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ON BISEMILATTICES WITH GENERALIZED ABSORPTION LAWS, I

O, The aim of this paper is to present some results con-
cerning powers of bisemilattices with generalized absorption
laws ([4]).

An sligebra (X= {A,+,+) of type (2.2) is called a bige-
milattice if it satisfies the following eonditions ([8], [9])s

X+X = X XX = X3
x+y = y+x, xy = y%;
(x+y)+z = x+(y+2), (xy)z = x(yz).

For a bisemilattice (X we can define two partial orders
on & (1], [10]): X<,y iff x4y = 33 X< 3§ 1ff xy = x. The
partial drdors+ satigfies the leest upper bound condition
for finite subsets of A; thq partial order< . satisfies the
greatest lowsr bound condition for finite subsets of A, On
a 86t with two partial orders whioh satisfy the above com-
ditions we can define a bisemilattice structurs.

For a polynomial f over a bisemilattice we define the
dual polynomial f as Pollows: % = x, 3 = y, %4y = ¥,

Xy = %+§ and the folowing polynomials are obtained by in-
ducotion.

As in [4] we define the following sequence of binary

polynomials:

Tolx,y) = x+3, £, 4(x,5) = £,(x,3)(n)y,
where (n) is + if n is even and + if n is odd.
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2 Jo GaXuszka

The following identities are called the n-generalized
absorption laws ([4]):

(a,) £, (xy3) = 73,

(én) fn(x,y) = Yo

Let Bsl denote the variety of all bisemilattices, Bsl(ay)
denote the subvariety of the variety Bsl which is defined by
the identity (a,). Analogously we detline the aubvariety
Bal(a )o Let L, denote the subvariety of the.variety Bsl
walch is defined by the identities (a,) and (&,) ([4]).

By Lemma 2.2 in [4] we have that for every natural num-
ber n, Bsl{a,)U Bsl(& )<L 4. It is easily checked that for
the elements a, a’ of the bisemilattice O, 1. defined in {4],
we have f (a’,a) 4 a and £ nla’,a) # a (cf. [4] item 9 of the
proof of Lomma 2.4). It is "also shown. in [4] that o, 18
an element of Ln+1’ Then we have the following inolusions:
Bsl(a )Q

(1) L, 3 Bsl(a,) Ule(&n) G Lpqe
< A&
= le(an)

©

1. Proposition 1.1, Letaele(a 1)for
& natural number n, Then (e Bsl(a, ,) \le{a ) iff thero
exist two elements a, be A such shat the elemgnta fo{asb)yese
...,fn(a,b). fn+1(a,b) = b are all distinct,

The dual verdion of this proposition is also true,

Proof. <= By the assuaption f (a,b) # b. Thus
U¢ Bsl(a,)e

=., Suppose that for any a,be A there exists r,s< n+1
such that fr(a,‘o) = fa(a,b) and » # 8, Take a,be & and
r,8< o+l satisfying the sbove assumption. Without loss of
generality we can assume that v <s. Then fr(a,b)ﬁgl)b--
= £ (a,b)(8)b = £, .(a,b), T .(a,b){8)b(s+1)b = £4,1(a:0) (¢ )=
= fa+2(a,b) and 80 one. Thus we obtain that fr(a,b)(s)b...(h Jbs
= fn+1(a,b) = b, By the definition of the operation (m) one
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has: fr(a,b)(a)b = fr(a,b) or f.(a,b)(8)b = fr+1(a,b);

f (a,b)(s)b(s+1)b = f, {a,b){8+1)b = T (a,b) or

f {a,b)(8)b(s+1}b = f 1(a,b)(s+1)b = f (a,b) and so on,

Then £, (a,b)(e)b...(n)b frin-glasb) or f playb)(B)besi(n)o =

= fr+n-s+1(a’b)° Hence f,, ,_.la,b) = b or fr+n_s+1(a,b) = b,

Analogously as in Lemma 2.2 of [4] we conclude that f,la,b)=b

(vecause r+n-s<r+n-s+i<nj. Lhen for all a,bec4 f (a,b) = b,

a contradiction with the assumption that (¢ Bsl(ay).
Analogously we prove. the dual version of this proposition.

2. Let o« = (C,<) be a nonempty chain. It is obvious that
(C,s ,<) is a bisemilattice. For every natural numbexr n
let. us consider two bisemilatticas MW N and . N defined
as follows: the underllying set of W, :c, is ordered as in
Figure 1 if n is even and es in Figure 3 if n 1is odd, the
anderlying set of ' n,ot is ordered as in Figure 2 if n 1is
even and as in Figure 4 if n is odd, where < is a subbise~
milattice of mn’oc, and mn,c, for every n.
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n odd:
"n,ot’ mn,ot
9 q a,
% % R >%
a a a3 a a’
4 7 ,
q, ] 04 al a,

- a 9 9 /] -2
ap.2 s 9., a,_, a;
a ¥ a; ' a,
a, ’

] LU "w o "o

<, <. <, £,
Fig.3 Fig.4

Remar k: We can easily see that C ﬂ{ao,....an} = ¢,
Cj\{a(')_,...,a’n} = f.

