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SOME VARIETIES OF ALGEBRAS
DEFINED BY EXTERNALLY COMPATIBLE IDENTITIES

1« Introduction
let V be a variety of P-algebras., Let w and v Dbe
F-words. An identity

=Y

is ocalled externally compatible if w and v are the same
variable or

W= '1ooo'nf
and

vV = 11...vnf

for some Fe-words WiseoosWoy Viseaey¥y and n-ary operator f
in F. (See [3]).

For a variety V of F-algebras, where each f 4in F is at
least unary, let V denote the variety of the same type de-
fined by all externaly compatible identities satisfied in V.
Chromik [3] has given a representation theorem for algsbras
in ¥ in the case that all fundamental operations of algebras
in V are indempotent, and has shown how to construct a basis
for the identities satisfied in V when a basis for V is given.
To formulate Chromik’e theorem in a form more suitable to our
needs, let us recall two definitions.

Let W be the class of all F-glgebras and U and V be sub-
varieties of W. Let (A,P) be an algebra belonging to W.
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2 A.Romanowska

A oongruence relation ¢ on (A,F) is sald to be a UrV-congruen-
oe relation if (A,F)/¢ belongs to the variety V and every
¢¥class that is a subalgebra of (A,F) belongs to the variety U.
The olass of all algebras in W having a U*V-congruence rela-
tion is called the product class U.V of U and V. (See [7])e

An algebra (4A,F) is called a constant algebra if for each
n-ary f in P the identity

x1oloxnf = y1...7nf
is satisfied in (A,F). In this case we denote
Of(A) = 11...xnf.

Let C(F) be the variety of all constant F-algebras.
14t¢ Theorem [3]. LetV be a variety of F-alge-
bras, Suppose that for easch n-ary f in F, the identity

XeoeXf = x

hdlds in V. An algebra {A,F) belongs to the variety V if and
only if there is a C(F)eV-congruence relation ¢ on (A,F) such
that the ¢~classes are subalgebrae and for each n-ary f

in P and B r0c0s8y in A

a1...anf = Of(a1...anﬂ¢). 0

In this note we give a repreasentation theorem of a similar
type for algebras in a variety V in case V satisfies more ge~
neral conditions than those of Chremik. We show as well that
Chromik ‘s method of finding a basis for the identities sa-
tisfied in V from a basis for ¥V can be applied in this case,
too. Some examples illustrating our results are then given.

Yor basic algebralc notions we refer the reader to [4],
[9]« The notation is similar to that used in [4] and [9].

An P-word in variables XyyeeesX) is denoted by XqeooX W and

the corresponding derived operation W when applied to ele~
ments &,,..0,8, by 31...ani. Ifw= XieoeX W and w==w1...wkf
for some F-words WiseeoyWy and k-ary £ in F, then we writq
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Varieties of algebras 3

x1...xnw1...wkf, and we denote the result of the derived ope-
ration W when applied to elemenis Bysecey8) by a1...anw1...ka.
Note that each externslly compatible identity satisfied in ¥V
has the form

X1acoxiy1 oooij.l .oownf = x1 . -oxiz1oo.zkv1o ..an

for some n~-ary f in F and F-words WaseoesWoy ViseeeyV,
where one of the sets {x1,...,xi}, {11,...,33} and {21,...,zk},
or both the latter sets, may be empty.

2. Main results

In this seotion only algebras without nullary fundamental
operations are considered. This is not a ssrious restriotion,
sinoe instead of a constant operation o, we can always in-
troduce s unary operation ¢’ satisfying the identity c¢’(x) =
= ¢’ (y), without essential changes in the structure of the
algedbras in question. (See [11]).

To formulate the main theorem, let us introduce some de-
finitions.

Define the following sequence of F-words

XqeoeXplly 3= x1...xnf,
11...xnu2 = x1...xnf vee x1...xnf f =

= x.‘oo.xnu.] ese X1-..xnu1 bid

and

!1-..xnu.1+1 = x1...xnui coe 11...xnui f.

Note that for i>3

(2.1) x1...1nui = x1.-.xnu2 sve X1...Xnu2 u.i_z.

