
DEMONSTRATIO MATHEMATICA 

Vol XX No 1-2 1917 

Jan Galuszka 

ON BISEMILATTICES WITH GENERALIZED ABSORPTION LAWS, I 

0. The aim of t h i s paper i s to present some r e s u l t s con-
cerning powers of b i s e m i l a t t i c e s v i t h general ized absorpt ion 
laws ( [ 4 ] ) . 

A* algebra Ct* (A,+ f . ) of type (2.2) i s ca l led a b i s e -
a i l a t t i o e i f i t s a t i s f i e s the fol lowing condi t ions ( [ 8 ] , [9 ] ) i 

For a b i s e m i l a t t i c e 01 we can def ine two p a r t i a l orders 
on A f l ] , [10] ) : i f f x+y - y j ^ y i f f xy = x . The 
p a r t i a l drder«: + s a t i s f i e s the l e a s t upper bound condi t ion 
f o r f i n i t e subsets of A; thq p a r t i a l o r d e r s . s a t i s f i e s the 
g r e a t e s t lower bound condi t ion f o r f i n i t e subsets of A, On 
a eet with two p a r t i a l orders whioh s a t i s f y the above con-
d i t i o n s we can def ine a b i s e a i l a t t i o e s t r u c t u r e . 

For a polynomial f over a b i s e m i l a t t i c e we def ine the 
dual polynomial f as fo l lows: x = x, y = y , x+y = x$ t 

xy = and the following polynomials are obtained by i n -
duct ion. 

As in [4] we def ine the fol lowing sequence of binary 
polynomials: 

X+X = X xx = x; 

xy = yxj 

(xy)z » x(yz) 

x+y = y+x, 

(x+y)+z - x+(y+z) t 

f 0 ( x , y ) = x+y, f n + 1 ( x , y ) - f „ ( x , y j ( n ) y f 

where (n) i s • i f n i s even and + i f n i s odd* 
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The following i d e n t i t i e s are cal led the n-generalized 
absorption laws ( [4^]) : 

Let Bsl denote the var ie ty of a l l b i s e m i l a t t i c e s , Bsl(aQ) 
denote the subvariety of the va r i e ty Bsl which i s defined by 
the i den t i t y ( a n ) . Analogously we define the sabvariety 
B8 l ( a n ) . Let Lfl denote the subvariety of the .Var ie ty Bsl 
whioh i s defined by the i d e n t i t i e s (aQ) and (an) ( [ 4 ] ) . 

By Lemma 2.2. in [4] we have tha t f o r every na tura l num-
ber n, Bsl(an)U Bsl (a n ) &L n + 1 . I t i s eas i ly cheoked tha t f o r 
the elements a , a ' of the b i semi la t t ioe C X d e f i n e d in [4], 
we have f n ( a ' ,a) 4\ a and f n ( a ' , a ) 4 a ( c f . [4] item 9 of the 
proof of Lemma 2 . 4 ) . I t i s a lso shown, in [4] tha t crQ+1 i s 
an element of L ... Then we have the following inolusionst 

t . P r o p o s i t i o n 1 .1 . Let c*eBsl{a n + 1 ) f o r 
a na tu ra l number n. Then C*€ Bs l (^ n + 1 ) \ Bsl{an) i f f there 
e x i s t two elements a , b e A suoh tha t the elements f 0 ( a , b ) , . . . 
. . . , f ( a , b ) , f Q + 1 ( a , b ) = b are a l l d i s t i n c t . 

The dual vers ion of t h i s proposi t ion is. also t r u e . 
P r o o f . <£= By the*, assumption f Q ( a , b ) 4 b. Thus 

U4 B s l ( a n ) . 
=i> . Suppose that f o r any a , b e A there e x i s t s r , s ^ n + 1 

suoh tha t f _ ( a , b ) = f (a ,b) and r 4 s . Take a , b e A and f * B 
T,B<Z n+1 s a t i s f y i n g the above assumption. Without lo s s of 
genera l i ty we can assunw tha t ? < s . Then f p (a ,b) (s j )b«» 
= f 8 ( a t b ) ( s ) b = f B + 1 ( a , b ) , f p {a ,b ) ( s )b ( s+1 )b - f 8 + 1 (a ,b)tsfM*-
= a n d 8 0 o n* T h u s w e o b t a i n tha t f r ( a , b ) ( s ) b . . . ( l i ) b s 
• f n . 1 ( a , b ) = b. By the d e f i n i t i o n of the operat ion ( • ) one 

