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ON COMPARISONS OF ALGEBRAS 
BY USING THE ENRICHMENTAL THEORIES AND CLONING SYSTEMS 

In universa l algebra there are problems concerning the 
enrichments of a lgebras . Por those problema the not ion of 
abs t rao t a lgebra as an algebra of a given type i s not com-
f o r t a b l e . We stud? in t h i s paper a lgebras without types . We 
introduce a category AL of a lgebras . The poset category 
Bnr(AL) =<0b A L , ^ r > i s a subcategory of AL admiting only 
the enriohmental morphisms. The enrichmental t heo r i e s of a l ge -
bras are considered as the monads of the category finr(AL). 
We also study a notion of a c lone . We remark tha t the general 
notion of a clone depends on a given cloning closure operator 
or a cloning system of a lgebras . Ws introduce a not ion of 
a cloning closure operator as a speoia l quas i - func to r from 
a covering poset oategory to the Set category. A quas i - funo to r 
from a category K to a oategory K' i s a pa i r F • < ? 0 , P 1 > of 
mappings PQ : Ob K —- Ob K' and F^Mor K—•Mor K' having the 

h p rope r t i e s : F ^ A - ^ - B ) x PQ(A) —3—• P0(B) and F . , (h°h ) «= 
= F^ (h' ) °F. |(h) f o r a l l h and h' in Mor K. I f a quas i - f uno-
to r F:K —— K' f u l f i l s the equa l i ty F.|(1A) » 1 ? f o r a l l 

ob jec t s A i n K, then F ia a f u n c t o r . I f F i s a q u a s i - f u n c t o r , 
then we wri te F(A) and F(h) ins tead of Fh(A) and F i ( h ) . We 

This paper i s based on the l e c t u r e presented at the Sym-
posium on Universal Algebra held at Nioolaus Copernious Uni-
v e r s i t y i n Torun (Bachotek), May 23-27, 1984. 
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(M) 
give for every set M the interpolational I and localisa-
tional cloning alosure operators over M. Ve have for 
every algebra A the algebraic a l (A ) , interpolation-algebraic 
Int(A) and localisation-algebraic Loc(A) cloning closure ope-
rators induoed by A* Every topological algebra A determines 
a smooth oloning closure operator D(A). The operator D(A) for 
the usual topological algebra A of a l l seal numbers with a l l 
00 -dif ferentiable operations is used in di f ferent ia l geometry, 

A notion of a oloning system of algebras as a speoial 
funotor from the category Bnr(AL) to a poset category CLOr 

of a l l oloning closure operators is considered. Bach cloning 
closure operator B determines a category Sp(B) of invariant 
spaces over B. A cloning system Q of algebras defines a com-
parison — of algebras suoh that: A = A' i f and only i f 

Qj Q Sp(Q(A)) * Sp(Q(a' ) ) . I f ^ is a kernel of an enrichmental 

theory H of algebras ( i . e . A — A' i f f H(A) - H (A ' ) ) , then H -
<3 ' 

is said to be an enriohmental hull of Q. Ve prove that the 
cloning systems of algebras al, Int, Loa, D and theirs sub-
systems have*, the enrichmental hulls, moreover, the ways of 
enrichment bf algebras to clones over oloning systems are 
given. For ooncepts used in this paper without definitions 
see [5,8] , 

1. The enrichmental theories and comparisons ¿>f algebras 
A n-ary operation over a set X is a funotion f :Xn —^ I . 

I f f :Xn — X is a n-ary operation over X and T S I , then T is 
said to be closed under f provided f ( Y n ) s Y . I f Y * 0 is 
closed under f , then f is non-constant. An abstract algebra 
or brief ly an algebra is a pair A =< A0,A1> such that AQ is 
a non-empty set and Â  is a function that relates to eaoh 
natural number n a set A, of some n-ary operations over 11 o 
Aq. -It may be assumed (without loss of generality) that for 
a l l n i 0 the projections — A q belong to A1 n , for 
1 » 1 , . . . ,n . Let A be an algebra. Then kQ i s called the 
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Comparisons of algebras 3 

universe of A and for a i l n, A1 i s said to be the set 
of a l l n-ary fundamental operations of A. A subset Y£AQ i s 
closed in A i f for a l l n and a l l f in A1 n , Y i s closed 
under f . An algebra A' ia said to be a 3ubalgebra of A pro-
vided ti',. i s a closed subset in A and for a l l n a! „ i s the 

0 , / 1 » n 

set of a l l r e s t r i c t e d functions f|AQ, where f € A1 n . I f Y^AQ 
i s any non-empty subset, then there ia the l e a s t subalgebra A' 
of A with YqAQ, i t i s denoted by [ y ] a and called generated 
by Y. For eacn non-empty set M we have the M-power algebra 
AM of A. AM i s an algebra sue.'-, that (AM)0 = AQ i s the set of 

a l l functions from M to Â  and (A^")^ i s a function that r e -
M l a t e s to each natural number n a set (A L of a l l func-i f n 

t ions f : (An M)n — A,/ induced by functions f e A1 , i . e . m ' Y n 
f = f^ i s defined by the formula 

I f n = 0 , then f i s tn= constant function witn value f . The 
M-power AU for M = Ann wil l be denoted by F (A). I f M = 0, 

M 
then A i s a one-ele;n?nt algebra. 

An equivalence r e l a t i o n ~ over a set X i s said to be 
a congruence of a n-ary operation f : X n —- X provided for a l l 
a , , a'4 £ X i f 

a i ~ &J for i = then f ( a - ( a ^ , • » • j ~ 
~ f( a'̂  . a j , . . . , a ' n ) . I f an equivalence r e l a t i o n ~ over Â  i s 
a congruence r e l a t i o n of a l l fundamental operations of A, 
than ~ i s called a congruence of algebra A. A hocaomorphism 
from an algebra A to an algebra A' i s a pair h = <(hQ,h^ 
such that hyiA^ —*- AQ, h^ i s a function that r e l a t e s to each 
natural number n a function h, _:A., _ — - a' _ having the 1 ,n i ,n i , n ° 
following property: for a l l f 6 A1 and a l l x.J,...,XN in AQ, 
n i ) ( f ( x 1 , . . . , x n ; ) = h1 n( f) ( h Q ( x 1 ) . . , h 0 ( x n ) ) . The composition 
of homomorphisms h:A — A ' and h:A' — A " i s given by the 
f o r a a l a s : cv o h ) 0 = h ó » h 0 5 { h ' 0 h j 1 > n , h ; t t i c h l f 
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and i t i s a homomorphism h' ° h ; A—A". Hence we obtain 
a category AL of a l l algebras regarding algebras as objects 
and homomorphisms as morphisms. If A and a' are algebras, 
then A' i s said to be an enrichment of A i f AQ • A'0 and for 
a l l n A1 £ Â  „. Hence A' i s an enriohment of A i f f there 1 ,n 1 ,n • t 
i s a homomorphism r : A — A of the form'r = ( r ^ r ^ ) , where 
rA = 1. and for a l l n r . „jA., „ c— a ' „ i s the inclusion u AQ i , n i ,n i , n 
tap. The homomorphisns of the form r are called enriohmen-
t a l . The composition of enriohmental homomorphisms i s an en-
richmental homomorphism. If A' i s an enrichment of A, then 
we write A' . The subcategory of AL defined by a l l en-
richmental homomorphisms w i l l be denoted by Enr(AL) and o^lled 
enriohmental category of algebras. Hence Enr(AL) i s the poset 
category <( Ob A l , . ^ ^ . How l e t us consider the endofunctors 
of the category Enr(AL), i . e . the funotors of the form 
H : Bnr(AL)—— Enr(AL)• H i s oalled an enriohmental endofuno-
tor of algebras i f for a l l algebras A we have H(A). The 
monads of the oategory Enr(AL) are said to be the enriohmen-
t a l theories of algebras. Hence H i s an enriohmental theory 
of algebras i f and only i f H i s an enriohaental endofunctor o 
of algebras and H • H. We give examples of enriohuental theo-
r i e s of algebras. 