Now let V be 2 variety of F-algebras and i the class of
all F-algebras (A,F) satisfying the following condition:
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4 A, Romanowska

(2.2) there is a congrusnce relation ¢ on (A,F) such that
(1) (4,F)/p belongs to the variety V,
(ii) for each n-ary f in F and a_,‘a.‘,oo‘.an’ b.‘,oon’bn
in &, if @j..e8,f and bo..eb £ are in a®, then

b1ooobnf = 81'ooanfo
Let us denote

(2.3) Of(aSD) = a1aooanfo

2¢4. Theorems. LetV be a variety of F-algebras
satisfying the identities

(" x1000xnf = X1...x1u LI ) xnoooxnu f
and
(bi) ' 11...xnf = x1o.oxnu:i see X1-..xnui f

for some natural number i>2, each n-ary f -in F, and some
P-word u that is not just a variable.

" Let B be & basis for the identities satisfied in V. Let B
consist of the identities (a), (by), all externally compatible
icentities of B and all the identities

WeeeWll = VaeoVU

for each not externally oompatible identity w = v of B,
Then the following three olagses of F-algebras coincide:

(i) the variety W defined by B,

(i1) the olass ¥,

{1i11) the variety V. »
Proof. & WcV. Let (A,F) be in the variety W.

It is easy to see that the relation ¢ defined on 4 by

a ¢ b if and only if a...8d = b..ebu

is an equivalence relation, Since by {(a) for n-ary £ in F
and ai wbi’ i= 1'ooc’n, we hava
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Varieties of algebras

(81...anf)...(a1...anf)ﬁ =
= ((31...a1E)...(an...ani)f)...((31...313)...(an...eni)f)ﬁ =
= ((b1-.ob1ﬁ)OOQ(bnooobnE,f)ooo((b1ooob1ﬁ)ooo(bn-oobnﬁ)f):ll =
= (b1ooobnf)...(b1...bnf)i,

it follows that ¢ is a congrusnce relation,
Let us note that substituting 11...xnf for each Xy
1 = 1,s0eon, in (a) we get the following identity:

(0) x1...xn 112
= (x1cooxnf see x.‘ncoxnf Il) eee

(x1oooxnf XX} x1oooxnf u)fo
Now if a, 31,ooo,an, b1,ooo’bn are in A and
810.0anf ¢ b1.0.bnf, then by (bi)' (2.1) and (O),
81.ooanf = 81...anu1 XX 81oooanui £
= v(a1oooann2 see 81-..anu2 ui_z) ses

(B1o.oanu2 eee 81oboanu2 ui—z)f

= (((a.‘...a‘_nf ess a1oooﬂnf n)ooo
(81cooanf oo a1oooanf u)f) oo
((a.,...anf Y 31...apf u) e
(‘1ooclnt veoo 81oooanf u)f)ui’2 xXX3
((a1o.oanf oo ‘1-ooﬂnf u) oo
(ﬂ.‘ooosnf) ose 81oooanf u)f) eve
((B-lcooanf eoe a1oooanf n) XX

(B1o.-anf see a1ooo.nf u)f)ui_z)f
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6 A, Romanowsks

= (({byeeeb, f vee Dyeeed,f u) oue
(byeaab, f ees Doeesh f ulf) oo
((Dieasd f vee biossd £ 1) oo
(Dyeeed £ eee Doeaed f uifluy 5 oee
({bgeesd,f ses byevoby f u) ooe
(byeeebpf coe Dieesb f W) oo
({(byeeed T aee Dyaeab £ u) e

(b1'.obnf s b‘]’"bnf u)f)ui_2)f

(bgeeebply coe Dreaabply Uy _5) oo
(byeesbily eos Dyeaebpuy u; o)t

= biecebply oo bieeebpuy £

= byeedby?

It follows that the condition (2.211) is satisfied.
Now if the identity

x1...xiy1...3jw = x1...xiz1...zkv
belongs t¢ B then the identity
WeeaWll = VeooVil
holds in W. Hence for BysecesBy, b1,.;.,bj, Oqrecesly in-a,
a1...aib1...bdi @ e1...aio1...oki

which implies that (A,F)/ pbelongs to V. Oonsequently (4A,F)
is in the class f.

