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NONLINEAR COMPOUND PROBLEM 
FOR ELLIPTIC SYSTEM IN THE PLANE 

1. In t roduct ion 
Let r^ be a boundary of the Liapunov region D given on the 

plane C of the complex var iable and l e t r be a contour 
ins ide D. Let us denote by D+ the two connected domain bounded 
by rQ and r , by D" the inner region bounded by r and by D 
the region D"u D+u To rQ. For posi t ive d i r ec t ion on r and rQ 

we admit that which leaves D+ on the l e f t . The or ig in of the 
coordinate system belongs to D~. 

Consider the following problem! Determine a funct ion w 
s a t i s f y i n g in D+u D~ the generalized Cauchy-Riemann system 
in the complex form 

whose l imi t ing values s a t i s f y the following boundary condi-
t ions 

( 1 ) a-w = F(z,w) 

(3) 

( 2 ) w+ = G w~ + g(z , w+, w") on r 

Re(e i rw) = y(z,w) 0n Ta, 

3z ~ 3x + i a y* 011(1 F(z»w) stand f o r w(z,z) and 
F(z,z,w,'w) r e spec t ive ly . 
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and the side conditions 

(4) J Im(eiTw) = k(w) 
rO 

(5) = j=1»2,..., |9fi+3f2| » zj e u D" . 

The functions F, G, g, »p , 6 , r and the functionals k, a^ are 
given, and 
(6) 9tj = indG, 

(7) «g = i n d e i t' 

being the index of the compound problem (l)-(5). The 
problem (1), (2), (3) for analytic functions was solved in 
the linear case by I.S.Rogozhina [9] , and Lu Chien Ke [3] and 
in the case of the generalized Cauchy-Riemann equations in the 
papers [13]» :[15]» More general elliptio complex equations were 
treated by A. Mamourian [6], [7] and the nonlinear equations 
of the type 9^w • F(z,w,3zw) by Pang Ainoing [4]. A special 
case of compound problems for holomorphic functions in the 
unit disc was considered in [12]. The nonlinear equations (1) 
with nonlinear boundary conditions of type (2) or (3) were 
solved by W.Wendland [11] , A.Begehr and G.Hsiao [2], W.Begehr 
and G.Hile [1] and others by a combination of an imbedding 
with Hewton's method, whose origin is due to Wacker [10]. 
In the paper [14] this method is extended to the problem 
(l)-(5) in some simpler case of G = 1. 

2. A priori estimate and assumptions 
Throughout the paper we admit that the contours r and r^ 

and the index of the problem satisfy the following conditions: 
I. r, r0 eC1+°'(C), 0 .< a. $ 1, 
II. The index of the problem i.e. « = + ae2 is negative. 
In this paper we shall use the same approach as in [14], and 
base on the following lemma. 
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Nonlinear compound problem 3 

L e m m a . I f : 
1° a,b s a t i s f y the i n e q u a l i t i e s ||a||Q, ||b||Q « K in D, 

2 ° G, g £ C a(r], v e C a ( r 0 ) , 0 < « s < 1 , 

3° 6 e C(r0) and 6 > 0, 

4° e i X e C 1 + a ( r 0 ) and t i s r e a l v a l u e d , 

5 ° k e R , a ^ e C , , 2 , » . . , » 

condit ions I , I I being f u l f i l l e d , then there ex i s t constants 
T» T<\* T 2 ' T4* depending on G, K, r , r 0 , t , <5 such that 
the so lu t ion of the .problem 

(8) Q-v = 0, in D+u D", 

(9) w+ » G w" + g , on r , 

( 10 J Raie1**) = h>, on rQ, 

(11) j Imfe1**) tf dÇ = k, 
r0 

(12) w U j ) » 8 j , « j e D+ u D", (atj+atgl 

s a t i s f i e s in D+u r and D~ u r r espec t ive ly the inequal i ty 

(13) i M « « ? , f 2
| k ' * h H h i + h E l v M + 

+ â^llalla + T||85w - aw - bw||0. 

where ||w||a = max{||w+||a. Bw"||a} in C a (D+u r ) n Ca(D"ù r) and V 
i s denoted by (21)**. 

** We have denoted | |f | |0 = sup | f | , ||f|| 

sup - *<•>! . D 

z/i |z - z\a 

z.SeD - 651 _ 
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P r o o f . Let w • V + XU, where the funot ion V c o n t i -
nuous to r

0 i s the so lu t ion of the problem 

(14) 3-V = 0 in D+o D", 

(15) G V~ + g on r , 

and the funot ion UeC1(D) f u l f i l s the oonditione 

( 1 6 ) 

(17) 

Re(e iTX U) » v - Reie^V) on r Q , 

j Im(e iTX U) ddf « k - j Im(e iTV) 6d^, 

.IT! 

