-12]. UrDanik [4] defined 
another type of a-joint distribution in a state (type I I Joint 
distr ibution) ' for the summable self-adjoint operators in a 
Hllbert spaoe, and Uudder [3] generalized this notion for 
bounded observables on a sua logio. 

I f m i s a state (or a f in i te measure), then the joint 
distribution, i f i t ex i s t s , i s determined unambiguously on 
B(RQ)».For a measure m with m(1) =>00 , the uniqueness must 
be studied in more deta i l . 

The notion of joint distribution in a measure may be ge-
neralized to any set jx^i t € T } of observables in a natural 
way: wé say that observables jx^i t eT] have a joint d i s t r i -
bution- in a measure m i f any f ini te subset of {x^: t € l } 
has one. The generalization of this notion to d'-homomorphisms 
defined on a measurable space (7Lt<p) i s straightforward (here 
(p i s a (?-algebra of subsets of X and a map x: <p —— L i s 
a 6"-homomorphism i f ( i ) x(X) = 1» ( i i ) x(B) j. x(F) i f B n p = 0 , 

( i i i ) ^x p B ^ = ^ x(B ± ) , { s j c p ) . 
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4 A, Dvurecensklj 

S.P. Gudder in [7] posed the following problem: Can a joint 
distribution be defined for noncompatible observables? 
The answer to that question has been obtained in the papers 
[5,6,13,14]. 

In tha present note we solve this problem for measures 
with m(D =00. The solution w i l l contain the answer for measu-
res on a Hilbert space logic, too. 

In tha sequel we suppose that the observables 
are given and for the joint distributional® x of x . , , . . . ,xn 

in a measure m we shall write simpler ¿1. 
L e m m a 2.1. Let observables x^ , . . . ,x n be compatible, 

then, for an,y measure m on L, there is a joint distribution. 
I f a* least one observable is fr-finite with respect to m, 
then the joint distribution ia unique. 

P r o o f . For compatible observables x^ , . . . t x n > there 
is a unique ©•-homomorphism x: B(Rn) —»• L such that xfR^ x . . . x 
E.j_ x . . , x R.j) = x i ( B i ) , i = 1 , . » . t n; see [ l , Th. 6.17]. Let us 
put (U (B) := m(x(B)), B e B(Rn). Then JU is a well defined 
joint distribution. 

The uniqueness of the joint distribution follows from the 
uniqueness. of the extension of 6"-finite measures defined on 
the set of a l l rectangles of B(Rn), [ 2 ] . Q.B.D. 

Define 

1 n 1 

(2.2) a (B1 , . . . ,Bn ) » V A * j ( ^ j ) » B1 , . . . ,Bn6B(R1 ) , 
i r . . i n = 0 j=1 

where °B R1 - S, 1B s= B. 
We put ( i f i t exists) 

(2.3) a0 = / \ { a ( B r . . . , B n ) : B 1 S ^ B f ^ ) } . 

In the paper [13] i t is shown that the element aQ exists, and, 

moreover, there is a sequenoe jaiB?, . . . ,E^)}k=1 3uch that 
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J o i n t d i s t r i b u t i o n s o f o b s e r v a b l e s 5 

( 2 . 4 ) a Q = / \ 

k » 1 

T h e e l e i a e n t a Q i s o a l l e d a c o m m u t a t o r o f x ^ , x n , a n d t h e 

m a i n p r o p e r t i e s o f t h e c o m m u t a t o r a r e i n v e s t i g a t e d i n [ 1 2 , 1 3 ] « 

L e m m a 2 . 2 , L e t x . , , . . . , x n h a v e a j o i n t d i s t r i b u t i o n 

i n m a n d l e t a Q i s t h e c o m m u t a t o r o f x 1 t . . . , x n . T h e n 

( 2 . 5 ) 

( i ) m ( a ( B 1 f . . . v 8 n ) ) - m ( l ) , B 1 , . . . , B Q e B ( R 1 ) , 

n K n 

( i i ) m ( / \ x i ( B i ) A / \ a ( B Î f , . . . , B * ) ) « m ¿ / \ x ^ ) ) , 

i « 1 k - 1 i = 1 

f o r a n y B . , , . . . , B n , B * , . . . t B * e B ( H 1 ) , k = 1 , . . . , K , w h e r e K 

m a y b e a n i n t e g e r o r e o { 

n n 

( 2 . 6 ) m ( / \ x ^ B j M a J - r ( / \ x ± ( B ± ) i ) , 

i - 1 i - 1 

( 2 . 7 ) m ( a 0 ) - m ( D . 

