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THEORIES OF DEDUCTIVE SYSTEMS EQUIVALENT TO T w 

This note i s to present some recent improvements in a 
s e n t e n t i a l oalculus named W, and, mainly, in a theory of de-
ductive systems, s t rongly adequate to i t named Therefore , 
only indispensable d e f i n i t i o n s and theorems of e a r l i e r papers 
are quoted he re ; a f u l l survey of previous r e s u l t s may be 
found i n [2] . There i s a comprehensive bibliography also t h e r e . 
F i n a l l y , present no ta t ion and terminology are those of [2] 
as we l l . 

By the system W we mean the fol lowing s e n t e n t i a l caloulus 
given ax iomat ica l ly : 

i t s pr imit ive terms are f u n c t o r s => , a , and ~ , s tanding 
f o r impl ica t ion , conj u/nction, and negat ion, r e s p e c t i v e l y ; 

i t s axioms - the expressions denoted with the funotors 
and s e n t e n t i a l va r i ab l e s p, q , r : 

A1. (p =s»q) =>((q =>r ) 
A2. p =>(q = > p ) , 
A3. ((p=s-q) =>p) 
A4. P A q = > p , 
A5. P A q = ^ q , 
A6. p=>(q =£» P A q ) , 
A7. p =>(~p =>q ) , 

The theory Tw has been presented i n [1]. The r e s u l t s dea l t 
here with were announced f i r s t at the Conference on Universal 
Algebra held at the Pedagogical Universi ty in Opole ( J a m o i -
t<5wek), May 23-27, 1984. 
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2 A.Morawleo, K.Pirdg-Bzepecka 

A8. ~ (~p) p, 
A9. p=t» ~ (~p ) , 
A10. p = i > ( ( q = > ^ q ) = * » ~ {P =£-<3 ) ) > 
A11. ~ (p A q ) =t» ~ (q A p ) , 
A12. ~ ( p A q ) = > ( ( p=> ^ p )=s*~ p), 
A13. p A ~ q =s» p A q ) , 
A14. ~p A ~ q ~ ( p a q ) ; 

and i ts rules of inference - the modus ponens for =s>- and 
the substitution rule . 

Subsequently, the notions of formula of W (or V - formula), 
theorem of W, provability, and derivabil ity in W, are defined 
in the usual way. 

a. The system V i s equivalent to the sentential oalculus 
determined by the three-valued matrix: 

« 3 = < { L , 0 , 1 / 2 } , { L } , = S > , A , ~ > , 

with functions = ^ > , A , and ~ defined by the truth-tables: 

1 0 1/2 A 1 0 1/2 

1 1 0 0 1 1 0 1/2 1 0 
0 1 1 1 0 0 0 1/2 0 1 

1/2 1 1 1 1/2 1/2 1/2 1/2 1/2 1/2 

In previous considerations on W the following notion of 
essential variable of a formula of W has been an important 
one: 

i f the formula is a sentential variable, this variable is 
i t s only essential one; 

i f the formula i s of the form then i t s a l l and only 
essential variables are these of 99; 

i f the formula is of the form <pAy, then itB a l l and 
only essential variables are both these of <p and of y ; 

HO variable i s ar. essent ia l one of 
This notion has been used in constructing a suppositional 

system of W, a theory of deductive systems, strongly adequate 
to i t , and in describing classes of these two-valued tautolo-
gies , which are also U^-tautologies. 
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Theories of deductive systems 3 

I t appears that the property "to be an essential variable 
of a formula", though obviously external of W, may be, in some 
sense, expressed in i t . Before the appropriate statement.is 
given, let us quote theorems from [2] used l a t e r in i t s proof: 

b. For every formula <p of W and every valuation h in 
M ,̂ i f fa.{93) = 1 / 2 , then there exists an essential variable p 
of 9 such that h(p) = 1 / 2 . 

c_. A variable p i s an essential one of <p i f f f o r every 
valuation h in M̂  h(p) = 1 / 2 implies h(9) = 1 / 2 . 