E x a m p l e 1. For each algebra A we re l a te an a lge-
bra 0(A) such that 0(A)q - Aq and 0(A)., i s the universe of 
the subalgebra of Fn{A) generated by the set pr11 of a l l pro-
jections p r J :AQ D —— AQ. The elemente of 0(A) 1 n are called 
n-ary algebraic operations of A. 

E x a m p l e 2. Por each algebra A we re la te an 
algebra p(A) such that p(A)Q = Aq and p(A)1|0 i s the universe 
of the subalgebra of Pn(A) generated by the set pr11 U |o®taeA0|, 
where c° i s the constant funotion with value a. The elements a 
in p(A)1 are called a-ary polynomials of A. i ,n 

A subuniverse of an algebra A i s any closed subset in A 
and moreover the empty subset provided every a lgebraical ope-
rat ion of A i s a non-oonstant function over A,.. The set of a l l 

14 -



Comparisons of algebras 5 

subuniversea of A i s denoted by Su(A). Su(A) i s an intersec-
tion structure on the set Aq and therefore i t defines a c lo-
sure operator on A Q . For every Y Q A Q there i s the leas t sub-
universe U of A such that Y£ U , i t wi l l be denoted by Sg^( Y) 
and called generated by Y. I f SgA((i) * 9, then X = SgA(0) i s 
a olosed subset in A and thus X defines a subalgebra A' of A 
with AQ = X which i s called generated by 0 and we write 
A' - [0 ] A . 

E x a m p l e 3. For any algebra A we re la te an a lge-
bra Cs(A) such that C S ( A ) 0 * A Q and for a l l n C s(A) 1 i s the 
set of a l l functions f : Aq0—- Aq having the property: fo r eTary 
non-empty set M 

M 

(k) i f Z i s a subuniverse of A and (p^ . ^ t • • • *<pa € z » then 

f o<$£>., ,$í>2,...,5Pq> 6 Z• 

The elements in Cs(A)., „ are n-ary operations of A compatible 11 n 
with power subuniversea* In analogical way using (k) only for 
a fixed M we obtain the algebra Ca*M i(A). 

B x a m p l e 4» For any algebra A we r e l a t e an a lge-
bra Co(A) such t¿a t Co(A)0 - Aq and Co(A)^ Q i s the sat of 
a l l n-ary operations f over AQ such that i f i s a congruanoa 
of A, then ~ i s a lso a congruence of f . The elements in Co(A)1 are the n-ary operations of A compatible with con-i gruenoes. 

From above we obtain 
(1.1 J The mappings 0, p, Cs, C s ^ and Co defined in e*am-

pl«s 1-4 are enrichmental theories of algebras suqh. 
that for a l l algebras A:A ^ r 0(A) «s p p{A) p CoU) . 

The identity endofunctor id of algebras (id(A) « A) i s 
the l ea s t enrichmental theory of a lgebras . The complete endo-

Aon 

functor om such that om(A)0 * Ap and cm(A)^ n = Ao i B 

greatest enrichmental theory of a lgebras . I f H i s an enrich-
fiental endofunctor of a lgebras , then H i s said to be closed 
under an algebra A provided for a l l n H(A)1 i s a subuni-I |H 
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verse of F n (AJ. I f th is condition holds only f o r a f ixed n, 
then H i s n-closed under A. I f the ident i ty endofunctor id 
i s closed under an s lgebra A and prn£.A f o r a l l n / 0, i ( n 
then A i s ca l led an a lgebra ic clone. The enrichmental theories 
0, p, Cs and Cc are closed i . e . closed under a l l a lgebras and 
enrichments under those theoriep are a lgebra ic c lones. H - a l -
gebras under an enrichmental theory H are a lgebras A such that 
H(A) = A. O-a lgebras are a lgebras in the sense of Marczewski 
£9 ] . An equivalence = between a lgebras i s said to be an 
enrichmental comparison of a lgebras provided there i s an en-
richmental t.ieory H of a lgebras such, thnt f o r any a lgebras A 
and a ' we have 

( c ) A = A' i f and only i f H(A) = H(a'). 

I f = i s an enrichmental comparison of a l gebras , then H 
from ( c ) i s oa l led an enriciimental hu l l of = . Hence the 
enriohmental comparisons of a lgebras are the kernels of en-
riohmental theor ies . For an example l e t us observe that 
J . Schmidt [10] has proved that the equivalence: A = 1 A 
i f ' a n d only i f Su(A) = Su (A ' ) has an enrichmental hu l l 
H = Cs^, where 1 = { # } (see above Ex. 3) ana iaus = ^ iB an 
enriohmental comparison of a l gebras . In the sequel we give 
other enrichmental comparisons by using the cloning systems. 

R e m a r k . I f G i s a f i xed function that r e l a t e s 
to each natural number n a set Gn of n-ary symbols with 

G n n G m = ^ f o r n ^ m ' t h 3 n a n 9 l £ 9 b r a o f t i l a *yPa G i s a n 

algebra A togetner with a family cp - of su r j ec t i ve func -
t ions 9>n:Gn n . I f A o r < A , 9 > > i s an a lgebra of the t y -
pe G, then each n-ary symbol g e Gn determines the n-ary f u n -
damental operation 9 n ( g ) of A which i s denoted by g^. The 
category G-AI of a lgebras of the type G is a subcategory of 
AL with morphi3.Tis hsA —— A such that h^ = S^' f 0 1 n 

and a l l g e G n . For tha theory of a lgebras of a typo G see 
the papers [ 3 , 5 , 1 1 ] . 
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2. The cloning closure operators 
A oovering space is a pair C =<CQ,C^)> suoh that CQ is 

a set and Ĉ  is a subset of 2 0 with Cq * U C1. I f C is a, 
oovering space, then Cq is called the support of C and Ĉ  
the coverring family of C. I f C and C' are covering spaaes, 
then a morphism from C to C' is a function h:Cy —- Cq such 
that for a l l XeC.J h " 1 ( l ) 6 C^ The composition of the mor-
phisms is a morphism. Hence we obtain a category Cov of a l l 
covering spaoes. A covering space C is oallod topological i f 
the following conditions hold: 
(tp 1) 0,CQ e C1 , 
(tp 2) i f X,YeC1 t then Xn Y 6 C v 

(tp 3) for a l l c xcc 1 u a e C , . 
A covering space C is said to be open provided 

(op) for a l l p e C^,X,Y e C.,, i f peX f lY , then there is 
U e Ĉ  with peUeXOY. Every open covering spaoe C determines 
a unique topological spaoe C with CQ = CQ and C ^ c ^ suoh 
that C1 is a base of C. The f u l l subcategory of Cov defined 
by a l l topological spaoes is denoted by Top. 