( 1 8 ) X U(z^) = a j - V t z j ) , ï j t D+u D~, 3 = 1 , 2 , . . . , l^+a^l-

The funot ion X means the oanonioal so lu t ion of the homogeneous 
problem (14), (15), i s of the form ( c f . [5], [8] ) s 

e r < z ) i n D+ 

(19) 

and 

(20) 

X(z) = 

z ~ \ r < * > i n D-, 

r < * > 2 Ï Ï f 
In U ^ Q t t ) ] dT 

X - z 

Thus the so lu t ion of the problem (14), (15) i s 

$ being an a rb i t r a ry analy t ic func t ion in D. Without loss of 
genera l i ty we admit $ = 0 [cf . [3], [13]]. 
The funct ion V s a t i s f i e s the inequal i ty 

(22) «Mg | |g||a, 

where the posi t ive constant M̂  depends on r and X. 
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Observe t h a t the f u n c t i o n X on the contour r^ I s of the form 

x U ) = | x U ) | 9
i t ( z ) , 

where 

t ( z ) = arg e 1 v ' + arg 2 

The f u n c t i o n t i s r e a l - v a l u e d and 

i n d [ e i T x ] = i * d [|x| e i ( ' + t ' ] = + 

C o n d i t i o n s ( 1 6 ) , ( 1 7 ) may be t ransformed as f o l l o w s 

( 1 6 ' ) R o f e 1 ^ D ] - j j : - ¿ j R e i e ^ v ] , 

( 1 7 ' ) y j j j I m [ e i ( , C + t , ] u g l X l d f = fx 7 " TxT 1 I m ( e i T v ) 
r 0 r D 

the c o n d i t i o n ( 1 8 r e m a i n i n g unchanged. 
The problem ( 1 6 ' ) , ( 1 7 ) w i t h c o n d i t i o n ( 1 8 ) i s e q u i v a l e n t 

to the problem d i s c u s s e d by H. Begehr and G . H s i a o i n [1J and i n 
view of t h e i r r e s u l t s we have f o r the f u n c t i o n U 

(23) l l u l l ^ J - ! | v - R o ( e i t V ) | | a + ^ k - f I m ( e i T V ) d d f ! + 
X X p 

| ae-, -*-ae21 0 

+ Z ! |a d - v ( Z ; j ) | + T | | g g u - aU - b u | 0 , 
* 5=1 

where m^ < |x| < Mx . 
Observe that 

(24) | | R e ( e i t V ) | | c c = ¡ R e ( e i T V ) | | n + 

+ sup U e e ^ ' h l i ) - ^ 
l A ¡2 - z ' 

z , z e D + u D ~ 

< (1+MT) KV|L + sup i l i i l ^ J M , ( 1 + M T ) ! ! v l ! a 
z^z |z - z[ 

z , z e D + u D ~ 
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the constant MT being of the form 

(25) M, sup 

ZjZeD+uD" 

eU(z) _ e i t ( 8 ) | 

|z - 21« 

and depends on the domain D~ ano the function t . 
In the same way we get 

(26 ) j Imie1 V) $ M„ f" "a f 

where the constant Mr depends on Pq, t and 6 
Denoting 

(27) 
3*1 To 

T - ^ - ( 1 + Mt) 

we obtain the inequal i ty 

3*- „ „ 3*2 
(28) l l u l L ^ W U ^ W + % u g M a + h - £ 

2T 
+ E Ivtz , ) ! - aU - bu||0. 

0=1 

l a j I + 

Let us evaluate the solution w of the problem (8)—(12). 

(29) ||w|L = ||V + XU|I< a . „ . l l c x + ||XD||a < 

32. 
lX 

<T-
|9e.+9e2| 

£ h i + l r M x H 

I«-,+«21 

3=1 "x 3-1 

+ r|| %xu - aXU - bXU||0 
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l*1+*2l 
(1 + 3*gMx)||g||a + IMU + r?|k| + r 3 z I a j| + 

+ Z |vC*d)| + T ||V - ay - bw + aV + bv||0. 
3-1. 

Thus we have 

(30) I|w||a!? Ik 

* f4ll«lloc - aw - bw||0, 

where we have denoted 

"(3D ft - . ^ -

To solve the problem (1)-(5) .we admit the assumptions I , 
I I , and the following ones. 