The following remark i s also helpful f o r the proof: 
I f p i s a sentential variable and h - a valuation in M^, 

then 

1 . h(~p=*»p) = 

and 

1 i f f h(p) ¿ 0 

0 i f f h(p) = 0, 

1 i f f h(p) 4 1 / 2 
2 . h( (~p => p) =s> p) 

[ 0 i f f h(p) = 1 / 2 . 

Given formulas of an axiom systems L 
, . . fjj " denotes the predicate of derivabil i ty from 

the set 1 , . . . ] in I and " i^-" denotes the predicate of 
provability in i t , in what follows. 

T h e o r e m 1. I f 50 and if are arbitrary formula» 
of W, then every essential variable of if i s an essential 
one of (p i f f 

I—i('-<P=s> 9) V ifj. 

W 
P r o o f . Given <p and if formulas of W, i t ia enough, 

by a»t prove the followingt 
every essential variable of f i s this of <p i f f 

<p) =s><p) =*>((- if =s> ifj=s> if) i s M^-tautology. 

By way of contradiction, assume f i r s t that every essential 
variable of if i s an essential one of and that there i s 
a valuation h in Mj such that 
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Then by the truth-table of = > 

h{(~y)=$-<p)=xp) = h(~tp=>tj;) = 1 

and h(y) i 1, hence, by 1. and 2. , 
3. h{(p) 4 1/2 and h(y) = 1/2. 
Now, use b̂  to get 3uch an essential variable p of f 

that h(p) = 1/2; by assumption, p i s also an essential va-
r iable of 9 f so by c. h{(p) = 1/2, which contradicts 3. 

Suppose now that there exists p, an essential variable 
of y not being an essential one of <p . Then by b. and c.. 
for h, a valuation in M̂  that takes the value 1/2 for p 
only 

h(y) = 1/2 and h(<p) 4 1/2. 

Thus 2. and the table of => y ie ld 

h( ((~<p=z> (p) <p) =>( i f ) ) = 0, 

which ends the proof. 

We conclude this section with some consequenoes of the 
above theorem. 

C o r o l l a r y 1. For every formula <p of W and 
every sentential variable p 

i . p i s an essential variable of <p i f f 

f̂ - ( p =5» $D) =>(p) = > p =i> p ) =>p ) ; 

i i . no variable i s an essential one of cp i f f 

C o r o l l a r y 2. For ,<p2,... ,<pn, , arbitrary 
formulas of W, every essential variable of if is an essential 
one of at least one of 9>i »9'2,***'9>n 
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Theories of deductive aystems 5 

=s> (...=*>(((~5Pn=>yn)=> ( Y ) ) . . . ) . 

A suppositional system of W, as described in [ 2 ], may b9 
now modified and, in fact, simplified wi*h Corollary 2, but 
we are not going into this here* 

The rest of the paper concerns the theory of deductive 
systems presented in [ 1 ]. This theory is an extension of 
Zermalo-Fraenkel set theory therefore only the new terms and 
axioms are disoussed below. 

Primitive terms of Ty are 

S, Cn, =i> , 

with S - a set, Cn - a function taking the power se,t P(S) 
into itself, and =S> , A - namo3 for th9 corresponding pri-
mitive terms of W. (The use of the same notation for those 
and their names does not, however, lead to any clashes). 

To formulate axioms of Tff, and of theories related to it, 
some more notation and notions are needed: 

the lower-case x,y,z,... denote, from now on, elements 
of S while the upper-case X,Y,Z,... - its subsets; 

as a Tw-name of a ¿»formula <p its S-substitution is 
taken; where by an S-substitution of a W-formula we mean 
any expression resulting from <p after all its sentential 
variables are replaoed with some of the variables x,y,z,..., 
provided that the same-shaped sentential variables are re-
plaoed with the same-shaped from among x,y,z,... 

essential variable of an S-substitution of <p is defined 
analogously to that of <p itself, i.e. 