A morphism h:C — c ' in Cov is said to be minimal provided 
C1 = |h"1 (X) :XeC^}. The subcategory of Cov defined by the 
minimal morphisms is denoted by Covm. Moreover, we shall de-
note by Covo the subcategory of Cov_ admitting only the in-o ttl 
elusion map h(x) = x for xgCq. I f h:C c—-C' is a morphism 
in Covg, then C1 = { X n CQ:X e Ĉ  } , CQ£ Ĉ  and we write C^Q C' 
or C = C'|CQ and moreover, C is called a subspace of C ' . 
For every subset X£C^ there is exactly om subspace C ^ s C' 
with CQ = X and we write C = c ' | x . The set of a l l subspace 
of C' w i l l be denoted by s ( c ' ) . Henoe the category Cov_ may s 
bd considered as the poeet oategory <0b Cov ,^ s>. A covering 
poset category is a f u l l subcategory of Cov8 defined by a 
class of cohering spaces closed under the subspace opera-
tor s. Hence a covering poset category is a poset category 

where V£Ob Cov pnd s(V) = V. The oovering poset 
category s > will-<W br ie f ly denoted by V and the opposite 
category <(V, B>>by V o p . Now we give a def init ion. 

17 
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(2.1) D e f i n i t i o n . A cloning closure operator 
i s a t r ip le E = <E ( J ,B 1 ,E 2 > such that EQ i s a non-empty s e t , 
E1 i s a covering poset category and E2 i s a quasi-functor 
from E° p to Set having the following properties : 
(00) for a l l objeots C in E1 E2(C) iB the set of a l l sub-

se t s of E 0 C ° , 
(01) for every morphism CsjC' in E1 the funotion E 2 ( C ^ C ' ) 

preserves the inclusion re la t ion and for every Ze E 2 (C' ) 
and Xe Ĉ  we have Z |XE EgfClXiSC') (Z), where Z|X i s the 
set of a l l re s t r ic ted functions f |X with f € Z , G 

(c2) for every morphism C^C' in E^, set Z e S 2 ( C ' ) and f e EQ & 
we have, f e B 2 (C^C' ) (Z) i f and only i f for each XeC 1 

the function f |X belongs to E 2 (C |X4C ' ) {Z ) . 
I f E i s aj cloning closure operator and U i s a f u l l sub-

category of E.j closed under the operator s , then the t r i p l e 
E|U * <BQ,U,E 2 |U o p > i8 a lso a cloning olosure operator and 
we c a l l i t the suboperator of B induoed by U. How we prove 
the following f a o t . 

(2.2) For every cloning olosure operator E we have: 
( i ) e 2 ( c ^ - c ' ) - e 2 ( i c ) o b 2 ( c ^ c ' ) = b 2 ( c ^ c ' ) o b 2 { i c . ) -

= B 2 ( 1 c ) o B 2 ( C ^ C ' ) " B ^ l ^ l , 
( i i ) Z | C 0 e E 2 ( C ^ C ' ) ( Z ) , 

( i i i ) for every objeot C in B1 BQ = B 2(1C) i s a closure ope-
Cfj 

rator on the set EQ . 
P r o o f , ( i ) holds sinoe E2 i s a quasi-funotor. 

( i i ) holds by (o1) and (c2) . By (o1) Bc preserves the inclu-
sion re l a t ion . By ( i i ) we have Z<=EC(Z) and E^ - BQ sinoe 
E 2 (1 C ) = E 2 (1 c ) ° B 2 (1C ) by f i ) . Henoe Bc i s a olosure opera-
tor on the s a t BQ° 0 and ( i i i ) ho ld s . 

An invariant space over a cloning closure operator B i s 
a pa i r<C ,Z> such that C i s an object in B^and EC(Z) = Z. 
I f < C , Z > and <C' ,Z'> are invariant spaces over B, the« a 
morphism from < C,Z> to < C' fZ'> i s any function h:CQ —- C^ 
such that for a l l f e z' the oonposltion f ° h e Z . Hence we 
have a category Sp(B) of a l l invariant spaces over a cloning 
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olosure operator 3. Every invariant spaoe <C,ii> over E and 
any subset X£Cq determines by (2.2) a invariant space 
<C|X,E2(C)X$C) (Z)> over is' which ie called a subspace of 
<C,Z> induoed by X. A selection over a cloning closure ope-
rator E i s a runction a that r e l a t e s to each natural number n 
an object o<(n) in Ê  suoh thator(n)Q = Eg. Every selection oc 
over E defines a function B ^ ' that r e l a t e s to each algebra A 
with Aq = E0 an algebra A' = E ^ ( A ) such that Â  = EQ and 
for a l l n Â  n = B<x(n)(A1 Q ) . Prom (2,2) we obtain: 

(2.3) For every selection cx over a cloning closure ope-
rator E the function E^01' i s a monad of the poset category 
Enr™ (AL) being the f u l l subcategory of Enr(AL) defined by 

Q 
a l l a l t«bras A with AQ « EQ. 

An algebra A with prIlSA1 _ for a l l n 4 0 i s said to be 
' t n 

a clone over E provided there i s a selection cx over E and 
A = E^ ' fA ) . Since E does not depend on A the algebra 
A' • (A) with prn£A^ i s always a clone for a l l A ajid 
a l l Selections cx over E. i f A i s a clone over E and A = E^(A), 
then A i s cal led an cx-clone over E. 

A oovering space C with a one-element covering family 
C1 = {Co| m a y b e c o n e i d e r e d 8 8 t h e 8 0* co a n d *h e covering 
poset oategory defined by a l l those covering spaces may be 
considered as the poset category Set_ « <Ob S i t , £ ) . By easy 
ver i f i ca t ion we obtain 

(2.4) Every algebra A defines a cloning closure operator 
al(A) such that al(A)Q - AQ, a l (A)1 - S»t0 and Al(A)2(MOl')(Z) 
i s the set SgAu'(Z)|M, where AM i s the X'-power algebra 
of A. The operator al(A) admits only one selection cx with 
a(n) « a J . 

An algebra A' with AQ » AQ i s a clone over al(A) i f and 
onl̂ r i f for a l l n Â  ^ i s a subuniverse of *n(A) and 
prnc a! _ for a l l n ft 0. Hence A i s an algebraic clone i f * % 
and only i f A i s a clone over a l (A) . 

A oloning closure operator E preserves an algebra A pro-
Tided E0 * Aq and for each, mar phis m C^C' in Ê  i f Z i s a sub-
universe of the algebra A then E9(C^C )(Z) i s a » ab i » i -

- 19 
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verse of A . Obviously a l (A ) preserves A. Now we introduce 
the interpolat ional cloning closure operators. 

(2.5) D e f i n i t i o n . An interpolat ional operator 
i s a t r i p l e I = , I g > such that IQ i s a non-empty set , 

I.j i s tho covering poset category Cov8 and I 2 i s a quasi-func-

tor from I . o p to Set such that f o r a l l objects C I 0 ( C ) = 
T €0 1 2 

= 2 and f o r every morphisra C^C' in CovB and Ze I 2 ( C ' ) , 
I 2 (CsSC' ) (Z ) i s the set of a l l functions f : C 0 — - I Q such that 
f o r each XeC1 there i s a function h e Z with f|X « h|X. 