( 1 ) Bsl(a n ) UBsl(ân) £ LQ+1 
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h a s : f r ( a , b ) ( s ) b = f r ( a , b ) or f r ( a , b ) ( s ) b = f r + 1 ( a , b ) ; 
f r ( a , b ) I s ) b ( s + 1 ) b = f p ( a , b ) ( s + 1 ) b = f r + 1 ( a , b ) or 
f p l a . b ) ( s ) b ( s + 1 ) b = f p + 1 ( a , b ) ( s + 1 ) b * f r + 2 ( a , b ) and so on. 
Then f r ( a , b ) ( 8 } b . . . ( n ) b = f r + n _ s U , b ) or f r ( a , b ) ( u ) b . . . ( n) b = 

- W s + 1 < a ' b ) - H e n o e f r + n - s < a ' b ) = b o r f r + n - s + l ( a ' b ) - b * 
Analogously a s i n Lemma 2 . 2 of [4] we conolude t h a t f n i a , b ) = b 
(beoause r + n - B i r + n - s + l s n ) . Then f o r a l l a , b e A f n l a , b ) = b, 
a c o n t r a d i c t i o n , with the assumption t h a t (X B s l ( a n ) . 

Analogously we prove, the dual v e r s i o n of t h i s p r o p o s i t i o n . 

2 . Let = (C ,^ ) be a nonempty cha in . I t i s obvious t h a t 
( C , « ) i e a b i s e m i l a t t i c e . For every n a t u r a l number n 
l e t us c o n s i d e r two b i s e m i l a t t i c ô s W „ and id ' » de f ined n,oc n j 06 
a s f o l l o w s : the underjlyfing s e t of * i s ordered a s i n n 
F igure 1 i f n i s even and a s i n F igure 3 i f n i s odd, the 
under ly ing s e t of WZ'n ^ i s ordered a s i n F igure 2 i f n i s 
even and a s i n F igure 4 i f n i s odd, where i s a s u b b i s e -
m i l a t t i c e of HiCa ^ and 3ïî'n ^ f o r every n. 

n even: 

lKI J - UK' n,oC ' 

< 

F i g . 1 Fig.2 
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n odd: 

n,of • 

n-1 

an-2 

a', V od: 

I' II 1« 1» 
<4. 

tf »» 

Pig. 3 Pig. 4 

R e m a r k : We can easily sea that C (1 {ap,... ,«n} * K, 
CJl ja^...,a'n} = 0. 

L e m m a 2.1. For every positive »uaber a 
W n ^ e B s l ( a n ) \Bsl(aft), e Bsl(an) \ Bsl(an). 

P r o o f . Let us take two elements a,b froa » j-
A Alt' 

or from 3W'n ̂ . If a,t e C then f.,ia,b) * f-jla.b) - b (for 
every n). Without loss of generality we oan assume that a 4 b 
and a ^ C . We proceed by induction on n. For i > 1 n have 
the following biaemilattices: 

r 
?ig.5 
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Lot a,b e If b^C or a = a1 then the elements a,b 
form a two-element eublattioe and f^(a,bj = f^(a tb) * b, 
i . , (b,aj = f . , (b,a) = a. Assume that b e C , a = aQ . Then we have 
f-j (a,b) = f 1 (a 0 ,b) = (aa+b)b = a0b = a1 4 f ^ a . b j » 
= f^ (ay,b) = aQb+b • a ^ b = b, f . , (b ta) = f . , (b ,a 0 ) ba0+aQ = 
= a-|+a0 • aQ. Thus ^ e B s l f ^ ) \ Bslia^) > Analogously we 
prove that ^ e Bsl(a.,) \ B s l ( a 1 ) . Assume that the lemma i s 
true for n-*1. Moreover assume that n i s even. (The case of 
n odd i s s imi lar) . Let a , b e I f bd C then a,b belong to U 

i ,, » where « i s the one-element ohain (a_) . Then by 
t » n 

_ _ A 

induction hypothesis and by Lemma 2.2 of [4] we have f Q ( s ,b)=b, 
f f l (b ,a ) = a. If b e C , a 4 Bq then a,b belong to a subbisemi-
l a t t i c e isomorphic to TO' 1 , . Then by the induction hypothe-fl" I A A 

s i s and by Lemma 2.2 of [4] we have f n ( a , b ) = b, f n ( b , a ) = a. 
Let be C, a = aQ. Then f 0 ( b , a ) = f 0 ( b , a 0 ) «= b+a0 = a 0 , 
f c ( b , a 0 ) « aQ = a; f 0 ( a , b ) = S^(a0 ,b) = a0+b = a 0 , f^(a,b) -
= aQb = a 1 , . . . , f n ( a , b ^ = = * a 4 b; f 0 ( b , a ) =• f 0 ( b , a Q ) = 
= baQ » â  , f . , (b ta) = ^ ( b ^ ) = a-^ay = a c , i n ( b , a ) = 
= B a

