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SOME PROPERTIES OF TENSOR PRODUCTS OF SEMIGROUPS

1. Introduction

Let J be the variety of all semigroups, JZ be the variety
of all commutative semigroups and ¢ be the veriety of all
groups.

The tensor product in the class JC have been defined by
T, Head [12]. The first properties of this tensor product
have been investigated in a seriss of papers [3,6,12].

The tensor produect in the class J have been defined by
PoA.Orillet [5] in 1969. The tensor product in a variety of
slgebras have been defined by G.A.Praser [4] in 1976,

In this paper we will interested in relation between
the tensor products in JC, 9 and J and similarities and
differences of properties of tensor produdts in J and JT .

Definition 1. Let A,B€J and 7 be a variety
of algsbras, let AxB be the Cartesiam product of A and B,
An algebra Se€e7 is called a tensor product of A and B in 7
if there 1is a bihomomorphism w: AxB — S, such that S is
generated w (A x B) and for any Ce 7 and a bihomomorphism
Lthx B—=C there sxists a homomorphismoa: S ——C, such that
ﬁ = WO,

If 7 = J then the tensor product A and B is denoted by
A® B and w(a,b) = a ® b,

This paper 1s based on the lectmre presented~ss ths Con=-
ference on Universal Algebra held at the Pedagogical Univer-
sity in Opole (Jarnottdwek), May 23-25, 1985,
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2 J. Galanova

The tensor product of A in B in 77 we will call c~tensor
product and we will denote it A & B, The image of (a,b)e A xB
under w :AxB—=4A & B we will write as a &b,

The temsor product of groups 4 and B in ¢ we will denote
as A ©°B,

By the Definition 1 follows next theorem in J :

Theorem 1 ([5]): For any A,BeJ the semigroup
A®B=(AxB)*/t, where (AxB)* is a free semigroup on A xB
and T is the smallest congruence over the relation Tos which
1% defined on {AxB)* in this way:

For any a,cc A, b,deB the conditions:

(ma,b) T, {a,b)(e,b)
(a,bd) T, (a,b){a,d} hold,

The congruence T will be called the tensor congruenge
(on (AxB)*), The class of r which contains the element
(@ys04)e0elay,by) € (AxB)" is (a,@ b )eee(8,®b )€ 4 @B,

The c=-tensor product is given analogously. If A,B eJr,
then A @B = (Ax B)*%/t, where (A xB)*® is the free com-
mutative semigroup on A x B, The congruence 7 and the element
(a1 ®°b1)...(an ®°bn) € A ®B are given in the some way.

Example 1e Let G be the two~elements semigroup
{0,1} with a zero element O and s unique element 1.

By [5] the ‘tensor product ¢ ® G= {0,1} U C, where C is
the semigroup generating by elements f,g with identitles.
f£ = £, gg = g and O is a zero element of G ® G and 1 is
a unique elemsent of G ® G.

The o-tensor product G ® G = D, where D = {0,1,f,gl,fg}

18 the next liower semilattioce

Tg
0
Definition 2. A semigroup A is called N-gemim
group, if for any x,y € A and any natural number neXN the con-
‘dttton (xy)2 = x%yP holds.
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Tensor producte of semigroups 3

Let A be a semigroup. Then we will denots:
C(A) - the greatest commutative homomorphic image of A
E(A) - the greatest ideampotent homomorphic image of A

N(A) - the greatest homomorphic image of 4 which is an N-se-
migroup

B - a one slement semigroup

b - a free semigroup with one generator

G - the semigroup by Example 1

X* - a free semigroup on a set X
x*° - a free commutative semigroup on a set X,

Example 2., ([5]). Let A be a semigroup, then
A® E=B(A) and A ® P = N(A) hold.

Which is a relation between ®°, @’ and ® ?

Theorem 2 ([6])s Let A,B be commutative semi-
groups, then A ®°B = C(A ® B) holds.

Theorem 3 ([5])t Let A,B be groups, then
A B = A @ B holds.

Theorem 3 ([6]): Let A,B be commutative groups,
then A ®°B is the same that the teneor product commutative
groups A and B,

Let us remark, that it is not know when A @B = A &’B,
if V 418 a subvariety of 7 and A,BeV,

Example 3t Let A be a commutative semigroup,
then

A® B =C(A ®B)= C(B(A)) =B(4A)

ACP2c(a @ F)=2 C(N(A))Z= c(a) == a,

2. Soms properties of ® and ®°

The funotors ®° on JC and © on J have interesting pro-
perties, We wlll mention to some of their, Let us remark that
in most of papers about tensor produots of seamigroups have
been studied the o~tensor produot. The tensor produot in J
have been studied only in [5,9,10,11,25,26]., In the References
is given the most of papers about tensor producis of semi-
groups.