How we prove 
(2.6) T h e o r e m . For every non-empty set T there 

i s only one interpolat ional operator I with I 0 « I and i t i s 
denoted by Moreover, every interpolat ional operator I 
i s a cloning closure operator preserving a l l algebras A with 

A0 = I0* 
. P r o o f . The mappings I 2 are uniquely determined 

by I Q . Prom the de f in i t i on (2.5) i t fo l lows that I 2 i s such 
a quasi-functor that i t i s a clojning closure operator. Let A 
be, any algebra with AQ = and l e t Z be a subuniverse of Oq 
A . For a l l n and a l l f e Â  and a l l , p 2 » . . • ,<pn 6 Ẑ  « 

Cn ' 
= I 2 ( C - ^ C ' ) ( Z ) , 9 = f u ( ^ l , j P 2 , . . . ^ n ) e Z 1 since f o r every 

XeC1 by (2 .5 ) we have <p\X « fx(y>11X,$P2 |X,... ,9n|X) -
C' 

- irfh., | x , h 2 | x , . . . , h n ( x ) = f 0 ( h 1 t h 2 , . . . , h n ) | x , where h ^ Z 
CU c o and f u ( h ^ , h 2 , . . . , h Q ) e Z, beoause Z is a subuniverse of A . 

C0 

Hence Ẑ  i s a subuniverse of A and thus I preserves the 
algebra A. 

A covering space C' i s called an enrichment of a oovering 
space C i f C0 - C^ and C1 £ and then i t i s written C f - j ci 
The covering poset category defined by a l l open oovering 
spaces i s denoted by 0CovQ. How we give a de f in i t i on of a 
loca l i za t iona l operator. 
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( 2 . 7 ) D e f i n i t i o n . A l o c s l i z a t i o n a l o p e r a t o r 
i s a t r i p l e L = < L y , L . j , L 2 > such t h a t Ly i s a non-empty s e t , 
L 1 i s the c o v e r i n g posa t c a t e g o r y OCov0 and L 2 i s a q u a s i -
- f u n c t o r from L ^ P t o S e t such t h a t f o r a l l o b j e c t s C i n L^ 

L o C ° 
L 2 ( C ) = 2 and f o r every morphism C ^ C i n L 1 and Z e L 2 ( C ) 
we have 

L 2 { c ^ C ' ) ( z ) = u | i 2 ( c " | c 0 « c " ) ( Z ) : C ' H J - c } , 

where I i s the unique i n t e r p o l a t i o n a l o p e r a t o r wi th = L Q . 
( 2 . 8 ) T h e o r e m . For every non-empty s e t Y t h e r e 

i s only one l o c a l i z a t i o n a l o p e r a t o r L wi th L,. = Y and i t i s 
( Y ) 

denoted by LV . Moreover , every l o o a l i z a t i o n a l o p e r a t o r I 
i s a c l o n i n g c l o s u r e o p e r a t o r p r e s e r v i n g a l l a l g e b r a s A 
w i t h A0 = LQ. 

P r o o f . The mappings L 2 a r e uniquely determined by 
L q and by f i x e d c a t e g o r y L^ . By ( 2 . 6 ) and ( 2 . 7 ) L i s a c l o n i n g 
c l o s u r e o p e r a t o r . Le t A be any a l g e b r a wi th AQ = L y . Let us 
c o n s i d e r the s e t = L 0 ( C ^ C ' ) ( Z ) , where Z i s a j subuniver se 

fi' I c. 
0 of a l g e b r a A . I t i s s u f f i c i e n t t o prove t h a t cp = c 0 

x f > 1 , S P 2 l . . . , j P n U Z 1 f o r a l l n , f € A 1 > n a n d <py ,(p2,... ,pR e Z 1 . 

S i n c e 9 5 l e Z 1 t h e r e a re C^ H-jp C such t h a t fe I 2 ( C^ ICyS® C^) ( Z ) . 

Hence f o r p e C ^ t h e r e a ra C ^ E C ^ wi th p e x [ p ' and 

h ± e Z w i t h 9 ? 1 | Y [ p ) = i i 1 | Y [ p ) , where y [ p ) = x [ p } n c 0 , i = 1 

S i n o e c ' i s open t h e r e i s u ' P ' e c ! , wi th p e l l ' p , c x | ' p W | p , n 

n . . . X ^ P ' . Thus f o r . Y ^ P ' * C 0 we have ^ p ) = 

- h j Y ^ P ' f o r i x 1 , . . . , n . Henoe we o b t a i n = 

. f Y ( P , ( 9 ) 1 | Y ( P ^ . . . , 9 3 n | Y ( P ^ ) - f Y ( P ) ( h 1 l Y ( P ^ , . . . , h n | Y ( P ' ) = 
c ' c ' 

» f ° ( h 1 , . . . , h n ) | Y ( p i = h | Y ( p J , where h = f ° ( h 1 t . . . , h n ) e Z. . 

Le t V* be the c o v e r i n g s p a c e such t h a t CQ « CQ and C * = 

U ^ p l s p e CQ| . Then and (p E I 2 ( C * | C 0 < C* ) (Z) and 
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12 J . S iomir i sk i 

thus joe Z.j . Her.co L p r e s e r v e s A and t h i s f i n i s h e s our proof 
o f Theorem ( 2 . 8 ) . 

Let E and E ' be any c l o n i n g c l o s u r e o p e r a t o r s . E ' i s s a i d 
t o be an enr i chment o f E provided EQ = 3Q, E 1 = E '̂ and E ^ ^ E^ 

Q ' 
or f o r every morphism C ^ c ' and Z £ E 0 0 we have E 2 ( C ^ c 'J ( Z ) c 

c E g f C ^ - C ' } ( Z ) . I f E ' i s ar. enr ichment o f E , t h e n v;e w r i t e 
E ^ r E ' . The pose t c a t e g o r y < C L O , ^ r > , where CLO i s the c l a s s 
o f a l l c l o n i n g c l o s u r e o p e r a t o r s , w i l l be denoted by CLOp 

and c a l l e d e n r i c h m e n t a l poset c a t e g o r y o f c l o n i n g c l o s u r e 
•operator« . 

3 . The c l o n i n g B system of a l g e b r a s 
— - A c l o n i n g sys tem o f a l g e b r a s i s each f u n c t o r Q : E n r ( A L ) — -

CLOr such t h a t : 
( 1 ) f o r every a l g e b r a A Q(A) i s a c l o n i n g c l o s u r e o p e -

r a t o r which p r e s e r v e s the a l g e b r a A, 
(2) f o r e l l a l g e b r a s A and A' Q(A) 1 = Q ( a ' ) 1 . 
Tne c o v e r i n g poset c a t e g o r y Q* = Q(A)^ from ( 2 ) i s s a i d 

t o be the c o v e r i n g pose t c a t e g o r y o f a c l o n i n g sys tem Q o f 
a l g e b r a s . A s e l e c t i o n over a c l o n i n g system Q o f a l g e b r a s 
i s a mapping y t h a t r e l a t e s t o e a c h a l g e b r a A a s e l e c t i o n 
ar( A J over the c l o n i n g c l o s u r e o p e r a t o r Q ( A ) . A s e l e c t i o n 
o f a l g e b r a s i s a mapping W t h a t r e l a t e s t o each non-empty 
s e t X an a l g e b r a W(X) w i t h W(X)Q = X . By ( 2 . 3 ) we o b t a i n : 

( 3 . 1 ) For eaoh c l o n i n g sys tem Q o f a l g e b r a s , each s e l e c -
t i o n j- over Q and f o r - every s e l e c t i o n W o f a l g e b r a s the 
mapping H t h a t r e l a t e s t o every a l g e b r a A an a l g e b r a H(A) = 

j ( W ( A 0 ) ) 
= Q(W(AQ)) w (A) i s an e n r i c h r a e n t a l t h e o r y o f a l g e b r a s . 

