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NONLINEAR COMPOUND PROBLEM
FOR ELLIPTIC SYSTEM IN THE PLANE

1. Introduction

Let ro‘be a boundary of the ILiapunov region D given on the
plane C of the complex variable and let I be a contour
inside D. Let us denote by Dt the two connected domain bounded
by T and ", by D~ the inner region bounded by I and by D
the region D™ u ptury ro. For positive direction on I and ro
we admit that which leaves D' on the left. The origin of the
coordinate system belongs to D .

Consider the following problem: Determine a function w
satisfying in D¥u D™ the generalized Cauchy~Riemann system
in the complex form

*)

(1) 9;w = Flz,w) ,
whose limiting values satisfy the following boundary condi-
tions

(2) wt=¢w +glz, w, w) onr,

(3) Re(el'w) = y(z,w) on Y

*) 3 = 3 + io_, w(z) and F(z,w) stand for w(z,zZ) and
F(z,%z,w,w) respectively.
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and the side conditions

(4) j In(e*®w) 6df = kiw)
o
(5) w(zj) = aj(w), 321420000y |oytaty) z5€ ptuD~.

The functions F, G, g, ¥, 6, v and the functionals k, a:j are
given, and

(6) %, = indG,

(7) %, = ind 7,

+ %, being the index of the compound problem (1)-(5). The
problem (1), (2}, (3) for analytic functions was solved in
the linear case by I.S.Rogozhina [9], and Lu Chien Ke [3] and
in the case of the generalized Cauchy-Riemann equations in the
papers [13], [15]. More general elliptic complex equations were
treated by A, Mamourian [6], [7] and the nonlinear eguations
of the type 3;w = F(z,w,8,w) by Fang Ainoing [4]. A special
case of compound problems for holomorphic functions in the
unit disc was considered in [12]. The nonlinear equations (1)
with nonlinear boundary conditions of type (2) or (3) were
solved by W.Wendland [11], A.Begehr and G.Hsiso [2], W.Begehr
and G,Hile [1]'and others by a combination of an imbedding
with Newton’s method, whose origin is due to Wacker [10].
In the paper [14] this method is extended to the problem
(1)~(5) in some simpler case of G =1,

2. A priori estimate and assumptions

Throughout the paper we admit that the contours r and To
and the index of the problem satisfy ths fullowlng conditions:
I. [ I“OeC1+°‘(C), 0<xgt,

II. The index of the problem i.e. % = %y + %, is negative,
In this paper we shall use the same approach as in [14], and
bass on the following lemma.
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Lemma, If:
1° a,b satisfy the inequelities |a|,, [bJ, <K in D,

2° G,gec“(r),wec"‘(ro).0<o¢<1,
3° 6ec(r‘0) and 6> 0,

4° o7 C“’“(PO) and T is realvalued,
50 k€R, Bje c, j=1,2,...,|3€1+9t2|,

conditions I, II being fulfilled, then there exist constants
T 5'"1, 2 ¥3+ F4» depending on G, K, ', Iy, v, ¢ such that
the solution of the problem

(8) 9w = 0, in D'y D",
(9) wtsGw +g, onr,
(10) Re(o“w} =y, on‘ Fos
(11) | 1a(e™w) sat = k,
o

(12) wisy) = a;, s5eDTUDT, J=1,2,000, |4y
satisfies in D¥u T and D™ u I respectively the inequality

001-0-3!2 9!1+32
(13) ||W||a<8'1 leflo+ a'.‘,lkl + T3 :?_"1' |aj| + §~3 321: ]V(zj)|+

+ 5"4||g”°‘ + Tllaiw - aw - bv_vllo,

where |w], = max{|w*],, 19l } 48 ¢* (D*4 F) A CHD™G ) and ¥
is denoted by (21)*).

*) We have denoted 2], = sup |¢], lel, = Dl +
¢ sup E(E) - 2(a)| D

z4% |2 - 2|*
2,8¢D - 651 -
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Proof, Letws= YV + XU, where the funotion V conti-
nuous to Fo is the solution of the problem

(14) 3V =0 in ptuD-,

(15) VvV +g onr,
and the funotion U eC1(5) fulfils the conditions

{(16) Re(eiTX U) =y = Re(eiTV) on Ty
(17) | In(el®x U) 44t = k - i In(e3v) 6 af,
o o
(18) X Ulzg) = 8y = V(zg), z5eD'uD, J=1,2,000, g4y

The function X means the canonical solution of the homogeneous
problem (14), (15), is of the form (cf. [5], [8]):

o"(2)  4p p*

(19) X(z) =
z *Hep(z) in D7,
and
%
(20) r(g) = E%T ! 1ln [2 _Gét)]dt .
A

Thus the solution of the problem (14), (15) is

(21) viz) = %%%l 5 X*EE; thz + 9,
?

