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SOME VARIETIES OF ALGEBRAS 
DEFINED BY EXTERNALLY COMPATIBLE IDENTITIES 

1. I n t r o d u c t i o n 
Let V be a v a r i e t y of F - a l g e b r a a . Let w and v be 

F-*rords. An I d e n t i t y 

w * v 

i s o a l l e d e x t e r n a l l y compat ib le i f w and v a r e the same 
v a r i a b l e o r 

w • W.j . . »Wjjf 

and 

v « • ^ . « v f 

f o r some F-worde w . j , . . . , w Q , v 1 , . . . , v n and n - a ry o p e r a t o r f 
i n F. (See [ 3 ] ) . 

For a v a r i e t y V of F - a l g e b r a e , where eaoh f i n F i s a t 
l e a s t una ry , l e t V denote t he v a r i e t y of t h e same type d e -
f i n e d by a l l e x t e r n a l y compat ib le i d e n t i t i e s s a t i s f i e d i n Y. 
Chromik [ 3 ] h a s g i v e n a r e p r e s e n t a t i o n theorem f o r a l g e b r a s 
i n V i n the case t h a t a l l f undamen ta l o p e r a t i o n s of a l g e b r a s 
i n V a re i ndempo ten t , and h a s shown how to c o n s t r u o t a b a s i s 
f o r the i d e n t i t i e s s a t i s f i e d i n V when a b a s i s f o r V i s g i v e n . 
To f o r m u l a t e Chromik 's theorem i n a form more s u i t a b l e t o our 
needs , l e t us r e o a l l two d e f i n i t i o n s . 

Let W be the o l a s s of a l l F - a l g e b r a s and U and V be s u b -
v a r i e t i e s of V. Let (A,F) be an a l g e b r a be long ing t o W. 
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2 A.Romanoweka 

A oongruenoe relation <p on (A,F) is said to be a U*V-congruen-
oe relation if {A,F)/$e belongs to the variety V and every 
<p-«lass that is a subalgebra of (A,F) belongs to the variety U. 
The class of all algebras in W having a U«V-congruence rela-
tion is called the product class U«V of U and V. (See [7]). 

An algebra (A,F) is called a constant algebra if for eaoh 
n-ary f in F the identity 

*1***xn^ " J v V 
is satisfied in (A,?). In this case we denote 

Of(A) :» x.|...x f. 

Let C(F) be the variety of all constant F-algebras. 
1.1. T h e o r e m [3]. Let V be a variety of F-alge-

bras. Suppose that for each n-ary f in F, the identity 

x...xf = X 
holds in V. An algebra (A,F) belongs to the variety V if and 
only if there is a C(F) •V-oongruenoe relation <p on (A,F) such 
that the y-olasses are subalgebras and for eaoh n-ary f 
in 9 and a.,,...,an in A 

a . j . . * a a f « O f ( a 1 . . . a n f <p) * • 

In this note we give a representation theorem of a similar 
type for algebras in a variety V in oase V satisfies more ge-
neral conditions than those of Chromik. We shpw as well that 
Chronik's method of finding a basis for the identities sa-
tisfied in V from a basis for V can be applied in this case, 
too. Some examples illustrating our results are then given. 

For basic algebraic notions we refer the reader to £4]» 
[9]. The notation is similar to that used in [4] and [9]. 
An F-word in variables x1f...,xQ is denoted by x,,...xDw and 
the corresponding derived operation w when applied to ele-
ments a1t...,an by a^...aaw. If w = x1...xQw and w = w.j...ŵ f 
for some F-words w1(...,wk and k-ary f in F( then we write 
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Varie t ies of algebra« 3 

. .•Xj lw1 . . .w^f, and we denote the resul t of the derived ope-
rat ion w when applied to elements a ^ , . . . , a n by a ^ . . . a J lw1 . . .w^f. 
Note that each externally compatible identi ty s a t i s f i e d in V 
has the font 

x^ . . .x^y^. . .y jW^. . .w n f = x ^ . . . x ^ z ^ . . . z ^ v ^ . . , v f i f 

for some n-ary f in F and F-words w ^ , . . . , « , v . j , . . . , v n , 
where one of the se ts j x , j , . . . »x^J , { y . j , . . . , y . j j and j z ^ , . . . tzjj|» 
or both the l a t t e r s e t s , may be empty. 