By easy v e r i f i c a t i o n we have the next f a o t . 
( 3 . 2 ) F o r each c l o n i n g sys tem Q o f a l g e b r a s , eaoh s e l e c -

t i o n 3* over Q and every e n r i c h m e n t a l endof\inotor II o f a l g e -
b r a s the mapping m(Q,y,H) t h a t r e l a t e s t o e a c h a l g e b r a A 
an a l g e b r a 

m ( Q , r , H ) ( A ) = Q < A j 3 * ( A , ( H ( A ) ) 

i s an e n r i c h m e n t a l e n d o f u n c t o r o f a l g e b r a s . 
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Comparisons of algebras 13 

The endofanctor in(Q,gr,HJ for H = id (id(A) = A) will be 
briefly denoted by m(Q,3"). By (3.2) and (2.3) we obtain the 
following fact. 

(3.3) If for a cloning system Q of algebras and for a se-
lection <T over Q we have Q(A) = q(A' ) and ^(A) = y(A') provid-
ed A0 = A0, then m(Q,j) is an enrichmental thaory of algebras. 

Let us consider the applications of (3.3). 
E x a m p l e 1. To every algebra A we relate the 

interpolational operator J(A) = I with Iq = A^. By (2.6) 
J is a cloning system of algebras and by (3.3) n(J»cw), where w 
w is a mapping that relates to every non-empty set X a selec-
tion w(X) over and c„, is such a selection over J that 
ow(A) = W(Aq) for all A, is an enrichmental theory of algebras. 

E x a m p l e 2. To every algebra A we relate the lo-
calizational operator 1(A) = L with LQ = A^. By (2.8) the 
mapping 1 is a cloning system of algebras and by (3.3) 
m(ltcv), where v is a mapping that relates to every non-empty 
set X a selection v(X) over and cy is suoh a selection 
over 1 that cV(A) = V(Aq) for all A, is an enriohraental theory 
of algebras. 

The Theorem (2.4) determines the algebraic cloning system 
al of algebras which does not fulfil the assumptions of (3.3). 

Sinos a oloning system Q of algebras is a functor from 
Bnr(Ai) to CIOr therefore if 4 s r A' , then Q ( A ) < R Q ( A') and 
thus every invariant apace <C,Z> over Q(A') is an invariant 
space over Q(A) because Z£Q(A)c(Z)QQ(A')C(Z) = Z or 
Q(A)q(Z)s Z. Hence we have: 

(3.4) If Q is a cloning system of algebras and for alge-
bras A and A' we have A A ' , then the category Sp(Q(A')) 
of all invariant spaces over Q(A') is a full subcategory 
of the oategory Sp(Q(A)). 

If Q is a cloning system of algebras and V is a full 
subcategory of the poset category Q * closed under the sub-
space operator s, then V defines a cloning system Q' = QIV 
of algebras such that for every algebra A we have Q(A) = 
= Q(A)|V. Then Q' is called a subsystem of Q induced by V. 
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14 J . Siominski 

Sp{Q'U)J i3 the f u l l subcategory of'Sp(Q(A)) defined by a l l 
invariant spaces <C,Z> with C in V. Every cloning system Q 
of algebras defines a comparison = between algebras by the 
formula: 

A = A' i f and only i f A0 = AQ and Sp'(Q(Aj) = Sp(Q(A')}. 

I f the comparison ^ has an onrichmental hul l , then we say 
that the enrichmental hull H of = i s an enrichmental hull Q 
of Q and we write H = Q. Hence for an enrichmental theory H 
of algebras we have H = Q i f and only i f for a l l algebras A 
ajttd A' A = A' i f f H(A) = H ( A ' ) . 

I f Q' i s a subsystem of a cloning system Q of algebras 
and A = A' , then also A =, A' . Every cloning system Q of a lge-
bras such that Q(A) = Q(A') provided AQ = AQ has as an eorioh-
mental hull the greatest enrichmental theory cm of algebras. 
Thus J = 1 = cm by the examples 1 and 2. To determine the 
enrichmental hulls of the algebraic cloning system al of a lge-
bras and i t s subsystems l e t us consider the example 3 from 
the § 1. Every f u l l subcategory V of the poset oategory 
a l * = 5et_ closed under the subspaoe operator s defines an 

(V) 
enriohmental theory Csv of algebras whioh re l a te s to eaoh 
algebra A the algebra A' = CS* '(A) such that AQ » AQ and 
for a l l n, Â  Q i s the set of a l l functions f :A 0 n —-AQ 
having the property (k) for a l l s e t s M in V (see § 1, exam-
ple 3) . 

(3.5) T h e o r e m , The enriohmental theories Cs 
and of algebras are the enriohmental hulls of the cloning 
systems a l and al|V of algebras , where V i s any f u l l subcate-
gory of Se t s with s(V) = V. Moreover, for every algebra A ws 
have A = 0(A) = Cs(A) and A J j 7 0(A) a-jJv C s { V , ( A ) . 

P r o o f . Prom the def ini t ions of Cs and Cs* ' i t 
follows that Sp( al( A)) =U { { M } * S U ( C S ( A ) M ) t M 6 Ob S e t } and 
Sp(al|V( A)) = L ) | { M } S U ( C S ( V , ( A , ) M ) S Me Ob v } for every 
algebra A. Hence i f Cs(A) = Cs(A'), then Sp(al( A)) > Sp(atL( A')) 
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Comparisons of algebras 15 

or A = A . If A = a' , then from the definitions of == and al al _ al 
Cs it follows that Cs(A) = CS(a'). Thus al = Cs. In analogical 

(V) 
way is proved that al|V = Csv . The rest is obvious. 

Prom (3.5) for V = s(1), where 1 = {0} we obtain theorem 
of J. Schmidt [jo] mentioned in § 1. 

E x a m p l e 3» Let A be the algebra of all integers 
with the operations + and Moreover, let A' be the enrich-
ment of A by adding the absolute value I * I . Then A = a' and al 
0(A) ¿ O(a'), but Cs(A) = Cs ( A ' ) . 

(3.6) If 0(A) = O(A'), then A = a' and thus Cs(A) = 
, ' , a l 

= Cs{A ). 
P r o o f . By (3.5) A = 0(A) = 0(A') = A' and thus al al 

Cs(A) » Cs(A'). 
Let H and S be closed enriohment^l endofunctors of alge-

bras with H S S (i.e. H(A)i Q S(A)1 „ for all A and n). If Q i f n i fii 
is any cloning system of algebras, then an n-affine space 
over an algebra A under (Q,H,S) is an invariant space <C,Z> 
over Q(A) such that C Q = AQ

n, Z>S(A)1 n and Z = Q(A)C(H(A)1 n). 
An algebra A is n-affine under (Q,H,S) if there i r a n-affi-
ne space over A under (Q,H,S). An algebra A is affine under 
(Q,H,S) if A is n-»ffine under (Q,H,S) for all n. The n-affi-
nity or affinity under (Q,H,cm) is called n-oompletion or 
completion under (Q,H). Prom the definitions it follows 

(3.7) Every algebra A is affine under (Q,H,m(Q,f,H)), 
where 3* is any selection over Q. 

An algebra A with pr 0QA 1 _ for all n 4 0 is said to be i, n 
a clone over a cloning system Q of algebras if there is a se-
lection y over Q such that A - m(Q,y)(A). If A is a clone 
over Q and A = m(Q,3r|(A)¿ then A is a y-clone over Q. An alge-
bra A is an algebraic clone if and only if A is a clone 
over al. 

