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EXTERNALLY COMPATIBLE IDENTITIES 
IN PSEUDOCOMPLEMENTED DISTRIBUTIVE LATTICES 

We deal with g e n e r a l i s a t i o n s of pseudooomplemented d i s t r i -
bu t ive l e t t i o e s i n connect ion wi th e x t e r n a l l y compatible i d e n -
t i t i e s in t roduced by W. Chromik i n [1 ] . 

Let K be a v a r i e t y of type r i T —- N U {o}, where T i s 
a nonempty s e t and £ denotes the s e t of a l l p o s i t i v e i n t e g e r s . 
By i d e n t i t i e s of type r we mean express ions of the form 
p = q , where p,q are n-ary polynomial symbols of type r f o r 
some n e N u { o } (see [ 2 ] ) . 

An I d e n t i t y p • q i s c a l l e d e x t e r n a l l y compatible i f i t 
i s of the form x • x or of the form f ^ ( p 1 , . . . j ) -
- f t ^ - ) » , , * ' ( J r ( t ) ' f o r S 0 B 0 P o l 7 n o m i a l symbols p., , . . . , p r ^ t ) , 

(t) 8 0 m e ^ ^ ^ s n t a l opera t ion symbol f t (see [ 1 ] ) , 
I f K i s a v a r i e t y of a lgeb ra s of type r , then S(K) (Ex(K)) 

denotes the s e t of a l l i d e n t i t i e s ( a l l e x t e r n a l l y oompatible 
i d e n t i t i e s ) s a t i s f i e d in K. 

I f S i s a s e t of i d e n t i t i e s of type r , then V(S) denotes 
the v a r i e t y def ined by 3 . 

In [1] r e p r e s e n t a t i o n theorems f o r a lgebras of V>(5x(E)) 
are given f o r some v a r i e t i e s K, namely, when K i s an idem-
potent v a r i e t y or K i s a v a r i e t y w i th unary ope ra t ion symbol f 
suoh t h a t f ( f ( x ) ) «= x b e l o n g s t o B(K) and any ope ra t i on sym-
bol g d i f f e r e n t from f i s idempotent . Sxamples of such o l a s s e s 
are the c l a s s of a l l d i s t r i b u t i v e l a t t i c e s and the o l a s s of 
a l l Boolean a l g e b r a s . Moreover,the f i n i t e equa t iona l base f o r 
V(Ex(K)J i n these both oases i s g iven . 
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2 K.Haikowslca 

The aim o f t h i s note i s t o prove a r e p r e s e n t a t i o n theorem 
f o r a l g e b r a s of V ( 5 x ( K ) ) and c o n s t r u c t a f i n i t e e q u a t i o n a l 
base f o r V ( 5 x ( K ) ) i n the case K i s the c l a s s o f a l l pseudo-
complemented d i s t r i b u t i v e l a t t i c e s . 

From now on we s h a l l o o n s i d e r only a l g e b r a s with two b i -
nary fundamental o p e r a t i o n s + and * and one unary fundamental 
o p e r a t i o n ' . 

Let us denote by £ the system o f the f o l l o w i n g i d e n t i -
t i e s ! 
( 1 ) (x+y)+z » x + ( y + z ) , 
( 2 ) ( x * y ) . z - x . ( y z ) , 
( 3 ) x+y - y+x, 
( 4 ) x*y • y*xi, , 
( 5 ) x+y - (x+x)+y , 
( 6 ) x«y « ( x + x ) * y , 
( 7 ) x»y - ( x * x ) * x , 
( 8 ) ( x + x ) ' - x ' , 
( 9 ) x ' " « x ' . 

T h e o r e m 1 . L e t K b e a v a r i e t y o f a l g e b r a s with 
two b inary o p e r a t i o n s + and • and one unary ' . Let £ c B ( K ) . 
An a l g e b r a a - U » + , » , ' ) be longs t o t ( B x ( K ) ) i f f t h e r e e x i s t s 
a congruence ~ on (X s a t i s f y i n g the fo l lowing« 

( i ) u r / ~ e K . 
( i i ) For each a e A t h e r e e x i s t s e x a c t l y one e lemsnt 

0 + ( [ a ] ) 6 [ a ] suoh t h a t 

b+c = 0 + ( [ b ] + [ o ] ) f o r a l l b , c e A. 