2. Main r e s u l t s 
In th is seotion only algebras without nullary fundamental 

operations are considered. This i s not a serious r e s t r i c t i o n , 
sinoe instead of a constant operation o, we can always i n -
troduce a unary operation o ' sa t i s fy ing the ident i ty c'(x) * 
« c ' ( y ) , without e s s e n t i a l changes in the structure of the 
algebras in question. (See [ i l ] ) . 

To formulate the main theorem, l e t us introduce some de-
f i n i t i o n s . 

Define the following sequence of Fnrords 

t * X^.v.X^f, 

X̂  • . «XgjU^ S * x ^ . . . x^f • • « x 1 . . »x^f f = 

B * 1 . . . X n U 1 ••• X1 . . .XJJ^ f 

and 

x̂  •••xfltti+1 * i , » , * n u i ••* x i ' * » x n u i f * 

Note that f o r is* 3 

( 2 . 1 ) x ^ . . . x n u i = x 1 . . . x n u 2 . . . x^-.Xj jUg u i _ 2 . 

Now l e t 7 be a variety of F-algebras and V the c lass of 
a l l F-algebras (A,F) sa t i s fy ing the following oonditiont 



4 A. Romanowska 

(2.2) there is a congruence relation <p on (AfF) such that 
(i) (AfF)/y> belongs to the variety V, 
(ii) for each n-ary f in P and a,a1,...,an, b1f...,bn 

in A, if a1...anf and b1...bnf are in a"*", then 

b-j...bnf » a ^ • • • 

Let us denote 

(2.3) Of(ay>) a-|...anf. 

2.4. T h e o r e m . Let V be a variety of F-algebras 
satisfying the identities 
(tf) x.,...xnf = x1...x1u ... xn,..xnu f 
and 
(bĵ ) »^..Xjjf • Uj ... x1...xnui f 

for some natural number i2:2, eaoh n-ary f in P, and some 
F-word u that is not just a variable. 

Let B be a basis for the Identities satisfied in V* Let B 
consist of the identities (a), (b^), all externally compatible 
identities, of B and all the identities 

W...WU = V...VU 

for esch not externally compatible identity w = v of B. 
Then the following three olasses of F-algebras coincide: 

(i) the variety W defined by B, 
(ii) the class V, 
(iii) the variety V. 

P r o o f . A. W£V. Let (A,F) be in the variety W. 
It is easy to see that the relation f defined on k by 

a cp b if and only if a...au = b...bu 

is an equivalence relation. Since by (a) for n-ary f in F 
and a^ <p b^, i = 1,...,n, we have 

- 1 1 2 -



V a r i e t i e s of a l g e b r a s 5 

( a 1 . . . a n f ) . . . ( a 1 . . . a n f ) u • 

« ( { a 1 . . . a 1 u ) . . . ( a n . . . a n u ) f ) . . . ( ( a 1 . . . a 1 u ) , . . ( a n . . . e n u ) f ) u = 

- ( ( b 1 . . . b 1 u ) . . • ( b Q . . . b Q u ) f ) . . . ( ( b 1 . . , b 1 u ) . . . ( b n . . . b Q u ) f ) u = 

= ( b 1 . . . b n f ) . . . ( b 1 . . . b Q f ) a , 

it f o l l o w s that f i s a c o n g r u e n c e r e l a t i o n . 

Let us note t h a t s u b s t i t u t i n g x.,...x af f o r e a o h x ^ , 

i - 1 , . . . , n , i n (a) w e g e t the f o l l o w i n g i d e n t i t y t 

(o) x T » » * n «2 

— ( z ^ o t X g f •>• x^««»Xjjf a) ... 

(x,|...X Qf ... X 1 . . . X Q f U)f. 

H o w i f a , a 1 t . . . , a n , b 1 , . . . , b n are i n A and 

a 1 . . . a n f 9 > b 1 . . . b f t f , t h e n by ( b ± ) , (2.1) and (o), 

a ^ . . . a Q f
 a a ^ . . . . . . a ^ . . . f 

• ( a ^ . . . a n U 2 ••• a ^ . . . a Q U 2 U j ^ ) ••• 

( a 1 . . . a n u 2 ... a ^ . . . a Q a 2 u ^ ^ J f 

• ( ( ( a ^ . . . a Q f ... a,|...a nf u ) . . . 