4. Interpolation-algebraic and localization-algebraio 
cloning systems of algebras 

Let B and 5' be two cloning closure operators such that 
* B¿ and B^ = Seta. We say that B' preserves B provided 
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16 J. SIomiriski 

for every morphism C«£C in B̂  and for every u which 
is B---closed ( i . e . B_/ (Z) = Z) the sat B ' (C^C ' ) (Z ) is 

B« -closed. Hence B' preserves an algebra A i f and only i f E' 
0 

preserves a l (A ) . 
(4.1) T h e o r e m . Let B and 3 ' be two cloning clo-

sure operators such that EQ • EQ and B1 = Set8. I f e ' pre-
serves B, then a triple E" = suoh that EQ = EQ, 
B̂ ' = E,j and the map E^ is defined by the following formula 

E ^ C ^ C ' H Z ) = B g ( C « c ' ) { B c ^ ( Z ) J 

is a cloning closure operator whioh preserves B. Moreover 
i f <C,Z> is an object in Sp(E"), then<CQ,Z>is an objeot 
in Sp(E) and in this way a functor F:Sp(B") —— Sp(B) is ob-
tained. 

P r o o f . Since E' preserves B the mapping Eg is 
a quasi-functor. Hence by easy veri f ication we prove that B" 
is a cloning closure operator which preserves The rest 
is obvious. 

The cloning closure operator E" given by (4.1} is denoted 
by E'A E and called a composition of B and b ' . Now let us con-
sider the applications of Theorem (4.1)» By Theorems (2.6) 

(A0) (A0) 
and (2.8) the oloning olosure operators I and L pre-
serve al(A) and thus by (4*1) the formulas 

(A f )) (A0) 
Int(A) = I A al(A) and Loc(A) «= L A al(A) 

define the cloning olosure operators preserving the algebra A 
and thus we obtain the interpolation-algebraio cloning sys-
tem Int and the looalization-algebraio oloning system Loa 
of algebras. Henoe I n t * » Covg and Loo* = OCovB. We prove 
that the systems Int and Loo and their subsystems have the 
enrichmental hulls. For this for each algebra A we define 
the algebras A' = Cis(A) and A" - Cls(A). or k" is an 
algebra suoh that A« « « Aft and for eaoh natural number n 
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Comparisons of algebras 17 

an operation f$A 0
n—— A0 belongs to a'̂  op A '̂ if and only 

if for each covering spaoe or for each open covering space nC 
the following oondition hold«! r 

(11) if Z is a subuniverse ef the algebra A and Z is 
(Af.) (A/,) _ C 0 

I c
 u -closed or Lc

 u -closed, then f(Z°)E.z, where f « f . 
The mappings Cis and Cls are enriohnental theories of 

algebras, let V be any full subcategory of Covs or OCov0 
olosed under the subspace operator s. In an analogical way 
for any algebra A we define the algebras Cis^(A) and 
Cls^(A) by using (u) only for covering spaces C in V. The (V) (y) 
mappings Cisv ' and Cls1 are also enrichmental theoriec of 
algebras. Prom definitions we have: 

(4.2) If Q is Int or Loc and A ^ r A' and moreover <C,Z> 
ie an object in Sp(Q(A)), then <C,Z> is an object in 
Sp(Q ( a' )) if and only if<C 0,Z>is an object in Sp(al(A')). 

(4.3) T h e o r e m , The enrichmental theories Cis, 
Cls, C i s ^ and C l s ^ of algebras are the enrichmental hulls 
of the cloning systems Int, Loc, Int|V and Loo|W of algebras, 
where V and W are any full subcategories of CovB and OCovs 
closed under the subspace operator s. Moreover, for all alge-
bras A we have A 0(A) f= Cis(A), A f = | V 0(A) i3|y CiJVU), 
A °(A> L n |W Cls(W,(A) and A = 0(A) = Cls(A). 

C C 
P r o o f . Let us denote by Siun(A °) or Slu^A °) (A0) (Aq) C C 

the set of all In -closed or Lp -closed subuniverses of 
C C 

the algebra A We put ti(C) = {cjxSii^fA °) and tl(C) = 
= {C} a- Sluc(A °). Then we have Sp(Int(A)) = U (ti(C) : C e 
e Ob Cov8}, Sp(Int|V(A)) = U {ti(C) s CeObv}, Sp(Loc(A)J = 
= l) jtl(C) : C 6 Ob 0Covs} and Sp(Loc |'V( A)) = U jtl(CJ : C 6 Ob w}» 

IV) 
Henoe by the definitions of theories Cis, Cis1 , Cls and 
C l s ^ we obtain the first part of Theorem (4.3). The rest 
is obvious. Tnis finiehs the proof of Theorem (4.3). 

If cx is a selection over a cloning closure operator E, 
then we say that a covering space Ca -admits a set Z 
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18 J. Siomineki 

provided for a l l n, a l l the following con-
dition holds: 

(ad) for each X€ C, there is Yecx(n)., such that 

,<p2f • »SPn> (X)£Y. Since S Int(A) the selections 
(A0) 

over I and Int(A) are the same* 
(4.4) T h e o r e m . Let H be an enrichmental endo-

functor of algebraB closed under an algebra A. I f a is a se-
lection over Int (A) ,<C,Z> is an invariant space over Int(A) 
such that <CQ,Z> is an invariant space over al(H(A)) and 

the covering spaoe Co. -admits Z, then <C,Z> is an invariant 
space over In t (A ' ) , where a' = Int(A) (H(A)). 

P r o o f . Sinoe H is closed under A therefore A' =» 
= I ^ ( H ( A ) ) t where I is the unique interpolational operator 
with IQ =» Aq. Henoe for a l l n, Â  = n̂  a n d t i lUB 

for every f e Al _ and every l eo i ln ) . there is h ' ^ e H l i ) , _ i fn i i)A 
with f|Y = h^'-lY. By (4.2) i t is sufficient to prove that 
<C f1,Z>is an object in Sp(a l (A ' ) ) . For this let us consider 

c0 
any function •. <p = f (jc^ • • • *9n)» where f e Â  n and 

* * * e Z* T h e P81-37^0»2^ i s a n object in Sp( I ) . Hence 
9?eZ i f f for every XeC., there is \?e Z with <p |X = y I X. l e i 
X€C1# Sinoe C a-admits Z there i s , by (ad), Yeot(n)1 with 
<551,932,...,9?n> (X)c Y. Thus <p\X = f * ^ ! X , ^ | X,.. . , X) = 
= y | X with y = h , 9 > 2 , . . . , p n ) e z, because <C0,Z> is in 
Sp(al(H(A)). Hence f t Z or <C0,Z> is an object in Sp(a l (A ' ) ) . 
This finishs our proof of Theorem (4.4)© 

Moreover, let us remark that a' = m(Iijt,j",H) (A), where A' 
is the algebra in theorem (4.4) and tf is any selection over 
Int with j*(A) = o<. 

(4.5) T h e o r e m . Let H be an enrichmental endo-
functor of algebras closed under an algebra A such that H(A) 
is an algebraical clone. Moreover let a be such a selection 
over Int(A) that for each n the covering £. oaoe a (n) a-admits 
the set H(A)1 Then the algebra i ,n 
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A' = Int(A) ( o"(H(A)) 

i s a clone over I n t , i . e . A' i s T-clone over Int , where 3* i s 
any select ion over Int with 3~(A' ) = a . 