P r o o f . T h e p a r t ( i ) i s e v i d e n t , a n d ( i i ) i s s a m e a s 

( 2 . 6 ) i n [ 6 ] . ( 2 . 6 ) f p l l o w a f r o m ( 2 . 5 ) a n d ( 2 . 4 ) . F o r ( 2 . 7 ) i t 

i s s u f f i c i e n t t o p u t B 1 • B g • . . . - * n - H ^ , Q . B . D . 

L e m m a 2 . 3 . L e t x 1 f . . , j r f n h a v e a j o i n t d i s t r i b u t i o n 

i n a m e a s u r e m . I f t h e r e i s B e B ( R 1 ) a n d x ^ s u o h t h a t 

n ( x 1 ( B ) ) < o o , t h e n 

( 2 . 8 ) m i x ^ B M a J ; ) - 0 . 

P r o o f . F r o t o t h e r e s u l t s o f t h e p a p e r [ 1 3 ] t h e r e 

f o l l o w s t h a t a p - - X j ( P ) f o r a n y F e B ( R . , ) a n d a n y j « 1 , . . . , n . 

H e n o e a ^ - ^ x ^ B ) a n d f r o m ( 2 . 6 ) w e h a v e 
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6 A. Dvure¿ensklj 

mfx^E) ) x m{x±(B)Aa0) + mtx^B] A a¿) = mfx^B) ) + 

+ m[xí{E) A a£), 

consequently, (2.8) holds. 
L e m m a 2.4. Let x . p . . . , x have a Joint distribution 

in a measure m. I f at least one observable i s - f i n i t e with 
respect to m, then 

(2.9) m(a^} - 0. 

P r o o f . Let ( B n ) n.-| c B ( H i ) a sequence with 
OO 

B¿ n = 0, i f i 4 j , l̂ J Bn « R1 t and, f o r some 

oo, Since aQ j» an7 n» then, 
OO n

 OO 

due to [1, Lemma 6.10], b ¿ a \ / XAK ) = V ( a / ^ I S _ ) ) . 
n=1 n n=1 

Che ok 

m(a¿) - m(a¿A1) - m(a¿n\/ * i ( v ) - ¡T, m(a¡!; A ^ ( B j ) = 0', 
^ n«1 / n-1 

when we use (2 .8 ) . 
T h e o r e m 2.5. Let x 1 , . . . , x Q be observables and 

l e t m be a measure. I f (2.9) holds, then there i s a jo int 
distribution of x^ , . . . , x Q in a measure m. I f at least one 
observable i s 0"-f inite with respect to m, then the joint 
distribution is unique. 

I f x 1 t . . . , x n have a jo int distribution in m and at least 
one observable i s 0"-finite with respect to m, then (2.9) 
holds. 

P r o o f . The f i r s t part of Theorem fol lows from the 
fol lowing. Let a be the commutator of x 1 , . . . r x | I . i Then, 
according to [ l 3 j , * i 0 (B ) s- * i ( B ) A a 0 , B 6 B(R^), 
defines an observable x i o of a quantum logic L(Q>a j s» 

i « |b: b e L , ^ ^ S q ) (kere t t i e greatest element i s aQ, an 
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Joint distributions of observables 7 

orthocomplementation i s defined via b' i - b~Aa0 ( b < a ) ) . 
Moreover, x 1 o , . . . , x n o are mutually compatible observables. 
Hence, due to Lemma 2.1, x 1 o , . . . , x n o have a joint distribution 
in a measure m0 := m ^ o a )* 5,3170111 ( 2 , 9 ) W0 have 

which entai l s that x 1 t . . . , x n have a joint distribution in m. 
Repeating the same arguments as those in the proof of 

Lemma 2.1 we establish the uniqueness of a joint distribution* 
The second part of the assertion of Theorem follows from 

Lemma 2.4. 
C o r o l l a r y 2.6. Let am be a carrier of a 

measure m. I f x 1 , . . . l x Q have a joint distribution in m 
and at leas t one observable i s ^ - f i n i t e with respect to m, 
then 

(2.10) a m < a o » 

and 

(2.11) a m < a ( B 1 , . . . , B n ) , for any B., BQe ) . 

