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SIX-POINT PRIMITIVE FIXING SYSTEM IN A PLANE

Introductioen

L. Fejes Téth ([2],p.382) have noted that the maximal num-
ber of points in a primitive fixing system for a convex plane
figure is 6. As an example of such a figure L,W. Danzer [1]
gave a hexagon H with the parallel opposite sides (as
oonv(IzU(-Iz)), where I =<{0,1)€¢R). The points of the men-
tioned fixing system are the vertices of H (PFig.1),

Fig.1

By a convex figure we will mean always in the sequel an
non-empty open bounded convex set in a plane. It is easy to
see that a six-point primitive fixing system does not exist
for some plane figures. A simple example of a figure not have
ing such a system is a triangle or a circle., Immediately the
question arises what are the convex plane figures such that
each of them has a six-point primitive fixing system. In the
present paper it will be shown that only H is such a plane
figure.
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2 Se. Fudall

1« Preliminaries

Recall that a primitive fixing system for an open convex
body K< E® is a set Acbd K of points a1,...,ap which has the
followlng properties:

1°. For every translation T there exists a point aielxthat
the segment (a;,T(a;)> and the image T(X) of K have the non-
~ampty intersection, i.e.

(1) <81,T(3i)> n T(K) # ¢’

2°, For any p=1 points 311""’ai 1e A there exists s
translation T such that(iaj,T'(aj)> i]T'(K) = ¢§ for each
e {igpeenaiy g}

We will say that "K cannot be translated by any veotor"
if (1) holds., The set of all the primitive fixing systems
for K will be denoted by Fix(K),

Consider an arbitrary convex plane figure G and let
F(G) €Fix(G), It is known [2] that 3<card F(G)< 6. Moreover,
in [2] we have

«+Remark P-T (Pejes Tdth). For any convex plane
figure, different from a parallelogram, thera exists a primi-
tive fixing system consisting of three points, while for a
parallelogram each one contains exactly four points,

Consider a point q €bd G. The union of all rays emanating
from q and passing through a point x€ int G will be callad
the supporting cone of G at q (Fig.2) and will be denoted
by C_(G). The union of the complements of the rays contained
in Cq(G) will be called the "dead" cone of G at q - denote it

by éq(c). It is evident that G cannot be translated by the
vector §y if qe F(G) and ye C_(G).

Let b be an arbitrary point of the plans and F(G) =
= 184500098 } (p<6). We will say that all "dead" cones of &
at points of F(G) are drawn to b if each of them is translat-
ed by the vector E;B (1 6{1,...,p}); denote this translation
by T;. After the drawing all "dead" cones to b ths set

P A
U Ti(ca (G)) either covers or does not cover the plane. Hence
1=1 i
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Primitive fixing system 3

Remark Te A Bet {a1,...,a }c bd G is a primitive
fixing system for G iff fer each j, k, 1 (j#k#1¥#j)

(2) Ty(Ey (0N T(E, (0N ND(E, (6)) = o

and

(3) kE) Ti(aai(G)) covers the plans containing G.
i=1

Remark 24 If G is different from a parallelogram,
a primitive fixing system for G is not a minimal point system
iff at least two of 1its points belong to S1U 82 for a pair
(S1,82) of parallel supporting lines of G.

Remark 3. In a primitive fixing system for T two
neighbour points of it cannot belong to S1U 82 for a pair
(S1,82) of parsllel supporting lines of G,

2. The six-point primitive fixing system

L. Pejes Tdth ([2], p.379) has remarked that for a smooth
convex plane figure the greatest possibls number of points
forming a primitive fixing system equals four, Hence it follows
from Remark F-T that a plane convex figure Q having a six-point
primitive fixing system cannot be a smooth figure or a paralle-
leogram. Thus Q must be a figure different from a parallelogram
which contains the irregular points in its boundary. For this
reason just such figures will be considered in the sequsel,

Let G be a such plane convex figure and let F(G) =
= {8gseeerd } be a primitive fixing system for G. Denote by
L; (ie {0,1,444,p}) the ray bounding the "dead" cone of G at

a; and intersecting 58 (G), and by L; - the one intersscting
im1 .
éa (G) (the indices are taken modulo p+1). Then the rays L
i41 '
and L; being complements of the open L; and Ly to the straight
lines, respectively, are the sides of Ca.(G) (Fig.?2).
i
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4 S. Fudali

Fig.2

For each 1, in view of Remark 1, the "dead" cone of G
at ay has the non-ampty common part with the one only at 844
and at 8y .1° Hence

+1

Remark 4. If F(G) ={a,,...,8,} 18 a primitive
fixing system for G, then for each 1 the ray L intersects
Li+1 and does not intersect L;+2.