( a 1 . . . a n f ... a 1 . . . a Q f u)f) ... 

( ( a ^ . . . a n f ... a.j.«.8pf u) ... 

( « ^ . . • p f ... a , , . . . » ^ u ) f ) u i - r 2 ... 

( ( a 1 . . . a Q f ... a ^ i . ^ a ^ f u) ... 

( a 1 . . . a Q f ) ... a.j...a nf u)f) ... 

((a.j...a nf ... a 1 . . . a n f n) ... 

( a 1 . . . a Q f ... a 1 . . . a Q f u j f j u ^ g j f 
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6 A. Roraanowska 

= ( ( ( b 1 . . . b n f . . . b 1 . . . b f l f u) . . . 

(b^ . . . b n f . . . b^.ebj j f u) f ) . . . 

( (b^. . .b f l f . . . b^ . . .b n f a) . . . 

( b 1 . . . b J l f . . . b^.• »bjjf u ) f ) u i _ 2 . . . 

( ( b 1 . . . b n f . . . b 1 . . . b n f u) . . . 

( b 1 . . - b n f . . . b^..»bn f a ) f ) . . . 

( ( b 1 . . . b n f . . . b^ . . .b n f u} . . . 

( b r . . b n f . . . b r . . b n f a ) t )a ± ^ 2 ) t 

= (b^...bnU2 . . . b^...bnU2 ••• 

( b 1 . . . b n u 2 . . . b 1 . . . b n u 2 t^^gjf 

• . . . b^...bnUj_ f 

* b V b n f 

I t fol lows that the condition ( 2 . 2 i i ) i s s a t i s f i e d . 
Now i f the ident i ty 

belongs ttf B then the ident i ty 

w...wu • V...VU 

holds in W. Hence fo r a ^ . . . ^ , b ^ , . . . , ^ , o . ] , . . . , ^ in'A, 

a.j . . .a^b-j...bjW (p a 1 . . .a^o^.. .o^tr 
¥ 

whioh implies that (A,P)/fbelongs to V. Oonsequently (A,F) 
i s in the c lass V. 

B. V - Y« At f i r s t we sbd* that f o r an arb i t rary F-word 
x 1 . . . x k w that i s not just a va r i ab le , and f o r a - p . . . ^ in A, 
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V a r i e t i e s of a lgebras 7 

f 
(2 .5) a 1 . . . a k w = O f ( a . , . . . a k i ? ) , 

where w = w . , . . . * ^ . I f w = x 1 . . . * n f f o r some f i n F , then 

(2 .5) c o i n c i d e s wi th ( 2 . 3 ) . Now suppose that 

w = x 1 1 . . . x 1 i ^ w 1 . . . x n 1 . . . x n i ^ w n f 

f o r some n-ary f i n P and F-worda w 1 f . . . , w n . Then f o r 

a 1 1 , . . . , a 1 i ^ , . . . , a n 1 , . . . , a n i i n A, (2.3) i m p l i e s that 

a11 • • • a n i * * a 1 1 " , a 1 i / l a n 1 ' " a n i / n f = 

_ - t 
= 0 f ( a 1 1 . . . a 1 l i w 1 . . . a

n i • • , a n i n
w n f J = 

l e z t l e t 

(2 .6) - « 

be an a r b i t r a r y i d e n t i t y h o l d i n g i n V . Then the f i r s t part 

of the proof and the f a c t that ( A , F ) / p i s i n V imply that f o r 

a ^ , . . . b ^ , . . . , b j , c - j , . . . , c k i n A, 

tp 
a ^ . . . a ^ b ^ . . . . . w n f = a^. . .a^b^. . .b^w^. . .w Q f ) = 

= O f { a f . . , a £ b f . . . b J w r . . w n f ) = O f ( a f . . . a ^ c ^ . . . c ^ v r . . v n f ) = 

» O f ( a 1 . . . a i c 1 . . . c k v 1 . . . v J l f ! ( ' ' ) = a 1 . ..a^^o^.. .c^v^.. . v n f . 

Consequent ly , (2 .6) i s s a t i s f i e d i n ( A , P ) . 

C. i s ! . Obviously a l l the i d e n t i t i e s of B and hence 

a l l the i d e n t i t i e s s a t i s f i e d i n W are e x t e r n a l l y compat ib le . 