I f (2.10) holds, or equivalently, (2.11) i s true, than 
x ^ , . . . t x Q have a joint distribution in m. I f at leas t one 
observables i s - f i n i t e with respect to m, then the joint 
distribution i s unique. 

P r o o f . (2.10) and (2.11) follows from the def ini-
tion of a carr ier , and from Theorem 2.5 and (2 .4 ) . 

V o t e 1. The oondition 

(2.12) m(a(B 1 , . . . ,B n ) J ' ) = 0, for any B . , , . . . ,B n e B(H1), 
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8 A, Dvurecensklj 

i s tha necessary and s u f f i c i e n t condit ion f o r x . J , . « . , X Q to 
have a j o i n t d i s t r i b u t i o n i n a s t a t e or a f i n i t e measure m 
[ 5 , 6 , 1 3 ] . For a measure with m(D * 00 t h i s condist ions i s 
known only in par t iou lar oases , see Lemma 2 . 6 and the f o l l o w -
ing lemma* 

p r o p o s i t i o n 2 . 7 * Let a l o g i c L be & - c o n t i -

nuous, that i s , f o r any a 1 < a 9 < * . * and, any a , we have >00 \ oo 1 c 

( a . a a ) . Let there hold f o r a measure m 
1 i - 1 1 

and observables x 1 , . . • , x f l 

B^ (l - 0 , K^, B^€ B{R. j ) , j " 1 , . . . , n * 

I f a t l e a s t one observable i s 7 - f i n i t e with r e s p e c t to m, 
then there i s a unique j o i n t d i s t r i b u t i o n of x . , , * , * ^ i n m. 

P r o o f . I t i s easy to v e r i f y that (2 Í13 ) implies 

that ¿ i t B1 ¡ >| . . . |x|B n H^m^A i s a f i n i t e l y addit ive 

funct ion on the s e t ^ of a l l r e o t a a g l e s . The ©"-continuity 
of a log ic and the cont inui ty of m from below e n t a i l that 
fx i s a &-addit ive and 6 " - f i n i t e funct ion on Therefore 
i t may b e e x t e n d e d t o a m e a s u r e on B { R Q ) * Q . E . I ) . 

The r e s u l t s of a l l the above a s s e r t i o n s may be extended 
to the se t of observable» fx*» * te t } such tha t there i s at 
most countable subset : t 6 l } ~ , where J t generates 
the minimal sublogic of L containing the se t U { R ( x t h t e l } 
(here R(x) { x ( E ) » B e í f ^ l } ) . I n p a r t i c u l a r , thid i s true 
f o r a sequence of observables . Por given observables {x^s t € T } 
we define the commutator, a 0 ( T ) , of { x ^ t t e l } ( i f i t e x i s t s ) 
v i a 

( 2 . 1 4 ) a 0 ( T ) « A { a 0 { P ) 1 P 1 8 a f i n i t e 8 ^ s e t of t } , 
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Jo in t d i s t r i b u t i o n s of observables 9 

where a (F) i s the commutator of observables x r , . . . , x r 1 1 n and ? = { t 1 ( . . M t n } . 
Prom i t fol lows tha t a0(T) e x i s t s , and moreover,-

there i s a sequence of f i n i t e subsets P n T such tha t 

oo 
(2.15) a0(T) - / \ a 0 ( P Q ) . 

n-1 

T h e o r e m 2 .8 . Let j x ^ : t e l ' } be a system of ob-
servables f o r whioh there i s a t most oountabie subset Jfr <= 

R(x^) s t e l ] , where A genera tes the minimal sublogio 
of L containing a l l R ( x t ) , t e T. I f {x t i t e t } have a j o i n t 
d i s t r i b u t i o n in m and at l e a s t one observable i s 6" - f i n i t e 
with respec t to m, then 

(2.16) m(a0(T)A) - 0 . 

