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INTERPOLATION IN UNIVERSAL (PARTIAL) ALGEBRAS

1. Intraduction

A classical notion of interpolation occurs on the ground
of numerical methods as a some kind of approximatiosn, Namely,
if there is a finite table of real function f:

x l X, I X, cen xn|
f{x) | Jo I ¥4 eee | Ip

where x;,y;€ R and xi;lxj for 1£j (i,j¢ {0,1,...,n}), then it
appears a proolsan 5f axistance and unigueness of a polynomial
function @ of the degree less or sgual to n, such that

¢(xi) =733 for L = 0,1,¢0e,04

The next problem is to give an affective method to find
such polynomial function ¢ (1f it exists). It is very well
known that exactly ons such polynomial function ¢ exists
in this case and there are given the sinple (Lagrangs, Newton)
formulas which describe it,

The situation presented above is an example of so called
local intarpolation of unary functions by the unary polynomial
functions over the field of real numbers R, We can say about
8loval intsrpolation too, i.e. about substitution of "whola"
functions by polynomial ones. Morsover, the problam of inter-
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polation can be generslized in two direotions: on n~ary funo=-
tions (neXN), or on other algebras than the fisld of rsal
numbers {or even an arbitrary field).

Our purpose is a mors general situation, namely interpo-
lation in universal partial algebras. Before this we gilve
a short survey of known facts ooncerning of interpolation
in universal (total) algebras.

2. Interpolation in universal algebras
Let 4 = (A, (g, g €G)) be & universal algsbra of a finite

type G, Denote by F (A) an algebra of type G such that

Fk(A) = {flf:Ak—>A} and for every g ¢ G, the operation
g 1s defined componentwise, 1.e.:
P (4)

for sach (fgy 6<n(g))e P (A)™8) go (s, 6<nla)) = ¢
such that for every geAk f(a) = gA(fG(_a_), 6 <nlg)).

A subalgebra Pk(A) of the algebra F,(4), generated by all

constant functions and all k-ary projeotioens, is called the
algebra of kwary polynomial functions on A. An algebra A of
type G is called k~polynomially complete (or A has a k-inter-
polation property), if P (4) = P (A). If A is k-polynomially
complete for every ke N,  then we say that A is polynomially
oomplete (or A has an interpolation propsrty). An algebra A
of type G is called locally k-polynomially complete (or A
has a local k~interpolation property), if for each feFf(A')
and every finite subset B C A., there exists a polynomial
function pe P, (4) such that £|B =¢|{B (of.-[8], {7]).
There are known the following results conoerning the po-
lynomial completeness of universsal algebras. .
Theorem 1 ([8]). For any algsbra A4 of type G
it holds one from the following three oases:
(1) A 18 k-polynomially comple%s for no keX,
{2) A is only 1~-polynomially complete.
(3) A is k-polynomially complete for every ke N,
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Remark., We shall say ([8]) that algebras which
have the propsrty (1) (resp. (2) or (3)) are polynomially
inoomplete (resp. semicomplete or complste).

Theorem 1 holds for the local interpolation too (see [6]).
From Theorem 1 follcwgs that if an algebra 4 is 2~polynomially
complete, then it is polynomially complete (cf. [9]). Let us
note that if an algsbra A is a local 1-polynomially complete,
then it is a simple algebra ([8]). H. Kaiser ([7]) has proved
on the base of results of W, Sierpiseki ([9]) and J. Sxupecki
([11] ) the following theorem:

Theorem 2 ([T])e Let A be a universal algebra
which contains at least three elements and let A be locally
1-polynomially complete, If there is a surjective binary func-
tion over A which has the local interpolation property and
depends on both variables, then A is locally polynomially
complate,

2.1+ Examples of polynomially complete algebras

Examples 1 - 4 cf, [8].

Example 1. Only finite fields are the polyno~
mially complete algebras in the variety of commutative rings
with identity, All the other algsbras of this variety are
polynomially incomplete,

Example 2, In the variety of lattices, every
non=-trivial algebra is polynomially incomplete. .

Example 3. In the variety of Boolean algebras,
the algebra of order 2 is polynomially complete. ALl the
other algebras are polynomially incomplste.

Example 4, In the variety of groups, the finite
non-abelian simple groups are polynomially complete, the
group of order 2 is polynomially semicomplete, and all the
other groups are polynomiaslly inocomplete.

The same as in BExample 4 holds for the looal polynomial
completeness ([6]). Moreover H. Xaiser ([4]) has characterized
locally polynomially complete rings:
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Example 5 A ring is a locally polynomially com~
plete iff it is a simplo non~zaro ring. & ring is only semi~
locally polynomially complete iff it is a ring of order 2.