- 59 =



4 J. Galanova

Theorem 4 ([5)s a) For svery 4,BecJ the commu~
tative low A ® B2 B ® A holds.

b) Thers sxist semigroups 4,B,CeJ , such that
(A®B)® C3+ 4 ®(B®C),

For example, if A = B = G and C = E, then by Example 2
we have

(6 ®G) ® E=E(G ® G)

G®(GR®E)=0®E(G) LG G

and by Bxample 1 G ® G is not a idempotesnt semigroup. That
means (G ®G) ® EFEG ® (G ® E),

There are example where the associative low holds. For
example S ® (S ® S)=2(S ® S) ® S for any semigroup S by
Theorem 4a. R

Theorem 4. ([6])s If 4,8,CeJZ, then
A®B=B @A and (A ®°B) ®° ¢ = 4 ®°(B ®°C) hold,

By Example 1, the tensor product ® of finite semi-
groups need not be a finite semigroup and the tensor product
® of idempotsnt semigroups need not be a idempotent semi-
group, It is not known any condition for preservation of
these properties with the tensor product.

Theorem 6 ([11]): If a,BeJ and card(a-42) > 1
and card(B-B%) >1, then A ® B is infinite non-commutative
semigroups.

It is the following situation for @°:

Theorem 6: a)If A,Be J¥ , A is a finite semi~
group and B is a finite generated semigroup, .then A ® B is
finite.

b) If 4,BeJ¥ and 4 1s a idempotent semigroup, then
A ®B is a idempotent semigroup.

Theorem 6'a is proved in [6]. Theorem 6'b follows from
commutativity of A ®B and from the fact (a @b)? = aZ@ b =
= a ®b for ac A, b € B,

Now we are interested in codomains of ® and ®° .
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Tensor products of semigroups 5

Theorem 7 ([10]): Let S be a semigroup,
oard(S-Sg) >1 and there exists for every x,ye S-S2, X#7Y,
a natural number ne N, n>1, such that (xy)® # xnyn. Then S
is not a tensor product of semigroups.

By [10] from Theorem 7 follows that there exist infinitely
many semigroups, finite and infinite, which are not tensor
products ® of semigroups. For example, any free semigroup X%,
where cardX >1, is not a tensor product of semigroups.

Finite semigroups, which are not a tensor product of semi-
groups, we can construct in this way:

Let X*be a free semigroup, 1<cardX<oc and J be a ideal
of all words of X* the lenght of which is greater then a fixed
natural number k, k=4. Then the Rees factor semigroup
X*/J is not a tensor product of semigroups.

There exist oclasses of semigroups whioh are a teneor pro-
duct of semigroups.

Theorem 8 ([10]): Every N-semigroup is & tensor
product of some semigroups.

Because any commutative semigroup is an N-semigroup, then
the class of all commutetive semigroups is obtain in the co-
domain of ® .

It is not known any necessary and suffiocient condition
for the fect, if a semigroup is an element of the codomain
of ®,

In this point of view the situation is simply for ¢~tensor
prodhct of commutative semigroups.

Theorem 7 ([10]): Every commutative semigroup
is & c-tensor product of some commutative semigroups,

3. Classes of the tensor congruence

Some investigations of tensor products of semigroups
given the gquestion, when are two elements of a tensor product
of semigroups different. Some results of this problem in J
and JTr is given i [9,10].

Theorem 9 ([10]): Let 4,BeJ and ByseessBp €
¢ A=A%, by,e.. b € B-B?, where a, # 8, ., by # by . for
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6 J. Galanova

i=1,...,0=1. The class (31 ® b.')...(an@ b, ) of the tensor
congruence on (AXB)" ocontains only unique element, namely
(al,bl)...(an,bn).

Remark. In special case n=2, if we have indecompo~
sable elements a,b,0,d and a,ce¢ Aj b,deB then a ® b # c ® d
iff (a,b) # (c,d) in (Ax B)™,

Theorem 9 ([10]): Let A,BeJ’ and a,ceé,
b,d€ B are indecomposable slements, Then a ®b # c ®° 4 iff
(a,b) # (cyd) in (A x B)¥C,

Theorem 10 ([9]): If A,B are 1dempotent semi-
groups and a,0oeh, b,de B, then a ® b # ¢ ® d 1ff (a,b) # (c,d)
in (AxB)*,

Theorem 10 is a corollary of the next theorea:

Theorem 11 {[9]):t Let H(A) be an idempotent ho-
momorphic image of AeJ and & be that homomorphism, If
6(ageeeny) # 6(0q,00e,0,) LOT Bis000s850000009Cy € 4, then
for all elements b1,...,bn,d1,...,dme B, BeJ , is

(31 ® b1)...(an® bn) ¥ (c1® d1)...(cm® dm).

It is clear, that the interesting case is H(4) = B(4).

By [5, Example 2,3] Theorem 11 is given only sufficient con-
dition, not necessary.

Theoraem 11 ([9]): Let A,BeJZ, H(A) be an
idempotent homomorphic image of 4 and ¢ be this homomorphism.
If 6(aysceny) # 6(Gqe0e0y) TOT 84400048,,0 00050, € Ay then
for all elemsnts b1,...,bn,d1,...,dneB are

(a1‘®°b1)...(an®°bn) # (040°dy)eeelo @ dy) in A®°B,

If in Theorem 11 we have H(A) = E(A), then we have some
interesting corollaries:

Theorem 12. Let A be an idempotent semigroup and
B,Ce J « Then

a) A®B A ®E(B),

b) A®B==A®C, if E(B) = B(C).
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Tensor products of semigroups 7

Theorem 13, Let A be finite idempotent semi-
groupe Then a semigroup X is the solution of a equation
A® X=2A iff cardE(X) = 1,

In the special case we can take X equal of any group or
a blcyoclic semigroup.
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