I f (2.16) holds , then there i s a j o in t d i s t r i b u t i o n of 
t e T}. I f at l e a s t one observable i s <?-finite with r e s -

pect to m, then there i s a unique <?-finite measure <u on 
TT B(R1) such t ha t 
tfeT 1 

(2.17) < £ Y n j r t 1 ( t y ) «
 af/\ xt ( v ) ' B1 »„6 8 ( ^ 1 , 

T where i s the t - t h p ro jec t ion from R̂  onto R̂  
P r o o f . I t i s c l ea r t h a t i f Í ^ P j C l , then S q Í ^ ^ 

W 
implies 
< a ( P 1 ) . Let x t be ^ - f i n i t e with respec t to m. Then (2.15) 

o 

ao<T> - A ao { V >A a
0(pnuK}>>A ao(lJ f*iu{*0}»)> 

n=1 n=1 n=1 vi=1 ' 

>a (T). 
-L 11 

Theorem 2.5 e n t a i l s m(a (Bn) ) = 0, n >1 , where B
n = F i u 

r i U j t Q } . The cont inui ty of m from below gives (2 .16 ) . 
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10 A. Dvureoensklj 

Conversely, l e t (2.16) hold. Then, for any f i n i t e subset 
P e l , we have m(a0(P)4") » 0. Now we claim to show that there 

i s a unique (J- on n B(R1) for whioh (2.17) holds. Let x+ 
teT 1 

be &- f in i te with respect to m, and le t for some EeB(R^) 
have 0<m{x t ( E ) ) < ° ° . Define a system of f unotions, p| 
is a finite subset of t ) , on P I B(R i ) via 

t e i 1 

where B 1 . . ,Ene B(R1 ) , F • | t 1 , . . . , t J l } * The system P 
is a f in i t e subset of T } f u l f i l s the conditions of Kolmogorov*s 
consistenoe theorem [23], heinoe, there is a unique measure^ ® 

on F l B(RJ with (2.16). Define 
teT 1 

oo g 
M (B) - (" i i B ) » 

i=1 

where Be n ) and { B j j ^ i i s a measurable partition 
teT 

of R1 with 0<m(x t (E^J-^oo, The function is well 

defined and i t is 6*-additive and ^ - f i n i t e . I t is easy to check 
that (2.17) i s f u l f i l l e d * The uniqueness of ¿J. follows from 
the extension theorem for ^ - f in i t e measure on the set of a l l 
cylindrical sets. 

3. Hilbert space logic 
One of the most important examples of quantum logics is 

a set, L(H), of a l l closed subspaces of a Hilbert space H 
over the real or complex f i e lds C. This is a.case of the great 
importance in quantum mechanics. In this seotion we apt>ly 
the general results on existence of -a joint distribution in 
a measure with in f in i te values showing that any &- f in i te 
measure on LfH) has a carrier f o r a separable Hilbert spacft, 
dim H^3. 
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Joint distr ibutions of observables 11 

The famous Gleason theorem [15] asserts that any state m 
on a separable Hilbert spaoe H, dim ie induced by a po-
s i t i ve von Neumann operator T v ia the formula 

Here we ident i fy the subspace P with i t s orthoprojector 
onto F. We r eca l l that a bounded operator T on H i s said to 
be an operator with a f i n i t e trace i f tr(T) ;= (Tx ,x ) 

ael 8 8 

i s absolutely convergent ser ies , independent of the used ortho-

The Gleason theorem has been generalized in [l6,17] for 
a l l bounded signed measures on 1(H) for a separable Hilbert 
spaoe whose dimension i s at least 3 . Eilers and Horst [18] 
proved Gleason's theorem for f i n i t e measures on L(H) for 
a non-separable Hilbert space, and Drisoh [19] extended (3.1) 
f-or bounded signed measures on a logic L(H) of a non-separable 
Hilbert spaoe whose dimension i s a non-real measurable cardi-
nal . 

For measures on L(H) with m(H) * 00 we need the following 
notions. A bi l inear form i s a function t : D{t) * D(t) —» C, 
where D(t) i s a l inear submanifold of H named the domain of t 
such that t i s l inear in the f i r s t argument and ant i l inear 
in the second one. If t ( x , y ) « t f y , x ) for a l l x , y e D ( t ) , then 
t i s said to be symmetric; i f for a symmetric b i l inear form t 
we have t ( x , x ) ^ 0 , thén t i s said to be posit ive. Let t 
be a symmetric b i l inear form and Bs&O be a self-ad joint ope-
ra tor . Then t o B denotes a symmetric b i l inear form defined v ia 
t o B(x,y) j« t(B1^2x, B 1 ^ y ) , when the corresponding assump-
tions on the domains of t and are s a t i s f i e d . Symmetric 
b i l inear form i s said to be a b i l inear form with a f i n i t e 
traoe i f ( i ) D(t) - H; ( i i ) t ( x , y ) = (Tx,y) for a l l x . yeH, 
where T i s an operator with f i n i t e trace. We put t r t := t r (T) , 
and we write t e Tr(H), where Tr(H) i s the set of a l l bounded 
operators with f i n i t e traoe. 

