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INTERPOLATION IN UNIVERSAL (PARTIAL) ALGEBRAS 

1. I n t r o d u c t i o n 
A c l a s s i c a l n o t i o n of i n t e r p o l a t i o n occurs on the ground 

of numerical methods as a some kind of approx imat ion . Ramely, 
i f t h e r e i s a f i n i t e t a b l e of r e a l f u n c t i o n f : 

X x 0 X1 • • • x n 
f ( X ) • • • 

where x ^ y ^ H and Xj /x^ f o r i / j ( i , j e {o, 1 , . . . , n ) ) , then i t 
appears a problen of e x i s t e n c e and uniqueness of a polynomial 
f u n c t i o n <p of the degree l e s s or equal to n , such t h a t 

= f o r i = 0 , 1 , . . . , n . 
The next problem i s to give an e f f e c t i v e method t o f i n d 

such polynomial f u n c t i o n cp ( i f i t e x i s t s ) . I t i s very w a l l 
known t h a t e x a c t l y one such polynomial f u n c t i o n <p e x i s t s 
i n t h i s case and t h e r e are g iven the simple (Lagrange, Mewtonj 
fo rmulas which d e s c r i b e i t . 

The s i t u a t i o n presented above i s an example of so c a l l e d 
l o c a l i n t e r p o l a t i o n of unary f u n c t i o n s by the unary polynomial 
f u n c t i o n s over the f i e l d of r e a l numbers R. We can say about 
g l o b a l i n t e r p o l a t i o n t o o , i . e . about s u b s t i t u t i o n of "whole" 
f u n c t i o n s by polynomial ones. Moreover, the problem of i n t e r -

?h i3 paper i s based on the l e c t u r e presented a t the Con-
f e r ence on Un ive r sa l Algebra he ld a t thè Pedagog ica l Univer -
s i t y i n Opole ( J a rno ! tówek) , Kay 23-25, 1985. 
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polation oan be generalized In two directions: on n-ary func-
tions (neN), or on other algebras than the field of real 
numbers (or even an arbitrary field). 

Our purpose is a more general situation, namely interpo-
lation in universal partial algebras. Before this we give 
a short survey of known facts oonoerning of interpolation 
in universal (total) algebras. 

2. Interpolation in universal algebras 
Let A_ = <A, (gA, geG)>be a universal algebra of a finite 

type Q. Denote by Fk(A) an algebra of type G such that 
Fk(A) = {f|f:Ak—^a) and for every g e G, the operation 
gp is defined oomponentwise, i.e.: 

for eaoh (fff, 6"<n(g)) e ?k( A)n(g) gp (A)(fs, 6-<n(g)) - f k I-
such that for every aeA f(a) • gA(f<y(a), &<&(%)), 
A subalgebra Pk(A) of the algebra Fk(A), generated by all 
constant functions and all k-ary projections, is aalled the 
algebra of k*ary polynomial functions on A« An algebra A of 
type G is called k-polynomially complete (or A has a k-inter-
polation property), if Pk(A) - Fk(A). If A_is h-polynomially 
oomplete for every ken,' then we say that k_ is polynomial^ 
complete (or A. has an interpolation property). An algebra A. 
of type G is called locally k-polynomially complete (or A. 
has a looal ^interpolation property), if for eaoh feSWA) 

k ' ' and every finite subset Be A., there exists a polynomial 
function pePk( A) euoh that f|B = p|B (of. • [a] ,/[7]). 

There are known the following results concerning the po-
lynomial completeness of universal algebras. 

T h e o r e m 1 ([8]). For any algebra A of type G 
it holds one from the following three oasest 
(1) A is k-polynomially ooaplet« for no kel. 
(2) A is only 1-polynomially oomplete. 
(3) A is k-polynomially oomplete for every kel. 
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R e m a r k . We s h a l l say ( [8] ) tha t a lgebras which 
have the property (1) ( resp . (2) or (3)) are polynomially 
incomplete ( r e sp . semicomplete or oomplete). 