Prom the interpolation point of view it is an interesting
class of so c¢alled "bidual algebras", i.e. such algebras
{with constant e) in whioca congruencs relations are uniquely
determined by its congruent classes of the slsment e. Inve~
stigation of bidual algebras was initiated by J. Stomitski
( DO]). Examples of ¢lasses of bidual algebras are: grours,
rings, almost-rings, loops, Boolean algebras.

The following theorems take placs for the bidual alge-
bras ([1])s

Theorem 3. Bidual algebra A is a locally paly-
nomially complete iff it is simple and exists 2-ary function
q such that:

(1) o 1is not constant,
(2) g9 has local interpolating property,
(3) for every ae A holds q(a,s) = q(e,a) = e.

Theorem 4. Bidual algebra A is locally poly-
nomially complete iff a "discriminator" d:A3——a-A defined
as follows

x for x#vy
a(x,y,2) = {

z for x =1y

is a locally polynomial function.

3. Interpolation in partial algebras
Let A be a partial algebra of type G (ses [2] or [12]).
Denote by PF,(A) and PP, (A) the algebras of type G of all

k-ary partial functions and all k-ary partial polynomlal
functions on A respectively. Let us notics that these algebras
are total algebras of type G. The problem of interpolation in
partial algebras was not investigated up till now. This gque-
stion is, in the case of partisl algebras, more complicated
than the problemn of interpolation in the case of total alze-
bras, namaly:
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1) A number of interpolatsd functions grows (essentially
partial functions are added) and at the same time a number
of polynomial functions (interpolating functions) grows small,
6.8. in the case of disocrete algebra, the only polynomial
funotions are: constant functions, projections and empty
function,

2) It is possible to considexr the partial projsctions or
total ones. ’

3) There are a few sorts of validity of equations in par-
tial sigzebras (farther on we shall consider four of them),.

4) For any k-ary partial function f:Ak——u-A all finite
subsets of A~ or only all finite subseis of dom f ocan be
considered (in the case of local interpolation).

Let us recall considered in this paper four kinds of va~-
1idity of equations in partial algebras ([2], [12]).

Denote by AP 80 « -ary operation induced in a partial al=-
gebra A by a term pe P(x,G), where P(x,G) is a Peano-algebra
of type G with basis X = {x)‘|7\<cx}. Let I'p = q7, p,qe Plx,G),
be an equation. We say that this equation is:
~ weskly valid in A, iff for all aeeAQ we have:

Ap(a) = Aq(a) provided a edonAprwdom‘q;
- valid in 4, iff domAp = domAq and Ap(a) aa(al

mraehmp(=MmQH

- strongly valid in A, iff p ~ _ g for each a € A%, where ~a

18 the least oongruence relation ~ of Peano-algebra P(x,G)
such that for all r,se P(x,G) we have: r~ g if a edom,r N
n dom,s and r(a) = a(a); N
- exlstentially valid in A, iff dom,p = dom,q = A% and
Ap(a) » Aq(a) for all ae A%
With respeat %0 om 2) - 4) we recive 16 cases of local
interpolation for partial slgebras {ses Table 1).
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Table 1
Total projsctions
Bcak BS dom f
WeVoe Ve BeVe 0,V, WeVe Ve BeVe 6.V
It IIt IIIt IVt Vt VIt VIIt VIIIt
Partial projections
Bk B<dom f
WeV, Ve B4V, GV, WeVe Ve 8.V, 8eVe
I II II1 Iv v VI VII VIII
Denotations:

w.Ve = woak validity of equations,

V. ~ validity of equations,
8.V, = strong validity of equations,
e.v, - existence validity of equations.

Let us notige that the following implications take place:

(1)

(11)

(1ii)

Because of e.v, =>8,v, =>V, =>w,V, W8 have:

IV, => 11T, = II, => I, VIII, =>VII, =>VI, =>V,,
IV = III = 1II = I, VIII = VII =—VI =V,
Becauss of dom £ < AS we receive:

IVt'=> VIIIt, IV =>VIiII, II, =>VI,, II =VI,

111, =>VIIL,, IIT =VII, It ==V, I =1V.
Because total projections are partial projections,

we have:

I, =>I, II, =>II, III, =>III, IV, =1V,

v, =>V, VI, =>VI, VII, =>VII, VIII, =>VIII,

Here K => 1 means: if some itheorem about interpolation pro-
perty holds in the case K then this theorem holds in the
case L too, where K,Le{It,...,VIIIt,I,...,VIII}.