Lugovaja and Sherstnev [20] proved that , for any e - f i n i t e 
measure • on L(H) of an infinite-dimensional separable Hi l -

(3.1) m(P) = tr(TP), Pg L(H) 
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12 A. Dvurecenskij 

bert space there i s a unique symmetric bi l inear positive 
fofrm t with a dense domain such that 

(3.2) mí P) = 
tr t o p i f t o p e Tr(H), 

°° otherwise. 

In the paper [21] this result has been extended to <?-fini-
te i'-bounded signed measures on L(H) of a Hilbert space wnose 
dimension ¡is a non-real measurable cardinal. 

The jo int distribution of observables on L(H) in a state 
has been studied in [3 »5 ] . I t was proved that 
a jo in distribution in a state m induced by TeTr (H ) 
(3.1) i f f 

, . . . , x n have 
via 

(3.3) (Bj ) x± (8, )T = x1 (B1 ) 
n n 

xn (Bn )T, 

f o r any permutation ( i 1 , . . . , i n ) of ( 1 , . . . , n ) and a l l 
B(R^). 

In the fol lowing we shall study the existence of a jo int 
distribution for a measure m on L(HJ with m(H) = 00 f and 
the condition analogous to (3.3) w i l l be proved. First of a l l 
we begin with a finite-dimensional Hilbert spaoe. 

L e m m a 3.1. (Lugovaja-Sherstnev [20 ] ) . Let dimfi»3 
and l e t m be a measure on L(H) with n(H) , I f there are 
a one-dimensional Q and a two-dimensional P with m(Q)<o° t 

m(P)<. e*> , then Q < P. 
Denote 

(3.4) Pm = V f P : m (P ) <~ } . 

The fol lowing lemma has been proved in [21] . 
L e m m a 3.2. Let 3^ dim H< <*> and l e t m 

sure with m(H) = » , I f there i s a two-dimensional 
m(Q0 )<oo, then m(Q)<«> i f f Q «P m . 

L e m m a 3.3. Let 4<dim H< 00 and l e t m 
sure with m(H) « 00 
m(Qp}< 00 . I f m(M) » m(N) 
-Piron property). 

be a mea-
Q0 with 

be a mea-
Let there be a three-dimensional Qq with 

0, then m(MVH) - 0 (the Jauoh-
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P r o o f . Due to Lemma 3 .2 , m(Q)<<*> i f f QéPff l. Hence, 
m(NVN)<°<>. Applying the Gleaeon theorem to mQ := m p j = 
= m|L(Lm) we see that m(MvN) = 0 . . m 

L e m m a 3 .4 . Let the conditions of Lemma 3.3 are 
f u l f i l l e d . Then any measure m on L(H) has a c a r r i e r . 

P r o o f . Let us denote M. = [p : m(P) = o } . I t i s c lear 
that [i.)Jl4<t% ( i i ) i f Q=£P, V&M , then Q e ^ ; ( i i i ) i f 
PX Q and P,Q zM. , then PVQeJ/ j ( iv) i f Pv and P_e M , then 

J 

P xv P^e J i , where Px denotes the one-dimensional aubspace ge-
nerated by a non-zero veotor x e H . Let us put P° = V{P:m(P)=o}. 
Then from Lemma 3 .3 and ( i ) - ( i v ) we have that m(P°) = 0. 
Define AM = P^"1. Then A„ i s a carr ier of a measure m. Q.S.D. m m m 

We r e c a l l that a subset M. c L(H) with ( i ) - ( i v ) , from 
the l a s t proof, i s said to be an ideal . 