a variable x is an essential one of an S-substitution 
of a W-formula <p iff a sentential variable p replaoed 
in <p by x is an essential one of <p . 
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The following expressions are the. axioms of 
h . s = y>0, 
12, XECnXçS, 
T3. CnCnX = CnX, 
T4. if XeY, then CnXsCnY, 
T5. if X€ CnX, then there exists Y, a finite subset 

of X Buch that x e CnY, 
T6. x=> y, x a y, ~xe S, 
T7. x=s» y e CnX iff yeCn(Xu{x}), 
T8. Cn{x,y} = CnfxAj} , 
T9. Cnjx, ~ x} = S, 
T10. x=s» y e CnX iff Cn(X U {x a (y ~ y )} ) - S, 
T11. if Cn { y > A ~ i ) / } = S, then ye CnA, 
T12. if Cn {x, jDA = S, then X=*> (ç>=>- y ) e Cn A , 

where <p, if, and X are S-substitutions of W-formulas such 
that in thè scheme T11 every essential variable of y is 
this of , and in T12 every essential variable of y is 
this of X . 

It is known (see [1]} that T̂ , is strongly adequate (see [3]) 
to W, i.e. in one may prove that all S-substitutiona of the 
axioms of W are~in C n A and one may also prove evipry expression 
obtained from any of the axioms T1-T12 by exchanging every 
occurenoe of Cn with Cn^, where Cn^ is the oonsequenoe funo-
tion determined by W. ~~ 

Now, let Ty be the theory resulting from T w by replacing 
the axioms T9 ând T1Û, with the following single oaet 

T9'. x e CnX iff Cn(XU {x=s>~x}) = S, 
and by omitting the scheme T12. 

T h e o r e m 2. The theories T w and T^ are equivalent 
to each other. 

The proof consists of three lemmas on T, the theox? ob-
tained from T w by omitting the axiomB T9, T10,and the sché-
mas T11, T12.~ 
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L e m m a 1. 
i . t^-xeCnX i f f Cn(Xu{x}) = CnX, 

i i . •_ i f xeCnX and x ^ y g C n X , then yeCnX, 

i i i . Cn{x, ~x} = Cnjx, x = ^ ~ x } . 

This i s an easy consequenoe of T2, T3. T4, and T7. 
L e m m a 2. 

H-(Cn{x,~x} » S and ( x = > y e CnX i f f Cn(X u {x A (y=s> ~ y ) } ) - S)) 

i f f (xeCnX i f f Cn(X U {x=s» ~ x}) = S ) . 

In other words, t̂ - ((T9 and T10) i f f T 9 ' ) . 

P r o o f . F i r s t , suppose 

Cn{x,~ x} « S 

and 

x=>yeCnX i f f Cn(XU {x A ~ y ) } » S, 

and l e t x e CnX. Then obviously 

xeCn(Xu{x=s . ~ x } ) , 

henoe by Lemma 1 i l * 

~ x€ Cn(Xu |x=». ~ x}) • 

Thua 

S - Cn{x, ~ x } c Cn(XU {x=&. 

and 
Cn(XU {x=s»~ x}) - S 

fo l lows . This gives the "only i f " part of T 9 ' . 
To prove the " i f " par t of i t l e t 

Cn(XU (x=> ~ x}) - S. 

Then 
x e Cn(l u (x=> ~ x } ) , 

so T7 y i e l d s t ha t 

- 73 -



8 A . M o r a w i e o , K . P i r o g - R z e p a o k a 

4 . ( *=>• ~ x ) = s » x G CnX. 

S i n o e by T8 and Lemma 1 i i . 

x , ~ x e C n j ( ( x = s > ~ x ) = s > x ) A ( x = ^ > ~ x ) | 

h o l d s , t i i u s 

Cn{ ( ( x = > ~ x ) = i > x ) A ( x = > ~ x ) J = S . 

Whenoe by T 1 0 

( ( x = £ > ~ x ) = s > x ) = > x e C n A , 

and a l l t h e more 

( ( x = s > ~ x ) = t > x )=s> x e CnX. 