Theorem 1 holds f o r the l o c a l i n t e r p o l a t i o n too {see [ 6 ] ) . 
Prom Theorem 1 follow? tha t i f an algebra A i s 2-polynomially 
complete, then i t i s polynomially oomplete ( c f . [9^)« Let us 
note tha t i f an algebra i i a a l oca l 1-polynomially oomplete, 
then i t i s a simple algebra ( [ 8 ] ) . H. Kaiser ( [ ? ] ) has proved 
on the base of r e s u l t s of W. S ie rp insk i ( [9 ] ) and J . Siupecki 
([11]) the fol lowing theorem; 

T h e o r e m 2 ( [ 7 l ) . Let A be a universa l algebra 
which contains at l e a s t three elements and l e t ,A be loca l ly 
1-polynomially complete. If there i s a s u r j e c t i v e binary func -
t i o n over A which has the looa l i n t e r p o l a t i o n property and 
depends on both v a r i a b l e s , then A i s l oca l ly polynomially 
oomplote, 

2 .1 . Examples of polynomially oomplete a lgebras 
Examples 1 - 4 c f . [ 8 ] . 
E x a m p l e 1. Only f i n i t e f i e l d s are the polyno-

mially complete a lgebras in the va r i e ty of commutative r i n g s 
with i d e n t i t y . All the other a lgebras of t h i s va r i e ty are 
polynomially incomplete. 

E x a m p l e 2. In the va r i e ty of l a t t i o e s , every 
n o n - t r i v i a l a lgebra i s polynomially incomplete. 

E x a m p l e 3. In the va r i e ty of Boolean a lgebras , 
the algebra of order 2 i s polynomially oomplete. All the 
other a lgebras are polynomially incomplete. 

E x a m p l e 4. In the va r i e ty of groups, the f i n i t e 
non-abel ian simple groups are polynomially oomplete, the 
group of order 2 i s polynomially semicomplete, and a l l the 
other groups are polynomially incomplete. 

The same as i n Example 4 holds f o r the looa l polynomial 
completeness ( [63 ) . Moreover H. Kaiser ( [4 ] ) has oharaoterized 
loca l ly polynomially complete r i n g s : 
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E x a m p l e 5. A r i n g i s a l o c a l l y polynomially com-
p le t e i f f i t i s a simplo non-zero r i n g . A r i n g i s only semi-
l o c a l l y polynomially oomplete i f f i t i s a r i n g of order 2. 

Prom the i n t e r p o l a t i o n point of view i t i s an i n t e r e s t i n g 
c l a s s of so oa l l ed "b idua l a l g e b r a s " , i . e . such a lgebras 
(wi th cons tan t e) in whioh congruence r e l a t i o n s are uniquely 
determined by i t s congruent c l a s s e s of the element e . Inve-
s t i g a t i o n of b idua l a lgebras was i n i t i a t e d by J . Slomitiski 
( [ lO]) . Examples of o l a s s e s of b idua l a lgebras a r e : groups , 
r i n g s , a l m o s t - r i n g s , loops , Boolean a l g e b r a s . 

The fo l lowing theorems take place f o r the b idua l a l * a -
b r a s ( [ l ] ) t 

T h e o r e m 3. Bidual a lgebra _A i s a l o c a l l y »a ly -
nomially complete i f f i t i s simple and e x i s t s 2-ary f u n c t i o n 
q such t h a t : 
(1) q i s not c o n s t a n t , 
(2) q has l o o a l i n t e r p o l a t i n g proper ty , 
(3) f o r every a e A holds q ( a , e ) = q ( e , a ) = e . 

T h e o r e m 4. Bidual a lgebra A_ i s l o c a l l y poly-
nomially complete i f f a " d i s c r i m i n a t o r " d :A^—-A def ined 
as fo l lows 

i s a l o c a l l y polynomial f u n c t i o n . 

3. I n t e r p o l a t i o n in p a r t i a l a lgebras 
Let A be a p a r t i a l a lgebra of type G (see [2] or [12 ] ) . 