The case I is trivial, namely it is ensy to see that the
following theorem takes place:
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Theorem 5, Any partial algebra of type G is
in the case I locally polynomially p-complete”.

Proof. Let A be a partial slgebra of type G and
lot £: aAK--— 4 be an arbitrary k-ary partial function. Let us
notice that "empty" k-ary projection e, is a such polynomial

function that for any finite subset B<A¥ holds £[B = eg.

Theorem 6, If a total algebra A of type G is
looally polynomially complete, then it is, in the case II,
locally polynomially p-complete.

Proof. Let f: AK—w 4, An extension £’ of f to
total function exists {of course not unique). By assumption £’
has a local interpolation property. Let BEAk be a finite sub-
sat. Then there exists polynomial function ¢ such that
£ |B = <p|B. By substitution of projections occurring in
the ¢ by suitable partial projections we recive a partial
poiynomial funetion & such that dom £NB = domyNB and for
any a €domp holds: §(a) = ¢(a), i.e. £|B = & |B.

Corollary 6.1, Theorem 6 holds in the follow-
ing cases: I, 1I, V, VI, VIII, VIt, VIIIt, VII, VII,.

Proof. See (i) and (ii). Moreover let us notice that
for Bcdom f equation f£|B =¢|B is valid iff it is existen-
tially valid. Projections used in definition of ¢ are total
on B, ®

Now we quote two theorems (Theorem 7 and Theorem 8) whioh
base on the results given by W. Sierpinski [9] and J. Stupecki
[11]. These theorems are generalizations in the case of par-
tial algebras of corresponding theorems givem by H. Kaiser [7]
for totsl algebras,

Theorem T Let n>»2. If partial algebra A of
type G is, in the case i,, n-loeally2 2-polynomially p-com~-

1) A polynomial p~-oompleteness denotea the polynemial ecom-
pleteness for partial algebras.

2) It means that we consider only such subsets B;Ak which
cardinalities are equal to n, where nel.

-7-
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pléte, then 4 is, in this case, n-loocally polynomially
p~ooaplete.

Proof., (It is a modification of the proof given
by H. Kaiser [7], Proof of Theorem 1), Let f be a partial
k-ary function on A, kc ¥, Let O be a fixed element of A. We
define three 2-ary funotions.O,o0 , A as follows:

O if x =y

xXgoy-=
#01f x Ay
(o if x40
X0y =
y if x=0
[x it y =0
XAy =4y if x= 0
FO0if x#0 and y ¥ 0.

L6t B = { 8.y 8oy seey 8 €AX be & such subset that a, edom f
1 =2 n i

for i e {1,...,r} and _a_j¢dom £ for Je {r+1,...,n}. Now we
define the functions f,, 1<i<n, as follows:

¢y if x =gy eand 1< i<r and oy = 'f(g‘_\)
fi(y ={0 if x = ay and 1 #J and 1<1i,j<r
undefined elsewhere,

Let us notice that:

((tc.‘((x1n a4 )A(xzu‘iz) Jases )A(xk"‘ik) )001
fi(x.‘ ,/12,...,11‘) =
undefined for x ¢{g1 ,e ..,gr}.

Denote by g = f1v f2v... vf,, where:
x if 3y 0

xvy =<y 1f x=0
undefined in 411 other oc:ses

]

So we have f|B = g|B.
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The function g has the n-interpolation property, because
it is a oomposition of 2-ary functions and the partial alge-
bra A is n-locally 2-polynomially p-complete. Hence there
exists a polynomial function ¢ such that g|B =¢|B, 1.6
£|B =¢|B,

Corollary Tete Theorem 7 holds in the follow=-
ing cases: I, II, V, VI, I, II,, V., VI,.

Proof. See (1) -~ (1i11),

Theorem 8 (case IIt). Let A be a partial alge-
bra of type G witbh at least three elements set A and let A
be locally 1~polynomially p-complete. If there exists, de-
fined on A, surjective binare partial funotion which depends
on both variables and having local partial interpolatiom pro-
psrty, then 4 is lpocally polynomialyﬂ p-complete.

Proof., A spaoious proof of this theorem is a modi-
fication of the proof given by H. Kaiser for total algebras
[7], Proof of Theorem 2.

Corollary 8.1, Theorem 8 holds in the follow-
ing cases: I, II, V, VI, It’ IIt, Yt, VIt.

Proof ., See (i) - (1ii),
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