® veing an arbitrary analytic function in D, Without loss of
generality we admit & = 0 [ef. [3], [13]].
The function V satisfies the inequality

(22) 1Vl < 3, la s

where the positive constant Mg depends on  and X,
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Observe that the function XL or the contour ro is of the form

x{z) = Ix(z)leit(z),

where

r(z) ~¥%y

t(z) = arg o + arg z .

The function t 1is real-~valusd and

iT i +%)
1ndL } = imd lee O '} = %y + Uy
Conditions (16), (17) may be transformed es follows
; i{T+t) o 1 it,]
(167) Rele u] = - ik rele] :
1 i{r +t) k it .
(17 5 | In{el**)]y gix1a¢ = % - f In(e*™V) 8at,
o "o
the condition (18 remaining unchanged.
The problem (16(), (17 ) with condition (18) is equivalent

to the problem discussed by H. Begehr and G.Hsizo in [1} and in
view of their results we have for ths function U

(23) Jull o< m—1 lv- Ra(e? V)||a+i—§|k - | 1n(ev) sat| +

: o
oy +ts |
+E}3{_ Z [aj -V(zj)\ +g'”8U-aL-bL,,|O,
J=1

where m, < x| < My
Obgerve that

(24) [Re(e*™) | = [Re(e™™ V)], +
+ sup IRe eiT(z)V(z) - (Z)V( )i )
242 |z -% N
2,%zeDtuD"
< (1+il) v [Viz) = VIE) (g4 )y
sVl + sup T s

z,%2eDtuD"
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the constant M, being of the form

i ir(2
(25) My = sup le e) -, T(Z)l

2#2 |z - 2|%
2,2eDtuD"

and depends on the domain D*. D™ and the function 7.
In the same way we get

(26) |j In(e v) sag|< i ]v],,
ro,.
where the constant My depends on r'o, T and 6 .
Denoting
. . 04 T »
(27f a"=‘m—x-(1 4 MT)+TII_X.MT

we obtair ths inequality
3+t

T‘, 7 ~ i 7
(28) vl < - Ivla +E}2; || wmguguw% 32_1 lay| +

" 98,X+992
+ Exl 21 [viz )| +7]ozu - au - b0,
J=

Let us svaluate the solution w of the problem {(8)-(12).

(29) Jwll, = Iv « 2l <Vl + Ix0f, <

3”1 TQ ~
< Glelg *a Yy T o + @Mxlkl + FuMyllgll, +

’ |oe. +at, | " laty+at, |

3 .

+m—;(Mx Z; ]aj!! +——m; My 3211 |V(zj)| +
J= =

+ ¢l %XU - axU - bf_Ullo
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%+ %
+922i _ J=1
2 [Vizg)| +7ogw - av = bw + av + V] .
3=1 -
Thus we have |
%9+ %] joeq 2t |

s=

- Fllgly +7 9w - aw - v,
where we have denoted

(31) = Z_;Mx' T2 = fa My B3 = _@ My, 74 = (15§ Mge2K)U .

To solve the probleam (1)-{5).we admit the assumptions I,
II, and the following ones.

(1) Pec™(D) for each fixed weC. P is continuously
differentiable up to the second order with respect to W and w
and these derivatives are bounded in D¢ C by a constant K,

(i1) v is real-valued and for each we C'** the function
p(z,w) is in C1+°‘, besides ly(z,®)=w(z, W], < M1||w-€'v"q, for
all w, we C,

(iii) k is resl-valued functional on C'*% and [ k(w)-k(%)] <

< Mplw-wll, for all w, we C,

(iv) the aJ ‘s are complex valued funotionals on C1+°'(D+UD )
such that
| %1 +3, |
> la.(w) - a (%)l < M3||w - W%l for sll w, WeC,

{v) for each W,, Wy in C *(r) the function 8(z,w,,W,) 18
in ¢*(r) as a function of 2z, moreover there exists a non~
negative constant M, such that for all w,, w,, W,, W, in C
we have
|atzywyswy) = 8(2’31'%’IIQ<M4[IIW1 - Fy g Iws - qua]
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{(vi) B ¢ C(Po), 8>0; eize C1+°1F0), 7 is realvalued.
(vii) The constants Mgy My, “3’ M, are independent of w
and w and have to be so small, that

4 .
zz: §3Mj <1,.
J=1
where ﬁB are the constants appearing in the inequality (13).