( i i i ) For each a e A t h e r e e x i s t s e x a c t l y one element 

{ [ » ] ) ' 6 W 8 U o j l * h a t 

b * c « 0 # ( [ b ] « [ e ] ) f o r a l l b , o € A . 

( i v ) For each a e A t h e r e e x i s t s e x a e t l y one element 

0/ ( [ • ' ] ) 6 [ • ' ] B l " h * h a t f o r ^ e A , [b ' J - [ a ' J imply 
b' - o , ( [ > ' ] ) . 
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B x t e r n a l l y o o n l p a t i b l e i d e n t i t i a a 3 

P r o o f . ( = > ) On t h e s e t A we d e f i n e t h e r e l a t i o n 

~ by s e t t i n g ( s e e [ 3 ] ) « 

a ~ b i f f a + a = b + b f o r a l l a , b e A. 

O b v i o u s l y ~ i s a n e q u i v a l e n c e r e l a t i o n o n CI . L e t a ~ b 
and o ~ d f o r a , b , c , d e A . T h e n { a + c ) + ( a + o ) = ( a + a ) + ( o + o ) = 
» ( b + b ) + ( d + d ) = ( b + d ) + ( b + d ) by ( 1 ) and ( 3 ) . S i m i l a r l y , 
u s i n g ( 2 ) and ( 4 ) we g e t a * o ~ b * d . F u r t h e r , by ( 8 ) we h a v e 
a ' + a ' = ( a + a ) ' + ( a + a ) ' = ( b + b ) ' + ( b + b ) ' = b ' + b ' w h a t p r o v e s 
t h a t ~ i s a c o n g r u e n c e on CJt* 

L e t p = p ( x 1 , . . . , x B ) , q = t y n ) and ( p«=q ) e B ( K ) . 

T h e n ( p + p » q + q j e B x ( K ) . H e n c e f o r a ^ , . . . , a B , b 1 , . . . , b Q i n A we 
h a v e [ p ( a 1 , . . . , a n ) ] = [ q ( b 1 , . . . , b n ) ] . Thus C i / ~ e K . 

L e t a e A and b , c , d , e e [ a ] . T h e n by ( 5 ) , b + c = ( b + b ) + ( c + o ) = 

• ( d + d ) + ( e + e ) = d + e . Henoe b + c i s a c o n s t a n t i n [ a ] and we 
o a n d e f i n e 0 + ( [ a ] ) = b + c f o r any b , c e [ • ] . S i n o e a + a ~ a 

i t f o l l o w s t h a t 0 + ( [ « ] ) e [ a ] . A n a l o g o u s l y , u s i n g ( 7 ) , we p r o v e 
t h a t b * o i s a c o n s t a n t i n [ a ] and we o a n d e f i n e 0 ( ( [ a ] ) * b * o 
f o r any b , c e Q a ] . 

Now l e t a e A and b , c e [ a ] , T h e n by ( 8 ) , b ' = ( b + b ) ' « 
=• ( o + o ) ' = c ' . H e n o e f o r any b e [ a ] , b' i a o o n s t a n t i n [ a ' ] 
and we o a n d e f i n e O ^ H « ' ] ) = a ' . I f b e A and [ b ' ] * [ V ] » 
t h e n by ( 9 ) and ( 8 ) , b' = b'" - ( b ' + b ' ) " = ( a ' + a ' ) " - a"' = a ' -
= 0 , ( [ a ' ] ) . 

L e t a , b e A. T h e n by ( 1 ) , ( 3 ) , ( 5 ) we h a v e ( a + b ) + ( a + b ) -
« a + b , w h e n o e a+b « 0 + ( [ a + b ] ) » 0 + ( [ a ] + [ b ] ) . A n a l o g o u s l y by 
( 2 ) , ( 4 ) , ( 7 ) a « b « 0 # ( [ a ] . [ b ] ) . 

L e t ( p « q ) e B x ( K ) , w h e r e p>q i s n o t o f t h e f o r m x * x . 
T h e n t h e r e e x i s t some p o l y n o m i a l s y m b o l s p^ , p 2 > q . i f<J2 s u c h 
t h a t p = p^+pg and q * q 1 + Q 2

 o r P " P-| P2 a n c 3 ^ * 1 3 1^2 o r 

p * p^ and q = q ^ . 