Denote by PFk(A) and PP^fA) the a lgebras of type G of a l l 
k-ary p a r t i a l f u n c t i o n s and a l l k-ary p a r t i a l polynomial 
f u n c t i o n s on A r e s p e c t i v e l y . Let us no t ice t ha t these a lgebras 
are t o t a l a lgebras of type G. The problem of i n t e r p o l a t i o n i n 
p a r t i a l a lgebras was not i n v e s t i g a t e d up t i l l now. This que-
s t i o n i s , i n the case of p a r t i a l a l g e b r a s , more complicated 
than the problem of i n t e r p o l a t i o n in the case of t o t a l a l g e -
b r a s , namely: 

x f o r x i y 

z f o r x = y 
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1) A number of interpolated functions grows (essentially 
partial functions are added) and at the same time a number 
of polynomial functions (interpolating functions) grows small, 
e.g. in the case of discrete algebra, the only polynomial 
functions are: oonstant functions, projections and empty 
function. 

2) It is possible to consider the partial projections or 
total ones. 

3) There are a few sorts of validity of equations in par-
tial algebras (farther on we shall consider four of them). if 

4) For any k-ary partial function ftA — — A all finite 
subsets of Ak or only all finite subsets of dom f oan be 
considered (in the case of local interpolation). 

Let us recall considered in this paper four kinds of va-
lidity of equations in partial algebras ([2], [12]). 

Denote by Ap an a -ary operation induced in a partial al-
gebra A bj a term peP(a,G), where P(oc,G) is a Peano-algebra 
of type G with basis X * jx^ | *<«}. Let Tp • q~l, p,q e P(cx,G), 
be an equation. We say that this equation is: 
- weakly valid ixi A, iff for all se*01 we have: 

= ^ P r o v i d® d * -̂ clom̂ q} 
- valid in Aj iff domAp = domAq and AP(a) = /^(a) 
for aedomAp («domAq)$ — — -

- strongly valid in "A, iff p _ q for each a 6 A0*» where ~ S a 
-is the least oongruenoe relation ~ of Peano-algebra P(o< ,G) 
such that for all r,seP(cx,G) we have: r ~ s if a edon^r n 

n domA& and Ar(a) - Aa(a)j 
- existentially valid in k, iff doaAp = domAq = A01 am} 
¿Pi®) " A<J(a) for all a e ~~ 
With res pa a t to on 2) - 4) we recive 16 oases of local 

interpolation for partial algebras (see Table 1). 
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Table 1 
Total projections 

B £ Ak BQdom f 
w.v. V. s.v. e.v. w.v. V. s.v. e.v. 

" t IIIt IVt vt V It V I It VIIIt 

Partial projections 
B Q Ak BQ.dom f 

w.v. v. s.v. e.v. w.v. v. s.v. e.v. 
I II Ill IV V VI VII VIII 

Denotations: 
w.v. - weak validity of equations, 
v. - validity of equations, 

s.v. - strong validity of equations, 
e.v. - existence validity of equations. 

Let us notice that the following, implications take plaoet 
(i) Because of e.v. ==^s.v.=^v. =s,w.v. we haves 

i v t =s>IIIt =*>IIt v i i i t = * > v n t = s > v i t = ^ > v t , 
IV = > III ==s> II =s> I, VIII = > V I I =s»VI = > V . 

(ii) Because of dom fe.A we receive: 
IVt-=>VIIIt, IV =£»VIII, IIt=s>VIt, II =>VI, 
IIIt =i>VIIt, III=i>VII, it I V. 

(iii) Because total projections are partial projections, 
we have: 
It =>I, IIt ==>11, IIIt =^III, IVt =>IV, 
vt = > V , VIt =>VI, VIIt =^VII, VIIIt =>VIII. 

Here K = > L means? if some theorem about interpolation pro-
perty holds in the case K then this theorefh holds in the 
case I too, where K,Lejlt,...,VIIIt,1,...,VIIlj. 

The case I is trivial, namely it is ensy to see that the 
following theorem takes place: 
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T h e o r e m 5. Any part ia l algebra of type G i s 
in the case I local ly polynomially p-complete1^. 

P r o o f . Let i_be a par t i a l algebra of type G and 
l e t fs A k — A be an arbitrary k-ary par t ia l function. Let us 
notice that "empty" k-ary projection e^ i s a such polynomial 

funotion that for any f i n i t e subset BQAk holds f|B = e^. 
T h e o r e m 6. If a tota l algebra A. of type G i s 

looal ly polynomially oomplete, then i t i s , in the case I I , 
loca l ly polynomially p-complete. 