3. The imbedding method
Consider for each te<0,1> the following problems:

(32) %W = tF(z,w) in DYuD~
(33) ow” + tg({z,w",w”) onr,
(34) Re(eiTw) = tv(z,w) onry,
(35) § 1m(ew) 8at = tk(w)
o
{36) w(zy) = taj(w), 321525000y oty vaty | 2y ¢ oty D"

in which (1)-(5) is imbedded for t=1.

For t=0 the problem (32)-(36) is a linear one and corres~-
ponds to the homogensous problem {1), (2), (3), whose solu-
tion is obtained in [3], [9] and is unique in view of condi-
tions (4}, (5).

Let us assume w(z,%t_ ) to be a'solutian of the problem
(31)-(36) for & given t_, 0 <t <1 and let w  ,{z,t) be a so-
‘utior -f the following problem (wo(z,t) 1= w(z,to))x

(37) B g = tFpla,wpl(wy o = W) + tRg(a,w (W, - W) +
+ tFlz,w,) n ptuop,
(38) w;+1 = GWo 4+ tg(z,w;,w;) on I,
ir
{39) Re(e wn+1) = tw(z,wn) on Ty
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(40) § 1m(etTw ) 6af = tk(w,),

Fo»

. 3 + -
{41) (Zj,t) = taj(wn)a J=1v2a~°°9‘9€1+9e2|, zje L'vD.

wn+1

For each W e C1+a(D+u D7) this linear problem is uniquely

solvable. Let us investigate the difference Woet = Vit
(42) dg(wp 4 =wpy) = t{Fw(wnﬂ = W) o+ Fplw o= wy) o+
+ % F(w,w)(wn"wn-‘l)2 + F(w,ﬁ)!wn'wn-1l2 +
+ 3 R, Ty

+

/ S - e - + -
{43) w w G(w wn} + tg(z,wn,wn) tg(z,wn_1,wn_1),

rinr 1 T 1
(44) Reje™ (w, . -w))| = tlw(z,wn) - ylz,w,_ 4},
(45) | Im (e w4 - w.)) 6 = tkiwy) - tklwy_,),
"¢
, L . i ; 1
{46]) “n+1(zj“” -wlz.,%) = t.La:\wn) - aj(wn_1)J-

Ths expression F(w #) in (42} is defined by the mean value for=-
muela {ef. [11]),

1

(47) F(w,w) = j F(w'w}(z,zwnﬁ+(1-z)wn_1, TW, +(1—1)wn_1) Tdq
0

and the expressions r(w’a), F(‘,i ere defined similarly.

W,W) :
Basing on the assumptions I, II and {(i)~(vii) and the
8 priori estimate (13) we get

¢ (O] ~ ~ ~ ~
(485 W, q = Wyl t[@1M1 + Foly + Faly + FM, + 2Kﬁjwn-wn_1“a]

n+1

' ‘wn " Yhet Ha'
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The convergence of {wn+1 - wn} may be proved if the initial
approximation satisfies

4 ;
(49) t [Z Fu, + 2Kglw, - w, M <1,
3=1
Thus tne constants appearing in the suppositions i - vii must
be sufficiently small,
For the difference (w‘l - w,) we obtain

(50) 1% = Wollo € (% = ) [B Wil + B
whers we havz denoted
=2 ?ij
J=1
(51)
|2eq +2¢5 |
By = 7K+ ”‘P(zﬂ’x)lla+5'4|l8(z’wx)lla+5'3 Z |33("ﬁ)|+
3=1
+ ﬁ"elk(wx)|

and w* is the solution of (32)-(36) for t=0.
In a similar way we get

tPR
(52) ot 7225 -

Substituting (52) in the inequality (50) we obtain

t -1
(53) ”w1 - wo”cts—‘l_-_fgﬁo’

The convergence of {wn} to w with respect to the o.~norm can
now be established from the inequality {48) in the same way

as in [1], [2], [14]. Similarly one can prove that the funotion
w satisfies the equation (1) and the conditions (2), (3).
Proof of the unigueness of the solution of the problem (1)~(5)
is based on the transformation of the compound problem to the
Hilbert ome (cf. [3], [9], [13]) and on the fact that the
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function ¢ in the representation (21} has no influence on the
final result,
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