0 ; a i i 0 * a » b J = =
 A

a0b = a 1 ' x 

* a.,+b « a 2 f . . . , f n _ 1 ( a , b j = a ^ + b = a n , f f l (a ,b ) «= anb = b. 
Therefore (an) holds in ^ but (aQJ does not hold in 
mn o{r. Thus ZflQ ^ £ Bsl(an) \*Bsl(an) . 

Analogously we prove that TK.' „ e B s l ( a _ ) \ Bsl(aL). n f ii Q 

2» T h e o r e m 3.1. 
1) Let n be a natural number. 

( i ) If a e Bs l (a n + 1 ) \ B»l(anJ then cardA jtn+2. 
( i i ) For every cardinal number *>n+2 there e x i s t s a biae-
• i l a t t i c e BBl(an + 1) \ Bsl(an) suoh that oardA « «. 

The dual versions of ( i j and ( i i ) are also true. 
?) Let n be a positive number. 

( i ) I f a e Bsl(an) \ Bsl(an) then «ardA ^n+l. 
( i i ) Por every cardinal number a>a+2 there e x i s t s a bisemi-
l a t t i e e a e B s l ( a J \ B s l ( a J suek that eardA « m. n A 

The dual versions of ( i ) aitf ( i i ) are also true. 
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3) Let n be a natural number, 
( i ) I f c r e L n + 1 \ LQ then oardA»n+2. 

( i i ) For every oardinal number m^n+2 there exis ts a bisemi-
la t t ioe Oi 6 ^ LQ suoh that oardA = m. 

P r o o f . 1 ) ( i ) and i t s dual version are obtained as 
oorollaries from Proposition 1 .1 . 

2 ) ( i )• By Lemma 2.2 of [4] we get that Bsl(â n ) \ Bs l (a n ) s . 
£ B s l ( a n + 1 ) \ B s l ( a n ) . Therefore by 1 ) ( i ) we obtain 2 ) ( i ) . 
Analogously we obtain the dual version of 2 ) ( i ) . 

3 ) ( i ) . Let C « e L n + 1 \ L n {» L Q + 1 \ (Bsl(an) n B s l ( S n ) ) . 
Then « e ( L n + 1 \ Bsl(a n ) )U (LQ + 1\ Bsl(a n ) ) £. (Bsl (a f l + 1 )\Bsl(an) )u 

U ( B s l ( â n + 1 ) \ B s l ( â n ) ) . Therefore by 1 ) ( i ) we get oardA ^n+2. 
2 ) ( i i ) . By Lemma 2.1 7Bn ^ e Bsl(â n ) \ Bsl(a n ) (for every 

positive n) . I f m is i n f i n i t e , l e t us take a chain <£ suoh 
that cardC » m. Then carda^ ^ * cardC = m. î f m i s f i n i t e 
l e t us take a ohain J? such that cardC = m-n-1. Then oardU^^«» 
= oardC+n+1 « m. 

1 ) ( i i ) . By Lemma 2.2 of [4] we have Bsl (â n ) \ Bsl (a n ) 
q Bsl(a f l + . j ) \ Bsl(an)» Then we obtain 1 ) ( i i ) as a oonsequenoe 
of 2 ) ( i i ) . 

Analogously we obtain the dual versions of 1 ) ( i i ) and 
2 ) ( i i ) . 

3 ) ( i i ) . Lemma 2,2 of [4] implies that Bsl (â n ) \ Bs l (a n )Q 
¿ B s l ( â n ) \ L n S.L n + 1 \ L n . Then by 2) ( i i ) we have 3 ) ( i i ) . 

As a corollary from Lemma 2.1 we have also a stronger 
form of the inclusions (1 ) . 

C o r o l l a r y 3 .2 . For every positive n we have 
the following inclusions 1 

c* B ^ K U 
(2) Ln Bs l (a n ) UBsl(Sn) Ç L f l + 1 . 

«" B s l ( a J 
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