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SOME PROPERTIES OF TENSOR PRODUCTS OF SEMIGROUPS 

1. I n t r o d u c t i o n 
Let J be the v a r i e t y of a l l semigroups, 3C be the v a r i e t y 

of a l l oommutatlve semigroups and ^ be the v a r i e t y of a l l 
group«. 

The t enso r product i n the c l a s s Ot have been def ined by 
T. Head [l2]» The f i r s t p r o p e r t i e s of t h i s t enso r product 
have been i n v e s t i g a t e d in a s e r i e s of papers [3 ,6 ,12]« 

The t enso r product i n the c l a s s 3 have been def ined by 
P . A . G r i l l e t [5] i n 1969* The t e n s o r produot i n a v a r i e t y of 
a lgebras have been def ined by Q.A.Eraser [4] i n 1976, 

In t h i s paper we w i l l i n t e r e s t e d i n r e l a t i o n between 
the t e n s o r produots i n 0Ct g> and 7 and s i m i l a r i t i e s and 
d i f f e r e n c e s of p r o p e r t i e s of t en so r produots i n 0 and I t . 

D e f i n i t i o n 1. Let A,B e T and T be a v a r i e t y 
of algebras* Let A*B be the Car tes i an product of A and B, 
An a lgebra i s oa l led a t enso r produot of A and B i n T 
i f the re i s a bihoaouorphisa cos A * B - — S , such t h a t S i s 
generated co( A x B) and f o r any C e T and a bihomomorphism 
fiikx B—«»C there e x i s t s a homomorphiso a : S — - C , such t h a t 
fl m G)CX, 

I f T m 0 then the t enso r product A and B i s denoted by 
A & B and co(a,b) « a ® b . 

Thls papar i s baseá on the l e c t o r a p r e s e n t a d ' a t the Con-
ferenoe on Universal Algebra held a t the Pedagc«.ical Univer-
s l t y in Opole (Jarnol tówek) , May 23-25, 1985. 
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2 J. Galanova 

The tensor product of A in B in 01 we w i l l oal l c-tensor 
product and wa w i l l denote i t A & B. The image of f a ,b ) e A*B 
under co : A * B —- A ®e B we w i l l write as a «f b. 

The tensor product of groups A and B in f we w i l l denote 
as A ®ffB. 

By the Definition 1 follows next theorem in 0 i 

T h e o r e m 1 ( [5 ] ) s For any A,B &0 the semigroup 
A ® B = (A*B)*/r , where (A * B)* is a free semigroup on A * B 
and t i s the smallest oongruenoe over the relation rQ> whioh 
is defined on (A * B)* in this way: 

For any a,c e. A, b,d e B the conditions: 
(ac,b) ro ( a ,b ) ( c f b ) 
(a,bd) rQ (a ,b ) (a ,d ) hold. 

The oongruenoe r w i l l be oalled the tensor congruence 
(on ( A * B ) * ) . The olass of r whioh contains the element 
( a 1 , b 1 ) . . . ( a n , b n ) e (A * B)* is (a1® b 1 ) . . . ( a n ® bn) e A ® B. 

The c-tensor product is given analogously. I f A,Be3£, 
then A ®CB = (A*B) * °/r , where (A *B ) * ° i s the free oom-
mutative semigroup on AxB. The congruence r and the element 
(a1 ® c b 1 ) . . . ( a n ® c b n ) e A ®CB are given in the some way. 

E x a m p l e 1. Let G be the two-elements semigroup 
{ o , l | with a zero element 0 and a unique element 1. 

By [5] the tensor product G ® G = { o » l } U C, where C is 
the semigroup generating by elements f , g with identit ies 
f f = f , gg • g and 0 is a zero element of G ® G and 1 is 
a unique element of G ® G. 

The o-tensor product G ®CG = D, where D • { 0 , 1 , f , g , f g } 
Is the next iqwer semilattioe 

1 

0 
D e f i n i t i o n 2. A semigroup A i s oalled N-semi* 

group, i f f o r any x,y e A and any natural number nel i the ooa-
flitto® (xy)n - x V holds. 
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Tensor products of semigroups 3 

Let A be a semigroup. Then we w i l l denote: 
C(A) - the greates t oommutative homomorphio image of A 
8(A) - the greates t idempotent homomorphio image of A 
N(A) - the greates t homomorphio image of A whioh i s an N-se-

migroup 
£ - a one element semigroup 
F - a f ree semigroup with one generator 
G - the semigroup by Bxample 1 
X* - a f ree semigroup on a set X 
X*° - a f ree oommutative semigroup on a set X. 

