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REMARK ON MULTIPLICATIVE SYSTEMS OF FUNCTIONS 

Let us s t a r t from the following d e f i n i t i o n . 
D e f i n i t i o n . A sequenoe (X^) of random variab-

l e s i s cal led a mult ipl icat ive system (US system), i f 
BXh X. . . . X , = 0 for every sequenoe of d i f ferent indioes. 

2 n p 
I f , moreover, BX£ X̂  . ..X.^ = 0 for every sequenoe of d i f f e -

o 1 n 
rent indioes, (X^ i s called a strongly mult ipl icat ive system 
(SMS system). 

The mult ipl icat ive systems contain a wide olass of random 
var iab les , for example a sequenoe of bounded martingale d i f -
ferences i s a MS system, a sequence of independent random va-
r iab les 
system. 

? 
r i a b l e s in L with the expected value equal to zero i s a SMS 

In th i s note we sha l l use the notation X = [XA)°° , 
i=1 

Y = (Y, )°° . P (resp. Q, P„, Q_) w i l l denote the d is t r ibut ion 
1 i=1 n n 

of the sequence ( X i ) ^ 1 [ resp. ( Y i ) ^ s 1 , ( X ^ ^ . , , (T±) • 

T h e o r e m . Let X be a IIS system and Y be a bounded 
SMS system, a . e . for every n lYn(co)|=£Kn for some Kfl> 0 and 

D2Y, 
a l l cj . I f sup I x i I " y T j f o r i = 1 , 2 , . . . (when sup|Y.jJ = 0 

we assume that sup|X^| s 0 ) , then there ex i s t a probability 
space (£2,TO, M), a <5-algebra 7?c3iland a random vector Y' equi-
distr ibuted with the iandom vector Y such that the random vec-
tors X and E (Y'l fl ) are eq uidistr ibuted. 
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This r e su l t i s a general izat ion of th9 resu l t from paper 
[ 2 ] , which was obtained for f i n i t e sequences. Another genera-
l i za t ions are given in [3]. The theorem explains the structure 
of MS systems, whioh contain i n f i n i t e l y many bounded functions, 
for example an in f in i t e lacunary trigonometric system can be 
represented as a conditional expectation of Rademacher system 
with respect to some S-a lgebra . Using the previous resu l t [2] 
we can obtain such representation only for f i n i t e systems,, 

L e m m a . Under the assumptions of the theorem for 
every continuous convex function f : R°°—- R, where topology 

00 

on R°° i s generated by metric o(x ,y ) = XL, -^r I x -yM| , there 
i=1 2 n " 

holds Ef(X) =£Ef(Y). 
P r o o f . Without loss of general i ty we may assume 

that Yn, n = 1 , 2 , . . . , are uniformly bounded by one. In the 
opposite case l e t Km> 0 denote a bound for Ym. We may consider 
sequences X̂  = x - x n » = ~K_Yn' n = 1 » 2 • • • • » for which the 

n n 
assumptions of th i s lemma are f u l f i l l e d and i f the lemma i s 
true for the sequences (X^), (Y^), then i t i s also true for 
the sequences (Xn) and (YnK So we take th i s addit ional assump-
tion that Yn are uniformly bounded by one. Taking I = [-1,1]°° 

0 0 

with the metric 9 (x , y ) = XL I x n ~ 7n I w e ob1;a: i-n t i l 9 c o m" 

pact, metric space in which the random vectors X and Y take 
the i r values . For a f ixed arbi trary convex, continuous func-
tion f : I —~ R we define a sequence ( L ) " . of convex conti-^ m m= 1 
nuous functions, f m : I — R, by formula f Jn(x1 , x 2 , . . . ) = 
= f ( x 1 , x 2 , . . . , x m , 0 , 0 , . . . ) . The sequence ( fm ) i s uniformly con-
vergent to f . Let us f i x arbi trary e> 0. Sinoe f i s uni-
formly continuous there ex i s t s 6> 0 such that for every x,y 
s a t i s f y ing o(x ,y)< 6 there holds |f(x) - f ( y ) | < 6 . If we ' 00 

take N such that XL 2 4 r < <5, then for every n=sN and every 
k=N 2 

xe I there holds 9(x ,hn (x) )< <5 , where hQ(x) = ( x 1 , x 2 , . . . 
. . . ,x , 0 , 0 , . . . )• So we have for n>N and every xe I 
|f(x) - f {x)|< £ . This means that the sequence ( fm ) i s uni-
formly convergent to f and as a oonsequenoe we get 
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(1) / fmdP fdP, / f m d Q J fdQ. 
I I I I 

By Corollary 1 of [2] we obtain J* g d P J * gdQm for 
Rm Rm 

every convex, continuous function g: R m—»-R. This implies 
KffX^Xg,... ,Xm,0,0,...)^ Bf(Y1 ,Y2>... ,Yn,0,0,...). Hence, 
for n»m, 

/ f m d P « / V p n * / f m d Q n = / f m d Q * 
I I I I 

This gives 

/ f m d P ^ / f m d 9 ' 
I I 

If we take m which tends to infinity, then, by (1), we re-
oeive from (2) the desired result J * f d P f d Q . The lemma is 
proved. 1 1 

Now the theorem follows from Edgar's result (Theu^am 
of [l]), which asserts that the theorem and the lemma are 
eq uivalent. 
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