L e t p = q be o f t h e f o r m P^+P 2 * <3-|+<52* S i n c e E x ( K ) < = B ( K ) t 

t h e n t h e a l g e b r a ( J l s a t i s f i e s p = q . T h e r e f o r e , f o r 

a V ' » a m » b l » ' * ' , b n i n A w e h a l f 9 [ P ( a 1 » ' " » a m ) ] * 
• [ ( j ( b i i»" a n d » b y p f a i » * * , , a m ' • P - | ( a i » * , , , a i ^ + 
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4 K.Haikowska 

+ p 2 ( a 1 f . . . , a m ) = 0 + ( [ p 1 ( a 1 , . . . , a m ) ] + [ p 2 { a 1 t . . . t a m ) ] ) -
• 0 + ( [ p ( a 1 , . . . , a o ) ] ) = 0 + ( [ q ( b 1 , . . . , b n ) ] ) - q ( b 1 , b n ) . 
Thus the i d e n t i t y p = q i s s a t i s f i e d i n Or. The proof f o r 
p = P-i*P2 a n d q " i s a n a l ° 6 0 U S * 

Let p » p!j and q • q'.,. Then by ( i v ) we have p ( a . j , . . . ,am ) » 
= P1 ( a 1 , . . . , a 0 ) ' - 0 / ( [ p 1 ( a 1 a m ) ] ' ) - 0 / ( f > i ( b i .•••»bnJ]/) I-
- q 1 ( b 1 , « . . t b Q ) / - q ( b 1 t . . . , b n ) f o r a l l a 1 , . . . , a m , b 1 . . , b B e A. 
Thus , the i d e n t i t y p - q i s s a t i s f i e d i n c t . 

T h e o r e m 2. I f K i s a v a r i e t y such that E c E ( K ) 

and B i s an e q u a t i o n a l base f o r K t then L U B*, where 
( p - q ) e B i f f (p+p > q + q ) e B * , form an e q u a t i o n a l base f o r 
V ( E x ( K ) ) . 

P r o o f . We show that V ( B * U ) = V ( E x ( K ) ) . I t i s 
obvious that B*U £ c BX(K) and V ( B x ( K ) ) c V (B* u E ) , 

Let Ol e V ( B * U ZL On the set A we def ine the r e l a -
t i o n ~ by s e t t i n g ! 

a ~ b i f f a+a * b+b f o r a l l a t b e A. 

I t i s easy to check that ~ s a t i s f i e s c o n d i t i o n s o f Theorem 1« 
I t f o l l o w s t h a t CJte V ( B i ( K ) ) . 

C o r o l l a r y 1, I f B i s f i n i t e , then V ( B z ( K ) ) 
i s f i n i t e l y based* 

I t i s known that the f o l l o w i n g i d e n t i t i e s form a base 
f o r t h e v a r i e t y L o f a l l pseud»complemented d i s t r i b u t i v e 
l a t t i c e s "(see [ 4 ] ) i 
(L1) (x+y)+a - x + ( y + z ) , 
(L2) ( x « y ) » z - x » ( y * z ) , 
(L3) x+y - y + x , 
(L4) x*y • y « x , 
(L5) x+x = x , 
(L6) x « x » x, 

(L7) x+x«y - x , 
(L8) x* (y+z ) - x » y + x « z , 
(L9) x . x ' - y y ' f 

(L10) x » ( x * y ) ' - x . y ' , 
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External ly compatible i d e n t i t i e s 5 

(L11) x . ( x . x ' ) ' = x, 
(L12) ( x . x ' ) " = x . x ' . 

Note tha t pseudocomplemected d i s t r i b u t i v e l a t t i c e s s a t i s f y 
i d e n t i t i e s (1) - (9) and L c B i ( I ) . 

C o r o l l a r y 2. An algebra ( A j + , • , ' ) belongs 
to V(Bx(L)) i f f the i d e n t i t i e s (1) - (9) and 
(10) x . x ' = y . y ' , 
(11) x . ( x . y ) ' = x»y ' , 
(12) x ' i x ' x ' + x ' i x ' x ' ) ' = x+x, 
(13) [ x ' x ' ) " ) " = x . x ' + x . x ' , 
(14) X'X+y » x+y, 
(15) x+x»y = x+x, 
(16) x»(y+z)+x«(y+z) » x*y+x«z 
are s a t i s f i e d i n (X . 
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