B x a m p l e 2. ( [ 5 ] ) . Let A be a semigroup, then 
A ® B = B(A) and A ® P N(A) hold. 

Whioh i s a r e l a t i on between ®c , and ® ? 
T h e o r e m 2 ( [ 6 ] ) : Let A,B be oommutative semi-

groups, then A ®CB = C(A ® B) holds. 
T h e o r e m 3 ( [ 5 ] ) t Let A,B be groups, then 

A — A ® B holds. 
T h e o r e m 3' ( [ 6 ] ) : Let A(B be commutative groups, 

then A ®°B i s the same that the tensor produot oommutative 
group* A and B. 

Let us remark, that i t Is not know when A ®VB = A ®rB, 
If V i s a subvariety of T and A,B e\T , 

B x a m p l e 3t Let A be a commutative semigroup, 
then 

A ®c B = C( A ® B) = C(B(A)) ^ B(A) 

A ®CP= C(A ® ? ) = C(N(A))= CU) SÉ A. 

2. Somej properties of ® and ®c 

The funo tors ®c on Ot and ® on 0 have in te res t ing pro-
per t i e s . Ve. w i l l mention to some of t h e i r . Let us remark that 
In most of papers about tensor prodaots of semigroup« have 
been studied the o-tensor produot. The tensor produot in 0 
have been studied only in £5,9 ,10,11,25,26] . In the Seferenoes 
i s given the most of papers about tensor products of semi-
groups. 
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4 J. Galanova 

T h e o r e m 4 ( [ 5 ] ) J a) POP every A,B e0 the oommu-
tative low A ® B = B ® A holds. 

b) There exist semigroups A,B,C e 0 , suoh that 
(A ® B) ® C ^ A ® (B ® C) . 

For example, i f A « B » G and C » E, then by Example 2 
we have 

(G ® G) ® E = B(G ® G) 

G ® (G ® E) — G ® E(G) = G ® G 

and by Example 1 G ® G ia not a idempotent semigroup. That 
means (G ® G ) ® E ^ G ® ( G ® E ) , 

There are example where the associative low holds. For 
example S ® (S ® S) ^ ( S ® S) ® S fo r any semigroup S by 
Theorem 4a. 

T h e o r e m 4 ' . ( [6] ) 1 I f A,B,C 6 3C , then 
A ® C B = B ®cA and (A ®eB) ®c C = A ®C(B ®cC) hold. 

By Example 1, the tensor product ® of f i n i t e semi-
groups need not be a f in i te semigroup and the tensor produot 
® of idempotent semigroups need not be a idempotent semi-
group. I t i s not known any oondition for preservation of 
these properties with the tensor product. 

T h e o r e m 6 ( [ l l ] ) i I f A,B e 7 and card( A-A2) > 1 
and ca rd (B -B 2 ) >1 , then A ® B is in f in i te non-oommutative 
semigroup. 

I t i s the following situation for ®e : 
T h e o r e m 6 ' : a) I f A,Be J l , A is a f in i te semi-

group and B i s a f in i t e generated semigroup, then A ®cB i s 
f i n i t e . 

b) I f A,Be3? and A i s a idempotent semigroup, then 
A ®CB is a idempotent semigroup. 

Theorem 6 'a i s proved in [.6]. Theorem 6'b fol lows from A p 1 
commntativity of A ®C,B and from the faot (a ® c b ) £ = a ®c b « 
- a ®cb f o r a e A, b e B. 

Now we are interested in codomains of ® and ®c . 
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Tensor prodacte of semigroups 5 

T h e o r e m 7 ( [10] )s Let S be a semigroup, 
p p 

oard(S-S ) > 1 and there ex i s t s for every x , y e S - S , x 4 y , 
a natural number neN, n > 1 , such that (xy) n 4 x11^11. Then S 
i s not a tensor product of semigroups. 

By [10] from Theorem 7 follows that there ex is t i n f i n i t e l y 
many semigroups, f i n i t e and i n f i n i t e , which are not tensor 
products ® of semigroups. For example, any free semigroup X*, 
where cardX>1, i s not a tensor product of semigroups. 