This implies that Li and Li 2 have a common point . or are
parallel one to another. Furthermore notice that for each i
all points of int G belong to Ca_(G). This leads to

1

Remark 5, The common part of all closures of
supporting cones at the points of any F(G) contains G and all
points of P(G), i.e. GUF(G)c M E”TET for every F(G)e
€ Fix(G). acF(6) ©

Now ws can prove

Theorem. If a primitive fixing system of a convex
figure consists of six points then the figure is a hexagon with
parallel opposite sides, and the fixing points are the vertices
of the hexagon.

Proof. Let G be any convex plane figure for which
F(G) = {ao,..,,as} is a primitive fixing system (Fig.3). Con-
sider this system taking intc account Remarks 1-5 and let
Li’ L;, ii’ i; have the same meaning as above.

- 344 -



Primitive fixing system 5

\ L/

0\ o, (6

Fig.3

From (2) and from Remark 4 it follows that for each i
A\ '
an oriented angle LyL; , with the sides Ly and L , (i.0.

¢ (e)ucC (G)) is not less than 7w (Fig.4), i.e.
81 #1+1

A~
(4) Lilia= 7o

VAN
and Li+1Li+3>O' whioh means that

A\
(5) LjLy 4> e
From (4) and (5) it follows that
A\, S
LiLi+4/2JT
i+4
(taking i+3 in (4) instead of 1) which means that ()} C, (G)>

> 27, =t 3
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6 S. Fudali

Fig.4

Py /\ ! . . !

It is evident that L;L; , =2y implies Li“Li+4 and then,

in view of Remarks 1 and 5, to fix G a eixth point ag is nesded
N,

besides of Boreeesdye On the other hand, if LiLi+4> 2mr, then

Li+4 intersects Li; in this case to fix G it suffices to have

5 points; hence a primitive fixing system for G in this case

consists of at most five points,.
A
Remark that LiL'i+4 = 2r holds only in the case when

N 4 . ;/\L ’ N
LiLi+) =17, Li+1 i+3 = 9 and Li+§Li+4 =T, w?lch means that L;
and Li+1 are contained in a straight linse, Li+1 and Li+3 are

parallel and Li+3 and L;+1 are contained in some other straight
line. Therefore for sach 1 the straight line M, containing

! Py
Ly and Li+1’ is parallel to Mi+3
the polnts ay and 83 41 belong to Mi for each i we see that
G is a hexagon, each side of which is parallsl to the opposite

ocne.

« Since in the considersd case
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Primitive fixing system 7

3. Some open questions and problems

The maximal number of points in a primitive fixing system
for 3-dimensional body is 14 ([2], [3]). Such a system exists
for a rhombic dodecaedron [1] (Fig.5).

A, 1Is a rhombic dodecaedron the unique body in E3 for
which there exists a primitive fixing system consisting of 14
points?

Generally, it was conjectured [1], [3] that a primitive
fixing system of an n-dimensional convex body consists of at
most 2(2%-1) points. Such a system exists for conv(IPU (-IP)).

Be Is conv(IPU (-I")) the unique body in B® for which
there exists a primitive fixing system consisting of 2(2”-1)
points?

Any primitive fixing system for a triangle consists of
exactly threes points,

Cs Characterize all convex plane figures for whioch any
primitive fixing system consists of exactly three points,

A primitive fixing system for a circle consits of three
or four points,

D. Find all convex plane figures for which there exists
a primitive fixing system consisting of three points, there is
another one consisting of four points, and there is no one
consisting of more than four points,
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8 S. Fudali

A primitive fixing system for the regular pentagon con-
sists of three, four or five points (Fig.6).

a) . b) ¢

Fig.6

Ee. Find all convex plane figures having this attribute,
i.0. for which there are primitive fixing systems consisting
of three, four and five points only.

Let m(Q) be the maximal numbar of points in a primitive
fixing system F(Q) for an n~dimensional convex body QcER (it
is m(Q) = 2(2P-1), if the conjeoture mentioned above is thrue).
Then n+1< card P(Q)< m(Q).

F, Let p> n. Characterize a body QcEB? for which n{Q)>p
and there exist F1(Q),...,Fp_n(Q)€ Fix(Q) such that card F,;(Q) =
= n+i,
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