T h e o r e m 3 .5 . Let the conditions of Lemma 3.3 
be f u l f i l l e d . I f , for x 1 f . . . , x n , we have 

( 3 . 5 ) ( B I ) . . . X ± ( B T ) A M = X-| ( B ^ ) . . . X N ( B N ) A M , 
1 1 n n 

for any permutation } of ( 1 , . . . , n ) and any 
B 1 , . . . , B n e B(R 1 ) , where Am i s a oarr ier of a measure m, 
then x 1 , . . . , x n have a jo int distr ibution in m. Moreover, 
the condition (3 .5) i s equivalent to 

( 3 . 6 ) A . . . A A M = A X . . . A A , 

i 1 S 1 n 
for any permutation ( i ^ , . . . t i n ) of ( l , . . . , n ) , where Ax i s an 
Hermitean operator corresponding to an observable x. 

P r o o f . I t i s known [22]: that (3 .5) implies 
( • i 1 ( B 1 ) A . . , A x n ( B n ) ) i | a ! . x 1 ( E 1 ) . . . xn(Bn)Am. Hence 

1 i ± 

aiB, Bn)Am = > x ^ 1 B l ) . . . xn( nBn)Am = 
i r . . i n = 0 

- I A M = A M , 
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14 A. Dvureoenskij 

where I is the identical operator on H. Therefore a(B1 

for a l l consequently, AQ>Am, where AQ is 

the commutator of x1 xfi and m(A^) = 0. Repeating the f i r s t 
part of the proof of Theorem 2.5 we finish the proof. 

We see that measures with m(H) = <*> on a finite-dimensio-
nal Hilbert space are in some sense "pathological". Mora use-
fu l information we may obtain in an infinite-dimenoional se-
parable Hilbert space. 

L e m m a 3*6. Any &-f ini te measure on L(H) of an 
infinite-dimensional separable Hilbert space has a carrier. 
Moreover, i f m{M ) = 0 for any aeA , then m(\/ M ) = 0. 

a VaeA a/ 
P r o o f . I f m(H)<oo, then the assertion follows 

immediately from Gleason's theorem. 
Let now m(H) = °° . Define M = {P: m(P) = o } . We claim 

to show that M is an ideal of L(H). Por that i t is neoessary 
to show that i f T? , V e M , then P_vp We may limit our-x y x y 
selves with P ± P , P 4 P . The (T-finiteness of m entails 
that there is at least one three-dimensional P such that 
m(p)<oo and j?x ¿ Ü, Py 4 0. Then there is z 6 P such that 
z -L x and z l y . Applying the Lugovaja-Sherstnev lemma to 
a three-dimensional space Q := P zv P xvP^ we have that 
m(P„v P )< oo . i f not, then m(Q) = °° and P T^P„ ® Using x y x £ y 
the Oleason theorem for a f in i te measure mQ = m|L(Q) we have 
m(P xvP y ) * 0, 

Now we show that i f P„ , . . . , P „ eM , then P : = P„ V »..v y ^ yn y , , • 
VP (:J1 . Lemma 3.2 implies that m(P)<oo and Lemma 3.3 

7n 
entails that m(P) = 0o 

Define the submanifold D generated by the ideal M via 
D = {x : U ¿0} and let M be a subspace of H generated 
by D. Then M = V {P: m(P) = 0, dim P « , iPhe separability 
of a Hilbert space implies that there is a sequenoe of f i n i -
te-dimensional subspaces of H, ' - { P n } ^ » with m(Pn) = 0, such 

oo 
that M = \ / Pn. |PnJ^l.j may be choosen sucn that P1<P2< . . . . 
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The continuity of m from below entails m(M) = 0. The element 
A = Mx is a carrier of a measure m. The last assertion is m 
now evident. 

N o t e 2. The author does not know whether Lemma 3.6 
holds for a non-separable Hilbert space whose dimension is 
a non-real measurable cardinal. Por that i t is necessary and 
sufficient to show that m(M)< °° . For more details, see the 
proof of Lemma 3.9. 