Henoe V c W. • 

Let us note that i f aP i s a f - c l a s s of an a l g e b r a (A,P) 

i n V , the elements a 1 t . . . , a n , b . | , . . . , b n are i n a ? and a.v 

i s A_subalgebra of ( A , 7 ) , then 
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8 A* Romanowska 

a ^ . . . a Q f « b 1 . . . b ^ f • 

I t fol lows tha t the a lgebras i n V may be charac te r ized as 
members of the produot o lass C(F)»V s a t i s f y i n g the condi t ion 
( 2 . 2 . 1 1 ) . 

2 .7 . C o r o l l a r y . Let V be a v a r i e t y of F -a lge -
bras s a t i s f y i n g the assumptions of Theorem 2.4 and l e t B be 
a bas i s f o r the i d e n t i t i e s s a t i s f i e d i n V. Then the i d e n t i -
t i e s of B form a bas i s f o r the i d e n t i t i e s s a t i s f i e d i n V. 
In p a r t i c u l a r , i f V has a f i n i t e bas i s f o r i t s i d e n t i t i e s , 
then so does the va r i e ty V. Q 

2 .8 . C o r o l l a r y . The c h a r a c t e r i z a t i o n given 
i n Theorem 2 .4 holds f o r v a r i e t i e s V s a t i s f y i n g one of the 
fol lowing cond i t ions j 
( i ) For each n-ary f i n P the i d e n t i t y 

z . . . z f » X 
holds i n V. 
( i i ) There are unary and non-unary operators i n F. For eaoh 
n-ary f i n F with n a 2, 

X..*xf « X) 

and f o r each unary f i n P, 

xf « x f f f 

hold i n V. 
( i l l ) For each n-ary f i n P the i d e n t i t y 

(2.8) x . . . x f . . . x . . . x f f > x 

holds i n V. 
( iv ) There are unary and non-unary opera tors i n F. For eaoh 
n-ary f i n P with n > 2 , 

X . . . x f = X) 

and f o r eaoh ufiary f i n F 

x f f » x 

hold in V. • 
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Variet ies of algebras 9 

Case ( i ) gives Chromik's Theorem 1.1. Case ( iv ) was also 
considered by Chromik [3 ] , 

3. Examples 
One ¡nay apply Theorem 2.4 to a l l va r i e t i e s V of algebras 

with idempotent fundamental operations, for example l a t t i oe s , 
(F-) semilatt ices ( in part icular b isemi la t t ices ) , modes and 
modals as defined in [9 ] , and bands (idempotent semigroups). 
Let us give one more detailed example here. In the oase that 
V i s the variety SĴ  of a l l semi lat t ices , the variety S J 
consists of oommutative semigroups sa t i s fy ing the identity 
x*y » (x«y)*(x»y) and Theorem 2.4 gives a structural characte-
r i sa t ion of such semi-groups. More general ly , Theorem 2.4 can 
be applied to any variety of semigroups sa t i s fy ing the iden-
t i t i e s 

' k k (a ) x»y * x *y t 

2 i 
(b^ x«y = (x*y) 

for some natural numbers i , k and any not externally compatible 
identity that in the oase of semigroups has the form 

X*..iXuV = X. i n 

If we oonsider groupoids instead of semigroups, the ident i -
t i e s (a) and (b^) take the form 

(a") x«y - (x . . . xu )* (y i . . . yu ) , 

(b'^) x*y = (xyu^) • (xyu^), 

and each externally compatible identity has the forfn 
X^ . . . XJJW » X . 

Final ly , aocordir^g to Corollary 2.8 Theorem 2.4 may be 
applied to a l l va r i e t i e s of algebras with idempotent n-ary p-
operations with n>2 and nonidempotent unary operations as 
for example Boolean algebras, p-algebras, double p-algebrais, 
de Morgan algebras (as defined in [1 ] ) , then to pM-algebras 
[8] , to ortholattioes [6] and mare general polarity l a t t ipes [10] 
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10 A. Romanowska 

and to closure algebras [2] . (In a l l these algebras with 
la t t ioe structure, the F-word u i s taken to be x + y ) . 
The case of distributive p-algebras was considered independent-
ly in [5] . Theorem 2.4 do not apply to algebras having a group 
structure. For var ie t ies V of suoh algebras the problem of 
characterising algebras in V remains open. 
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