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SOME FIXED POINT THEOREMS OF EXPANSION MAPPINGS

In a recent paper [3] some fixed point theorems of expan-
sion mappings are proved. In this note using a coqbination
of methods used in [1]-[3] other fixed point theorems of ex~-
pansion mappings are proved.

Theorem 1, Let (X,d) be a complete metrie space
and f£: (X,d) —» (X,d) a surjective mapping. If there exist
non-negative reals a,b,c with a>0 or b> 0 and at+b+c > 1 such
that

(1) d2(fx,fy) > ad{x,fx)d(x,y)+bd(y,fyld(x,y)+cd(x,fx)d(y,y)

for each x,y in X with x # y, then f has a fixed point.
Proof., Let X, € X. Since f 1is surjectiva, there
exists an slement x, satisfying x4 e f'1(x°). In the same way
we can take xnef'1(xn_1). n=2,3,ees « If x, = x, . for some m,
then x is a fixed point of f., Without loss of genserality,
we can suppose X, _, # X, for every n.
If >0 then from (1)

d2(xn-1fxn) = d2(fxn,fxn+1); ad(xn,fxn)d(xn,xn+1) +

+ bd(xn+1,fxn+1)d(xn,xn+1) +cd(xn,fxn)d(xn+1,fxn+1) =

= 2
= ad(xn,xn_1)d(xn,xn+1) + bd (xn+1,xn)+ cd(xn,xn_1)d(xn+1,xn).
Thus

bdz(xn+1,xn) + (a+c)d(x  ,,x )d(x ,x ) - dz(xn_1,xn) <0

ne-1
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2 V. Popa

and bt2 4+ {a+c)¥=-1 <0, where t = d(xn+1,xn)/d(xn,xn_1).

Let g; [U, ) — R be the function g(t) = bt + (asc)t-1.
Then g(0) = ~1 and g(1) = a+b+o=1>0 from the hypothesis,
Lot k ¢ (0,1) be the root of the equation g(t) = 0, then 3(t) <0
for t <k and thus

d(xn+1,xl, € kd(xn..xn_1) € e0e € knd(x“\,xo)o

Then by a routine caloulation one ean show that {xﬁ} is a
Cauehy sequence and since X is complete we have lim X, =X
for some x ¢ X. Let y¢ £~1(x). Then we have

dz(‘n’x)-' dz(fxn+1’fy); ad(x,, 4o2x) g )d(xp 407) +
+ hd(y,ty)d(xn+1,y) + ed(xn+1,fxn+1)d(y,fy) =
= ad(x, 4,xp)d(x, 4,7) + bd(7,x)d(x, 4,3} + ed(x, ,,x,)d(x,7)

and on letting n tend to infinity we have 0 bd?(x,y) which
implies y = x. Sinece x = f(y), then x = f{x), So f has a
fixed point,

The . theorem may be proved in an analogous way if a> 0.

Remark, A Tixed point of f 4is not unique in ge-
neral, The identity mapping satisfies the condition of Theo=-
rem 1. '

Theorem 2, Let (X,d) be a complete metric space
and £: (X,d) — (X,d) a surjective mapping. If there exist
non-negative reals a,b,c with a+b+c > 2 such that '

(2) a(fe,2y)> ad(xlfx)d(x,;)+§?iz%;¥lgg;:¥%§cd(x ,fx)d(x,fy)

for each x # 3 in X for which d{(x,fx)+d(y,fy) # O, then f
has 2 fixed point,
Proof. It is similar to the proof of Theorem 1.
Theorem 3. Let (X,d) be a complete metric space
and f£:(X,d) —» (X,d) a surjective continuouws mappings. If
there exists & real constant k> 1 such that
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(3) a?(£x,23) >
» k min{d(x,fx)d(x,3);d(y,fy)d(x,3);d(x,fx)d(y,23)}

for any x,y in X, then f has a fixed point.
Proof., As in Theorem 1, there is a sequence {xn}
with Xy £ x, and x et = t(x ). This implies

d2(xn_1,xn) = dz(fxn,txn+1); k min{d(xn,fxn)d(xn,xn+1);

d(xn+1'f’_‘n-n)d(xn”‘nn)‘d("n'f"‘n)d("n+1’f"nﬂ)} =
= k min{d(x x Jalx, ,x )'dz(x x.)sd(x_,x }d(x ,x )} =
n’* n-1 n*“n+1’? n+1*"n’? n* net n* n+1
= kd(xn,xn+1) min{d(xn.xn+1);d(xn,xn_1)}.
We have either

2
d(xy_qoxp) > kd(x, 4,xp)d(xp 1,xy)

which implies

d(xn-1’xn)? kd(xn+1,xn); \ d(xnﬂ'xn)

or

2 2
d (xn-1’xn); kd (xn’xn+1)

which implies

d(xn_1,xn)z vk d(xn,xn+1);

Therefore

1 n
d(xn+1 ,Xn)<—-d(xn,xn_1) Seoe £ ("1‘_) d(x1 ,xo)o

A3 \[3

It follows that {xn} is a Cauchy sequence and thus {xn} con~
verges to a point x ¢eX, By the continuity of f, f(xn) =
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= X — x for n — oo, Hence f{x) = x, which means that x

n=-1
is a fixed point of f, _

Corollary . Let (X,d) be a complete metric space
and f:(X,d) — (X,d) a surjective continuous mappings. If there

exists a real constant ¢> 1 such that
(4) d2(fx,fy)> ed(x,fx)d(y,Ly)

for any x,y in X, then f has a fixed point.,
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