The following elementary Lemma has been proved in 
L e m m a 3.7. Let M1 , . . . ,Mne L(H), where H is an 

arbitrary Hilbert space. Let ( i . j , . . . , iQ ) be any permutation 
i 1 i . 

of ( l , . . . , n ) . I f Ü 4 f e M.j /\ . . . /\ nMn, where °M := M , 
1M := M, then 

(3.7) M, . . . M, f => M1 . . . Mn f , 
31 3n 1 n 

for any permutation ( j - j , . . . , j n ) of ( l , . . . , n ) . 
T h e o r e m 3.8. L e t H b e a n infinite-dimensional 

separable Hilbert spaoe. I f x^ , . . . t x n have a joint distribu-
tion in m and at least one observable is ©-f ini te with res-
peot to m, then (3.5) holds. I f , additionally, x 1 , . . . , x n 

are bounded observables, then (3.6) holds. 
I f m is <i-finite and, for x . , , . . . ,xn there holds (3.5) , 

then x 1 t . . . , x n have a joint distribution in m. I f at least 
one observable is <J-finite with respeot to m and (3.5) 
holds, then the joint distribution is unique* 

P r o o f . Sinoe at least one observable is <5-finite 
with respect to m, we see that m is <J-finite measure, 
consequently, the oarrier of m exists. Due to Lemma 2.6. 

V s A 0 ^a ( B l Bn ) , 

where AQ is the commutator of x . j , . . . ,xn defined by (2.4). 
Therefore i f f e A m , then f e a(E., , . . . ,E ) and f is a f in i te 

linear combination of vectors from x ^ ^ E ^ A . . . A x ^ ' h i ^ 
for some j 1 , . . . , j n « 0, 1. Due to Lemma 3.7, 
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16 A. Dvureienskij 

x, (E, ) . . . XJ (B, ) f = •x 1 (B 1 ) . . . x (E ) f , i 1 i 1 n n 1 1 n n 

for any permutation of ( i 1 , . . . , i Q ) of ( l , . . . , n ) , and, conse-
quently, (3 .5) holds . 

For bounded observables, (3 .6) i s a consequenoe of the 
spectra l theorem for Hermitean operators. 

The second part of the proof i s analogous to the proof 
of Theorem 3 .5 . 

N o t e 3. Theorems 3.5 and 3.8 have been proved 
in [3»5] for s t a t e s using the consequenoe of the Gleason 
theorem that any s ta te i s a mixture of pure s t a t e s . For mea-
sures with i n f i n i t e values th i s i s not t rue , in general . In 
our proof we use the new approach: the existence of c a r r i e r s 
for G"-finite measures. 

In the following the previous Theorem w i l l be extended to 
a non-sepayable Hilbert spaoe. We r e c a l l that a cardinal I 
i s said to be non-real measurable i f there i s no pos i t ive 
measure v>, v> 4 0 on the power set of I with v ( { a } ) = 0 for 
eaoh a € I . 

P r o p o s i t i o n 3 .9 . Let H be a Hilbert spaoe 
wthose dimension i s a non-real measurable oardinal . Let o be 
a measure on L(H) with m(H) = oo . Let us put AX » v {p :m(p)«0} . 
I f at l e a s t one observable i s © - f i n i t e with respect to m 
and x 1 ( . . . , x n have a jo int d i s t r ibut ion in m, then 

(3 .8) ^ ^ i . , 1 x i ( B i ) * -

f o r an? permutation ( i ^ , . . . , ^ ) of ( 1 , . . . , n ) and a l l 
B(R^). 

I f m(AJ')<oo , m i s © - f i n i t e , and (3.8) holds , then 
x 1 , . . . , x J l have a joint d i s t r ibut ion in m. I f at l e a s t 
one observable i s S"-finite with respect to m, then the 
jo int d i s t r ibut ion i s unique. 

P r o o f . The f i r s t part of the proposition i s s imilar 
to that in Theorem 3 .8 . 
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In the Beoond part we show tha t m(A )<<*> implies m (A")= 0, 
t ha t i s , A w i l l be a c a r r i e r of m. The general ized Gleason 
theorem f o r a non-separable Hi lber t space [2l] e n t a i l s tha t 
there i s a unique operator Te Tr(H) such tha t m(P) = tr(TP) 
whenever P<AX . The operator T has a form T = £ A.̂  f ^ <S> f ^ , 

where f ± j. f ¿ , i f i / j , || f ± || = 1, f ^ H , * ± > 0, f o r any i , 

f ® f : x i — - : ( x t f ) f , x s H . Henoe m(P) = 0 i f f P _l f ± f o r any i 
(here Px denotes tha t x i f ^ f o r a l l x e P ) . Henoe, A^J. f ^ , 
f o r any i , so t h a t , m(Ax) = 0 . For the r e s t of the proof we 
apply Lemma 2 .6 . 
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