B. VeV, At first we shdw that for an arbitrary F-word
XyeeeXyW that is not just a variable, and for a;,eee,8y in A,
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— L4
(205) a1oooakw = Of(a1...akw ).
where w = w1...wnf. Ifw= x1...xnf for some f 1in F, then
(2.5) coincides with (2.3). Now suppose that

wnf

W = x11QOQX1i '1 soe xn1o..xnin

1

for some n-ary f in F and F-words WasaeosWpe Then for
a11""’°1i1""’an1”“’anin in A, (2.,3) implies that

8440008 W= 8..0008 w seees 8 _4ee0el8 w, f =
11°°° 7l 11 11,1 n1 ni “n \
= 0f(311oooa111;1 cee an1...ani Wn by ’ =
¢
= of(811.ooani;i )g
Néxt let
(206)~ x1oc.x1y1ooaij1oo.wnf = x1oooxiz1ooozkv1oo.vnf

be an arbitrary identity holding in V. Then the first part
of the proof and the fact that (A,P)/¢is in ¥ imply that for

31,0'0,31, b1,-oo,bj’ C1,o-o,ck in A,

[ JU— ]
a1osoaib1ooobjw1ooownf = Of(a1...aib1...bjw1...wnf ) =

= 14 14 =
= Of(a‘f..,a‘fbg’...b‘gw1...wnf) = Of(ai"...afcr..ckvr..vnf) =

____._—-———¢ —_—
= Of(a1oooaic1uoockv1o-.an ) = 81...ai0T.oockv1o.oan.

Consequently, (2.6) is satiafied in (4,F).

C. VG W. Obviously all the identities of B and hence
all the identities satisfied in W are externally compatibls.
Hence Vo W. O

Let us note that if a¥ is a ¥ -class of an algebra (4,F)
in V, the elements 8yse0098ys Dyyece,by are in a? ani a¥
is a_subalgebra of (A,F}, then
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8 A, Romanowska

81...anf = b1ooobnf.

It follows that the algebras in V may be characterized as
members of the product olass C(F)eV satisfying the condition
(2.2.41),

2.7« Coro0llary. Let V be a variety of F-alge=-
bras satlsfying the assumptions of Theorem 2.4 and let B be
a basis for the 1dentities satisfied in V., Then the identi-
ties of B form a basis for the identities satisfied in V.

In particular, if V has a finite basis for 1its identities,
then so does the variety V., O

2,8, Corollary.,. The characterization given
in Theorem 2.4 holds for varisties V satisfying one of the
following conditions:

(1) For each n-ary f in P the identity

Xeooxf = X
holds in V.
(i1) There are unary and non=-unary operators in F, For eaoh
n-ary f in F with nz2,
Xeeoxf = X}
and for each unary £ in P,
xf = xfff
hold in V,
(111) For each n~ary f 1in F the identity
(208) XeoeoXL coe XeooXf f = x

holds in ¥V,
(iv) There are unary and non-unary operators in F. For each
neary f in F with nz2,

XeooXf = x3
and for each uBary f in F

xff = x
hold in ¥V, O
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Varieties of algabras 9

Case (i) gives Chromik’s Theorem 1.1. Case (iv) was aleo
considered by Chroamik [3].

3. Bxamples

One aay apply Theorsm 2.4 to all varieties V of algebras
with ideapotsnt fundamental operations, for example lattioces,
(F-) semilattices {in particular bisemilattices), modes and
modals as defined in [9], and bands (idempotent semigroups).
Let us give one more detailed example here. In the case that
V is the variety S¢ of all semilattices, the variety S¢
consists of ocommutative semigroups satisfying the identity
xey = (xey)e(xey) and Theorem 2,4 gives a siructural charactse-
risation of such semi-groups. More generally, Theorem 2.4 can
be applied to any variety of semigroups satisfying the iden=-
tities

(a’) Xy = x5e3%;

[ 21
(by) x°y = (xey)

for some natural numbers 1, k and any not externally compatible
identity that in the case of semigroups has the fora

Xsoe0eX W = X,

1 n

If we consider groupoids instead of semigroups, the identi~
ties (a) and (bi) take the form

(a"”) Xey = (Xeooxu)*(Foseyul,
(b3) xey = (xyuy)el{xyyy),

and each externally compatible identity has the forh
XqeseX W = Xo

Finally, according to Corollary 2,8 Theorem 2.4 may be
applied to all varietises of algebras with idempotent n-ary F-
operations with n>2 and nonidempotent unary operations as
for example Boolean algebras, p-algebras, double p-algebras,
de Morgan algebras (as definad in [1]), then to pM-algebras
[8], to ortholattices [:6] and more general polarity lattices [10]
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10 A, Romanowska

and to olosure algebras [2]. (In all these algebras with
lattioe structure, the P-word u is taken to be x + y).

The case of distributive p-algebras was considered independent-
1y in [5]. Theorem 2.4 do not apply to algebras having a group
structure, For varieties V of such algebras the problen of
characterising algebras in i remains open,.
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