P r o o f . Let fs A^—A. An extension f ' of f to 
to ta l function ex is ts (of course not unique). By assumption f ' 
has a loca l interpolation property. Let Be a be a f i n i t e sub-
se t . Then there ex i s t s polynomial function <p suoh that 
f ' |B = cp |B. By substitution of projections occurring in 
the <p by suitable par t ia l projections we recive a par t i a l 
polynomial funotion <p such that dom f DB = dom^nB and for 
any a.edom^> holds: ^ (a ) = <p{ a) t i . e . f|B = ^ |b. 

C . o r o l l a r y 6,1. Theorem 6 holds in the follow-
ing cases: I , I I , V, VI, VIII, VI t , VIII t , VII, VII t . 

P r o o f . See ( i ) and ( i i ) . Moreover l e t us notice that 
for B£.dom f equation f jB = <p|B i s val id i f f i t i s existen-
t i a l ^ va l id . Projections used in def ini t ion of <p are tota l 
on B. • 

How we quote two theorems (Theorem 7 and Theorem 8) whioh 
base on the resu l t s given by W. Sierpiriski [ 9 ] and J . Siupecki 
[ i i ] . These theorems are generalizations in the case of par-
t i a l algebras of corresponding theorems given by H. Kaiser [7] 
for total algebras. 

T h e o r e m 7. Let n >2. If part ia l algebra A. of 
type G i s , in the case 11+, n - loca l l y 2 ' 2-polynomially p-com-

A polynomial p-completeness denotes the polynomial com-
pleteness for par t i a l algebras. 

2) k ' It means that we consider only such subsets BS.A which 
card ina l i t i e s are equal to n, where ncH. 
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ple'te, then A. i s , in this case, n- looal ly polynomially 
p-oomplete. 

P r o o f . (I t i s a modification of the proof given 
by H. Kaiser [ 7 ] , Proof of Theorem 1 ) . Let f be a par t ia l 
k-ary function on At k e S . Let 0 be a f ixed element of A. We 
define three 2-ary functions • , o , A as fo l lows: 

x • y 
0 i f x - y 

4 0 i f X 4 1 

0 i f 
x 0 y M 

7 i f 

X i f 
x A y S 7 i f 

4 0 i f 

= 1 û-j » JLg » * • • » ¿ J eAk 

0 

0 

f o r i 6 j l , . . . , r } and a ^ dom f f o r j e | r + 1 , . . . , n } . Now 

define the functions f ^ 1 « i ^ n , as follows» 

Oĵ  i f 1 « a^ and l a g i ^ r and o^ w 
0 i f x = a j aad i 4 j and 1 < i , ; j <=r 

we 

f ^ x ) = 
undefined elsewhere. 

Let us notice that: 

' ( ( . . . ( (x-jQ a t 1 )A(x 2 aa i 2 ) )A. . . )A{x k oa l k ) 

undefined f o r x ^ , . • • » S p j • 

Denote by g = ^ v v . . . v f p , where: 

f i ( 

XV J 

X i f y = 0 
y i f x = 0 
undefined in a l l other ctees 

So we have f|B » g|B. 
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The function g hae the n-interpolation property, beoause 
it is a composition of 2-317 functions and the partial alge-
bra A_ is n-locally 2-polynomially p-complete. Hence there 
exists a polynomial funotion <p such that g |B *cp| B, i.e. 
f | B • 9 | B. 

C o r o l l a r y 7*1. Theorem 7 holds in the follow-
ing oases: I, II, V, VI, It, IIt, Vt, VIt. 

P r o o f . See (i) - (iii). 
T h e o r e m 8 (case 11^). Let A be a partial alge-

bra of type G with at least three elements set A and let k 
be locally 1-polynomially p-oomplete. If there exists, de-
fined on A, surjective binare partial funotion which depends 
on both variables and having looal partial interpolation pro-
perty, then is lpcally polynomiallyj p-complete. 

P r o o f . A spacious proof of this theorem is a modi-
fication of the proof given by H. Kaiser for total algebras 
[ 7 ] , Proof of Theorem 2. 

C o r o l l a r y 8.1. Theorem 8 holds in the follow-
ing cases: I, II, V, VI, It, IIt, Yt, VIt. 

P r o o f . See. (i) - (iii). 
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