P r o o f . For a l l n, A1 fl = ¿ j (H( A) 1 n ) . Hence 
the p a i r < A (n) ,A! > f u l f i l s the suppositions of Theorem ( 4 . 4 ) . 11 n f 
Indeed a (n) a-admits A. , because a (n) cx-admits H(A)1 „. I|U 1 Q̂ 
But H(A) i s an algebraical done and thus H(A) 1 i s a sub-
universe of Pfl(H(A)). Hence, by (2.6), i s a subuniverse 
of Pn(H(A)) or<a(n) 0 ,A 1 Q> i s an object in Sp( al(H( A))) . 
Obviously <a (n) .A^ n > i s an object in Sp(Int(A)) . Hence, by 
Theorem ( 4 . 4 ) , <« (n) .A^ n > i s an object in Sp(Int(A')) for 
a l l n and thus A' = I n t ( A ' J ^ ' U ' ) or A' i s a GR-clone for 
any seleoition 3* over Int with Y(A') - ex. a i s a seleotion 
over I n t ( A ' ) because I n t ( A ' ) 0 « Â  • A Q . This f in ishs the 
proof of Theorem (4*5 ) . 

Let *U. be any in f in i te oardinal number. Let us denote 
by QLm the seleotion over I wuoh that for a l l n «/W(n)1 

i s the set of a l l subsets X of Ann with card(X)<4£ . The 
Aon 

covering space a w ( n ) o^-admits every set Zc aq u , Moreover 
Cn 

every covering spaoe C or^-admits any set Zc aq Hence by 
theorem (4*5) we obtain 

(4 .6 ) T h e o r e m . For every i n f i n i t e cardinal 
number m and for eaoh enrichaental endofunctor H of algebaras 
closed under an algebra A such that H(A) i s an algebraioal 
clone the algebra 

ia4n) 
k' - Int(A) H(A) 

i s a clone over I n t , i . e . A' i s a T-clone over Int for any 
seleotion f over Int wi th^{A' ) =a 

For a oonnezion to the l a s t part of § 3 we give a remark. 
R e m a r k . The determination of a characterisation 

of algebras A being n-affine or aff ine under a given t r ip le 
» open problem. Some part ia l solutions of th is 
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20 J . Siomiriski 

problem f o r s p e c i a l c a s e s : Q i s a l or Int|Fin (where Pin i s 
the f u l l subcategory of Cov„ defined by a l l C such that C. 

( 
i s the se t o f a l l f i n i t e subsets of CQJ and (H,SJ e | ( p , C o ) , 
(p,cm), (0,cm) | are given in papers [ 1 , 2 , 4 , 6 , 7 ] . 

5 . The smooth cloning system of t o p o l o g i c a l a lgebras 
A t o p o l o g i c a l 8 lgebrs i s a pair A = < > such that 

A0 = <A00»A01^ a i o P o l ° 8 i c a l spaoe and Â  i s a funct ion 
that r e l a t e s to each natural number n a se t A- of n-ary 

n * 
continuous operations f :A 0 ( J —"~A00 O V 0 r t o P 0 1 ^ * 0 8 1 

spaoe Ay ( i . e . f i s a morphism i n the category Top from 
the product space AQ11 to AQ). 

Every t o p o l o g i c a l a lgebra A determines an algebra U(A) 
such that U(A)Q = A0Q and U(A)1 • A «̂ A morphism f o r a topo-
l o g i c a l a lgebra A to a t o p o l o g i c a l a lgebra A' i s such a 
morphism h » < h 0 , h 1 > from U(A) to U(A') i n AL that hQ i s 
a morphism in Top from AQ to a 'q. Hence we obtain a oategory 
TAL of t o p o l o g i c a l a lgebras such that U i s a f q r g e t f u l func-
t o r from TAL to AL. Puting f o r t o p o l o g i c a l a lgebras A and a' 
A j £ r a' i f and only i f A0 » a'q and A^ k'̂  f o r a l l n we 
have a poset oategory Itar(TAL) * < 0 b T A L , « p > w h i o h may be 
considered as a subcategory of TAL* The endofunotors of 
Enr(TAL) of the forms H such that As? r H(A) f o r a l l A are 
oa l led enrichmental endofunctors of t o p o l o g i c a l a l g e b r a s . 
The monada of Enr(TAL) i . e . the enrichmental endofunctors H p 
of t o p o l o g i c a l a lgebras with H «= H are said to be the e n r i c h -
mental t h e o r i e s of t o p o l o g i c a l a l g e b r a s . For ins tance we have 
the enrichmental t h e o r i e s of t o p o l o g i c a l a lgebras 0 and p 
such that 0 (A) and p(A) are the t o p o l o g i c a l a lgebras with 
0 ( A ) Q = A Q , 0 ( A ) . , - 0 ( U ( A ) ) . J , p ( A ) 0 - A 0 a n d p ( A ) 1 = p f U ( A ) J 1 

f o r a l l t o p o l o g i c a l a lgebras A. 
A clotittag system of t o p o l o g i c a l a lgebras i s a functor Q 

from the category Enr(TAL) to the category CL0r such t h a t : 
(1) f o r a l l A Q(A) preserves U{A) , 
( 2 ) f o r a l l A a n d A ' Q ( A ) 1 = Q ( A , ) 1 , 
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(3) for all A, all selections a over Q ( A ) and all n we 
have if Z is a set of continuous n-ary operations over AQ, 

then the set Q(A)a^nj(Z) is also a set of continuous n-ary 
operations over the topological 3paoe AQ. 

Hence if Q is a cloning system of topological algebras 
and a is a selection over Q(A), then Q ( A ) ^ determines a mo-
nad of the oategory Enr, (TAL) which is the full subcategory 

0 

of Enr(TAL) defined by all topological algebras A with AQ = AQ. 
For any topological algebra a' with AQ = AQ we have a" = 

« Q( A)(oi} (A') if AQ = A0 and = Q( A)a(n)(Ai .n1 f o r a 1 1 n* 
A topological algebra A is a clone over Q if A = Q(A)(Q,(A)I 
for a selection o< over Q(A) and prIls.A1 for all n 4 0. i ,n 

A cloning system Q of topological algebras defines a 
comparison = of topological algebras such that 

A = A' if and only if AQ * AQ and Sp(Q(A)) = Sp(Q(A')J. 

If = is a kernel of an enrichmental theory H of topological 
algebras, then H is called an enrichmental hull of Q. 

M 
For a topological algebra A, a set M and a set Z£AQQ 

let us denote by inA(Z) the least topological space (with 
respeot to the enrichmental relation l-^) C with CQ = M such 
that every mapping feZ is a morphism in Top from C to AQ. 

Then we have the following facts: 

(5.1) inA(Z) x inA(Sgu(A)M(Z))f 

(5.2) inA(Z lMO = inA(Z)lM' = i n A ( Z 1), where M' s m; 

Z1 - L2(inA(Z)|M'^inA(Z))(Z) 
and L is the localizational operator with LQ = AQQ. 

Using (5.1) and (5.2) we prove the next theorem« 
(5.3) T h e o r e m . We have a cloning system 

D : Enr(TAL) — - CLOr 
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of topological algebras that relates to a topological alge-
bra A a cloning closure operator D(A) such that D(A)Q = AQ0, 
D(A)1 = Setg and 

D(A)2(M'£M)(Z) = L2(inA(Z)|M'í£inA(Z)(Sgü(A)M(Z)) 

where L is the localizational operator with LQ = AQQ. 
Let us observe that an invariant space over D(A) is a pair 

<M,Z> such that Z £ A 0 0
M , the pair <inA(Z) fZ> is an invariant 

space over Loo(U(A)) and is an invariant spaoe over 
al(U(A)). Hence it follows that Sp(D(A)) is a full coreflective 
subcategory of Sp(al(U( A))). Moreover, we have the following 
fact: 

(5.4) The mapping 
<M,Z>H—in A(Z) 

defines a functor inAjSp(D{A)) — Top having a left adjoint. 
The unit and counit of this adjunotion are pointwise bi-
morphisms. 