Now, use 4 . and Lemma 1 i i . t o g e t x e C n X . 
To end t h e p r o o f , s u p p o s e 

x e CnX i f f Cn(XU { x = > ~ x } ) = S . 

S i n o e x e C n { x } , s o by a s s u m p t i o n 

C n | x , x =£> ~ x } = S . 

T h i s , t o g e t h e r w i t h Lemma 1 i i i . , g i v e s 

C n { x , ~ x } = S . 

F i n a l l y , s i n c e by a s s u m p t i o n a g a i n , 

y e C n ( X u { x } ) i f f Cn(XU { x , y = s > ~ y } ) - S 

t h u s T7 and T 8 y i e l d 

x = s > y e CnX i f f Cn(X U { x A (y=s> ~ y ) } ) = S , 

and we a r e d o n e * 
L e m m a 3 * 

i . T 1 1 |— T 1 2 , 
T 

i i . T 1 2 f - T 1 1 . 
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P r o o f . i . Let y , and X be suoh S - s u b s t i t u -
t i o n s of formulas of W t h a t the anteoedent of T12 h o l d s , I . e . 
t h a t every e s s e n t i a l v a r i a b l e of y i s a l so t h i s of X , and 
t h a t 

Cn(x, (p A S. 

Then by T8 

On j(X A S. 

Moreover, the d e f i n i t i o n of e s s e n t i a l v a r i a b l e of an S - s u b s t i -
t u t i c n of a W-formula, and assumption on these of y imply 
t h a t every e s s e n t i a l v a r i a b l e of y i s an e s s e n t i a l one of 
%A<p. Thus T11 may be applied wi th XA<p i n s t ead of (p to 
r ece ive 

XA$p=>if e CnA, 

which i s , equ iva len t i n T to 

X => (g> tf>) e Cn A . 

So, the proof of i . i s completed. 
i i . Now, l e t <p and if be such t ha t the antecedent of T11 

h o l d s . Sinoe 

y = > ( y = i - i ) / ) 6 C n A i f f (<p=z>f) e CnA 

and 

Cn{9>, ( p C n { 9 A ~ y | 

are provable i n T, thus to ge t 

<p e CnA 

i t s u f f i c e s t o take <p f o r X i n T12. De t a i l s are l e f t to 
the r e a d e r . 

Now, i t i s easy t o see t h a t Theorem 2 i s an immediate 
consequenoe of the above lemmas. So, the theory T^, being 
s impler than T^, i s s t i l l s t rong ly adequate t o W. Lemma 3 
makes i t sure t h a t the same holds f o r the theory r e s u l t i n g 
from Tw a f t e r the scheme T11 i s replaced by T12 in i t . 
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Since in both theories, T^ and T^, the notion of essen-
t i a l variable, external of these, i s equally important, the 
question arises i f i t i s possible to define a theory of de-
duotive systems, strongly adequate to W not using that notion. 
In what follows, the positive answer to this question i s given. 

Let T^ be the theory obtained from T^ by replacing the 
scheme 111 with the following three axiomst 

T10' . Cn{(~ x=^x)=s»x , y =i>y)=i» y| = 
Cn{(~ (XA y)=>(xA y ) ) = ^ x A y j , 

T11' . C n { ~ ( x = > y ) = > (x=>y) } - C n { x = > y ] , 
T12' . Cn{^(~x)} = Cn{x}. 
In this theory one may prove that a l l S-substitutions 

of the axioms of V are elements of CnA. I f , moreover, T^ i s 
extended by adding a definition of Cn^, the consequence func-
tion determined by'the derivability in W, then in such a theo-
ry one may prove a l l the expressions obtained from the axioms 
T1 - T8 and T9' - T12' by replacing Cn with Cn^. Easy proofs 
of these remarks are omitted. 

The above proves the following 
T h e o r e m 3. The theory T^ i s strongly adequate 

to W. — 
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