F ini te semigroups, which are not a tensor product of semi-
groups, we can construct in this way: 

Let X * b e a free semigroup, 1 -c cardX< oo and J be a ideal 
of a l l words of X * t h e lenghlt of whioh i s greater then a fixed 
natural number k, Then the Rees factor semigroup 
X*/J i s not a tensor product of semigroups* 

There ex i s t olasses of semigroups whioh are a tensor pro-
duct of semigroups. 

T h e o r e m 8 ( [10] ) : Every H-semigroup i s a tensor 
product of some semigroups. 

Beoause any commutative semigroup i s an N-semigroup, then 
the c lass of a l l oommutative semigroups i s obtain in the co-
doaain of ® . 

I t i s not known any necessary and suf f i c ient condition 
for the f a c t , i f a semigroup i s an element of the oodomain 
of ® . 

In t h i s point of view the s i tuat ion i s simply for o-tensor 
product of commutative semigroups. 

T h e o r e m 7' (£ l0] )$ Every oommutative semigroup 
i s a c- tensor product of some commutative semigroups. 

3. Classes of the tensor congruence 
Some investigations of tensor products of semigroups 

given the question, when are two elements of a tensor product 
of semigroups d i f ferent . Some resu l t s of t h i s problem in J 
and DZ i s given i [ 9 , 1 0 ] . 

T h e o r e m 9 ( [lû] ) : Let A,B e 3 and a 1 . . , a n e 
6 A-A2, b 1 , . . . ( b n e B-B 2 , where a± 4 a i + 1 > ^ 4 t> i + 1 for 
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6 J* Galanova 

i «1 , . . . ,n -1 . The class (a1 ® b 1 ) . . . ( a n ® bQ) of the tensor 
congruence on (A * B)* contains only unique element, namely 
( a 1 , b 1 ) . . . ( a n , b n ) . 

R e m a r k . In special case n=2, i f we have indecompo-
sable elements a,b,o,d and a,o e A; b,de B then a ® b 4 c ® d 
i f f (a,b) 4 (c,d) in (A * B)*. 

T h e o r e m 9' ( [i6] ) s Let A»B e ^ a n d a » c e At 
b,deB are indecomposable elements. Then a ®cb 4 c ®c d i f f 
(a,b) 4 (c-,d) in (A*B) * C . 

T h e o r e m 10 ( [ 9 ] ) : I f A,B are idempotent semi-
groups and a,o e A, b,d e B, then a ® b 4 o ® d i f f (a,b) 4 (c,d) 
in (A *B ) * . 

Theorem 10 is a oorollary of the next theorem: 
T h e o r e m 11 ( [ 9 ] ) « Let H(A) be an idempotent ho-

momorphio image of A e 3 and <f be that homomorphism. I f 
<5(a1...an) 4 6 ( c 1 , c m ) for a 1 , . , , , a n , o 1 o f f l£A, then 
for a l l elements b^, . . . ,b c ,d^ (* . « tdme B, Be 3 , is 

(a1 ® b 1 ) . . . ( a Q ® bQ) 4 (o1 ® d 1 ) . . . ( c m ® d j . 

I t is clear, that the interesting oase is H(A) » B(A). 
By [5, Example 2.3] Theorem 11 is given only sufficient con-
dition, not necessary. 

T h e o r e m 11' ( [ 9 ] ) : Let A,B e 3Z , H(A) be an 
idempotent homomorphio image of A and <5 be this homomorphism. 
I f 6 ( a 1 . . . a n ) 4 5 (o 1 . . .on ) f o r a 1 , . . . , a n , o 1 , . . . , o m e A, then 
for a l l elements b 1 , . . . » b n , d 1 , . . . , d B e B are 

{a., ®e b 1 J. . . ( a n ® c b n ) 4 (o.,®0 d 1 ) . . . ( om® c dffl) in A ®c B. 

I f in Theorem 11 we have H(A) - E(A), then we have some 
interesting corollaries: 

T h e o r e m 12. Let A be an idempotent semigroup and 
B,C e J . Then 

a) A ® B Si A ® B(B), 
b) A ® B = A ® C, i f B(B) = B(C). 
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Tensor prod nota of semigroups 7 

T h e o r e m 13. Let A be f in i t e idempotent semi-
group. Then a semigroup X i s the solution of a equation 
A ® X = A i f f oardB(X) - 1. 

In the speoial oase we can take X equal of an; group or 
a bioyolio semigroup. 
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