P r o o f . If f :<M,Z> —<M',Z'> is a morphism in 
Sp(D( A)), then f is a morphism in Top from inA(Z) to inA(Z') 
since, for all h in Z' , h 0 fe Z and thus h ° f is a conti-
nuous mapping from inA(Z) to AQ. Hence inA is a functor. Por 
each topological spaoe C the pair <CQ,Z>, where Z is the set 
of all morphisms in Top froA C to AQ, is an object' in 
Bp(D(A)). Puting F*(C) =<C ü tZ>we obtain a left adjoint 
functor to inA. The remain part is obvious. 

By (5.4) every morphism in Sp(D(A)) is continuous and any 
isomorphism in Sp(D(A}) is an homeomorphism. Therefore the 
morphisms and isomorphisms, in Sp(D(A)) are called smooth 
mappings and diffeomorphisms over the topological algebra A 
and D is said to be a smooth cloning system of topologiqal 
algebras. 

If A is a topological algebra and M a set, then a sub-
universe Z of U(A)M is said to be olosed under localization 
provided Z = L i n (Zj(Z), where L is the looalizational ope-
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r a t o r with LQ = AQQ." The se t of a l l subuniverses of U(A)M 

closed under the l o c a l i z a t i o n i s denoted by Slcu(U(A)M) and 
the product {m} xS1cu(U(A)M) by t^(M). With each topological 
algebra A we r e l a t e a topological algebra A' * Cts(A) such 
that Ay = Aq and, f o r a l l n, Â  i s the se t of a l l continuous 
n-ary operations f t k ^ 1 1 — - Aqq over Aq having the property 

that for a l l set M holds ( l c ) : 
( l o ) i f Z i s a subuniverse of U(A)M olofBed under the l o -

c a l i z a t i o n , then Z j ^ Z . Henoe Cts i s an enrichmental 
theory of topological a lgebras . For every f u l l subcategory V 
of Set„ closed under the operator s we obtain an enrichmen-

8 (V) 
t a l theory "Cts4 ' of topological algebras by using the condi-
t ion ( lo ) only f o r M in V. Moreover, we have a cloning system 
Q * D|V of topological algebras such that Q(A) = D(A)|V f o r 
a l l topological algebras A.N Let us observe that Sp(D(A)) » 
= U |tA(M)sM€ Ob S e t f l } and Sp(D|V(A)) = U jt^(M) sMe Ob v } . 
Henoe and from the de f in i t ions of Ct^ and C t s ^ i t follows 
that Cts and C t s ^ are the eprichmental hul l s of D and D|V 
and thus we have proved the next theorem, 

(5*5) T h e o r e m . The enrichmental theor ies Cts 
fv) 

and Ctsv ' are the enrichmental h u l l s of the cloning systems D 
and D/V of topological a lgebras . Moreover, for each topo-
l o g i c a l algebra A we have: .A ^ 0(A) = Cts(A) and 
A 0(A) ^ C t s ( V ) ( A ) . 

Now we prove 
(5*6) T h e o r e m . Let H be an enrichmental endo-

functor of algebras olosed under <J(A), where A i s a topologi -
c a l algebra. Moreover, l e t < M , Z > b e an objaot in Sp(D(A)) 
and in Sp(al(H(U(A))) ) . Then we have: 

I . I f X i s a open subset in the product space and 
• • • t f a 3 1 6 suoh functions in Z that f = 

= < <p^,<p2,.. t tcpa> sM—~X, then h 0 f e Z f o r a l l h e L2(AQ n|x 
^ A0n(H(U(A))1 fl), where L i s the l o c a l i z a t i o n a l operator 
with Lq = A 0 0 . ' 
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I I . The pair <M,Z> i s a object in Sp(a l (A ' ) ) , where 

( a . ) (Of.) 
A' = Loo(U(A)) A (H(U(A))) = L A (H(U(A))) 

andcxA i s a se lect ion over Loc(A) and thus over L suoh that 

o<A(n) = A0n fo r a l l n. 
P r o o f . Let H q = H{U(A) a . There i s A0n 

such that he I 2 (C*|X^C*) (H n ) . Let p e M. Then q = f ( p ) e X 

and there i s open subset X ^ in A0n such that qe X^ p ' e C* 

and thus = x n x ' p ) belongs to C*| X1 and i t i s also open 

in A0 n . Hence there i s d^p) in Hn such that h|Y*p) » a i p , l Y^p i . 

Since f : i n A ( Z ) — - AQD i s a morphism in Top the set = 
i s open in in A (Z) . Thus we have obtained a cover-

ing spaoe C i-£-InA(Z) with C^ = M and C1 = J X ^ s p e l l } such 

that h ° f « f|x( p * for a l l p e M, where d ' p ' » f e Z because 
<M,Z> i s an object in Sp(.al(H(U( A) ) ) ) . Henoe h ° f e I c ( Z ) and 
thus h o f e L i n ^ j (Z) = Z because i s an object in 

Sp(D(A)). This f in ishs the proof of part I . The part I I 
follows from the part I for X = A 0 0 n . 

(5 .7 ) T h e o r e m . Let H be an enrichmental endo-
functor of algebras closed under»U(A), where A i s a topolo-
g i c a l algebra, suoh that H ( U ( A ) ) i s an algebraioal clone with 
continuous fundamental operations over the topological spaoe 
AQ. Then the algebra A' f rom,5 .6 . I I i s a clone over Loc, i . e . 
A' i s 3*-clone over Loc for any se lect ion f over Loo such ihat 
J(A') = AA. Moreover, the topological algebra k" suoh that 
Aq = A0 and a'̂  = Â  i s ,a clone over D, 

P r o o f . Let A* • H(U( A)) and l e t II = A 0 Q n . Then 

A« „ * L. n(A!T J . Since A* i s an algebraical clone A? i s 
» 0 »** 1 i u 

„M / 
a Bttbuniverse of A and thus, by ( 2 . 8 ) , Â  i s a subuni-

u , ' ^ 
verse of A or<M,A1 Q > i s an object in Sp(al(A ) ) . But 
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A* i s a s e t of continuous n-ary operations over Aq and thus 

L i n (A' ) ( a 1 nJ = A I n o r < M ' A 1 n > i B a n o b j 0 C t ! i n Sp(D(Aj) . 

Henoe, by 5 . 6 . 1 1 , <M,A i _ > i s an objeot in Sp(al(A )) and 
' i n 

by ( 4 . 2 ) , the pair<A Q n ,A ' 1 n > i s an o b j e c t i n S p ( L o c U ' ) ) 

f o r a l l n or A' • LOO(A' J ^ A ^ A ' ) , i . e . A' i s a clone over 

Loc. Moreover, by the above c o n s i d e r a t i o n s A ' 
where a i s the unique s e l e c t i o n over D(A") and « ( n ) = &QQ1* 

or k" i s a clone over D. 

Let us observe that f o r instance the enrichmental theo-

r i e s 0 and p of a l g e b r a s f u l f i l the supposit ions oonoerning 

H of the theorems ( 4 . 6 ) , (5 .6) and ( 5 . 7 ) f o r a l l a lgebras or 

t o p o l o g i c a l a lgebras A* 
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