Lemma 2.1 For every positive number a
aund.ele(a )\le(a Ve n‘{eBal(a )\B-l(a Jeo

Proof. Let us take two elements 2, b from m,
or from mn o« If a,beC then £, {a,b) = f.l(a,b) =B (for
every nl. without loss of generallty we can assums that a ¥ b
and a¢C. Wo proceed by induction on n. For n = 1 we have
the following bisemilatiices:
™. m
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Fig.5 Fig.6
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Let a,be W, P If b¢ C or a = ay then the elements a,b
tform a two-element sublattice and f,(a,b) = f1(a.b) = b,
1(b,a} = f1(b,a) = a, Assume that beC, a = 85 Then we have
(a,b) = f (ao,b) = (ao-t-b)b = aob = a, # b; f1(a,b) =
= f 1{8ysb) = agh+db = a+b = b, f1(b a) = f1(b,ao) = bag+a, =
= a,+8y = 8y. Thus m1 o€ Bel(a1) \ Bsl(a,). Analogously we
prove that m1 , o € le(a.l) \le(a1). Assume that the lemma is
true for n-i, Moreover assume that n 1is even., (The case of
n odd is similar), Let a,belﬁn'x. If b¢ C ther a,b belong to
M, v ? where o, 1s the one-element chain (a ). Then by

n

induction hypothesis and by Lemme 2.2 of [4] we have £ al8s0)=b,
£ (b,a) = a, IT beC, a # a, then a,b balong to a subblsemi-
lattlce isomorphic to’ m -1, Then by the induction hypothe-
sis and by Lemma 2.2 of [4] we have f n(asd) = b, £ n(bsal) = a
Let be C, a = a,. Then f (v, a) = f (o, ao) = b+a, = 2,
t (b 2, ) = ay = a3 T (a,b) = fo(ao,b) = ao+b = a,, T (a,b) =
= nob = a1,...,f (a,b) = 8, 1tb = a, # b; f (b,a) = f (b,ao) =
= bao ay , f {b,a) = I (b.ao) = a.,+a0 = &g f (b,a) =
f (b "0) = ao = aj 0(a b) = fo(ao,b) = aob = 84, f1(a b) =
= a1+b = 8‘2""’fn 1(a b) = 8. 1+b = ay, f (a,b) = anb be
Therefore (a ) holds in ™, e but (a ) does not hold i
nn =+ Thus 'm ele(a )\le(a )e

Analogously Wwe prove that n & € Bal(a,)\ Bsl(a ).

3. TheorTenm 3.1.

1) Let n be a natural number.
(1} If dUe le(an”)\Bll(an) then cardA >n+2,
(11) For every cardinal number m »n+2 there exists a bise-
milattice e le(an+1)\ Bel(a,) such that cardi = m,

Phe dual versions of (i) and (ii) are also true,

2) Let n be a positive mumber,
(1) Ir (e le(an) \le(an) ther eardA >n+2.
(ii) Yor every cardinal mumber m >n+2 there exists = bisemi~
lattiee e Bel(ﬁn) \Bel(an} sueh that eardi = m,

The dual versions of (i) amd (ii) are also true.
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3) Let n be a natural number,
(i) It aeL 1\ L then oardA >n+2.
(i1) For every cardinal number m3 n+2 there exists a bisemi-
lattioce OleLn+1 \Ln such that cardAd = m,

Proof., 91)(i) and its dual version are obtained as
oorollariss from Proposition 1.1

2)(1). By Lemma 2.2 of [4] we get that Bsl(a )\ Bsl(e,lc
Cle(a )\le(a )e Thereforse by 1)(1) we obtain 2)(1).
Analogously we obtain the dual version of 2){i).

3}(1), Let (Ke Ln+1\ L, (=1 n+1\ (Bal('a ) nle(ﬁn)).

Then C/le(Ln+1\ Bel(a,)) U (Tpq ) le(a )) < (Bsl{a, 1)\le(a )}y

u (8sl(&, 1)\le(a )). Therefore by 1)(1) we get aardi >n+2.

2)(11). By Lemma 2.1 mn £ € le(a )\ Bsl(ay) (for every
positive n). If m is infinite, let us taka a chain & such
that c¢ardC = m, Then c:ardq,l & = cardC = m, 1f m is finite
let us take a ohain o such that cardC = m-n-1, Then oardﬂﬁ’w-
= gardC+n+l = m,

1)(11), By Lemma 2.2 of [4] we have Bsl(d )\ Bsl(a,) S
ngl(an_'_;I) \ le(an). Then we obtain 1)(ii) as a consequence
of 2){ii),

Analogously we obtain the dual versions of 1){ii) and
2)(11).

3)(ii). lemma 8,2 of [4] implies that Bsl(a,) \ Bsl(a;)c
cBel(8, )\ L, L, 4\ L. Then by 2)(4i) we have 3)(ii),

As a corollary from Lemma 2,1 we have also a stronger
form of the inoclusions (1).

Corollary 3.2 For every positive n we have
the following inclusions:

Q le(an) o

{2) Ln le(an) Ule(an) S Ln+1.
3 le(an) &
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