( i ) FeC (D) 
for each f ixed weC. F i s continuously 

d i f fe rent i ab le up to the second order with respect to w and w 
and these der ivat ives are bounded in D e C by a constant K, 

( i i ) v i s real-valued and for each we C1+<x the function 
^(z,w) i s in CUo1 , besides ||iy(ztw)-v(z,w)||a< M^w-w^, for 
a l l w, we C, 

( i i i ) k i s real-valued functional on C1+0i and |k(w)-k(w)|< 
^ M2|]w-w||oc for a l l w, we C, 

(iv) the a. , ' s are complex valued functionals on 0^+o<(D+uD") 
V such that 

IX1 +3e21 , 

S a,(w) - a . iw) < M,||w - w||a for a l l w, weC, 
3=1 J 

(v) for each w1, w2 in Ca(r) the function g(z,w.j,w2) i s 
in C a ( r ) as a function of z , moreover there ex i s t s a non-
negative constant M̂  such that for a l l w1, w2, w1, wg in C 
we have 

[z,w.,,w2) - g(z,w1,w2)||(x$M4 lw1 - wlll<* + llW2 ~ w2 Ilex 

- 655 -



8 J«Wolska-Bochenek, E.M.Chrzanowaki 

(vi) 6 e C ( r 0 ) , 6> 0; e1Te C1+Oc{r0), t is realvalued. 
(•ii) The constants M ,̂ Mg, M ,̂ M̂  are independent of w 

and w and have to be so small, that 
4 

Z Tft < 
0=1 

where ^ are the constants appearing in the inequality (13). 

3. The imbedding method Consider for each te<0,1> the following problems: 
(32) 9-w » tF(z,w) in D+uD~ 

% 

(33) Gw~ + tg(z,w+,w") on r , 

(34) Re(e i Tw) = t v ( z , w ) on rQ, 

(35) j Im(e lTw) = tk(w) 
r0 

(36) w(Zj) = tSj (w) j j = |3f1+8f2|, s j c D+ u D 

in which ( 1 M 5 ) is imbedded for t « l . 
For t=0 the problem (32)-(36) is a linear one and corres-

ponds to the homogeneous problem (1 ) , (2 ) , (3)« whose solu-
tion is obtained in [3] , [9] and is unique in view of condi-
tions (4 ) , (5 ) . 

Let us assume w'(zft ) to be a solution of the problem 
(31)-{36) for s given tQ , 0 ^ t o < 1 and let w f i + 1 ( z t t ) be a so-
lution :f the following problem (w 0 ( z , t ) ; = w (z , t Q ) ) t 

9zwg+1 - 4 Pw ( z 'wn , ( wn +1 " V + t P i ( 2 » % i ( V l ~ " J + 

+ tP(z,wn ) in D+ v D", 

{ 3 8 ) wn+1 " Gwn+1 + tsU.w+.w^) on r , 

(39) Re(e i rwû + 1 ) « t v ( z ,w n ) on rQt 
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(40) j Im(e i T w n + 1 ) = t k (w n ) , 
ro" 

( 4 1 ) " n + i ^ ; } » ' ^ = t a j ^ w
n

) » 0 = 1 . 2 , . . . , I ^ + ^ I , z ^ e D + u D ~ . 

j?or each C^+<x(D+uD"| t h i s l i n e a r problem i s uniquely 
s o l v a b l e . Let us i n v e s t i g a t e the d i f f e r e n c e -

( 4 2 ) 9 z ( w n + 1 - V = t f V ' n + l " V + V " n + 1 " V + 

+ 2 F ( w , w ) ( V w n - 1 ) 2 + F ( w , w ) i w n - w n - l ! 2 + 

+ i ? ( w , w ) ( v v / l -

(44) R e [ « ^ V t - I " w
n ) ] = " Vfa . ' n - - , ) ] » 

(45) j Im ( e i T i w n + 1 - wf l)) = tk(w f l) - t k t w ^ ) , 
r c 

(46) w n + 1 ( 8 j , t ) - w c ( z r t ) = t [ a , (w f l ) - a j ( w
n _- ) ) j • 

The express ion w j i n (42) i s def ined by the mean value f o r -
mula ( c f . [11] ) , 

1 

( 4 7 ) F(wsw) = j P ( w , w ) ( s ' r w n + ( 1 - T ) w n - 1 ' 
0 

and the express ions i \ F<- are def ined s i m i l a r l y . 
\rf}Yt/ (W j W j 

Basing on the assumptions I , I I and ( i ) - ( v i i ) and the 
a p r i o r i es t imate (13) we get 

Iwn+1 " w n l L ^ <TlM1 + ?2M2 + ?3M3 + 34M4 + 2K*II wn"wn-1 II a 

I Wn " W n - 1 L ' 
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The convergence of - wQj. may be proved i f the in i t ia l 
approximation satisf ies 

4 
(49) 2 + 2K^llwi - woll« 

Lj-1 
< 1. 

Thus the coxistants appearing in the suppositions i 
be sufficiently small. 

For the difference (w1 - wQ) we obtain 

v i i must 

(50) lw1 - wo||a < ( t - V N l w o L + M » 

where we have denoted 
4 

P ' E 

(51) 
3-1 

- arK+^1||v(«fw*)||a+r4||g(«,wJC)||a+?3 

+ £2|k(wx) 

and wx is the solution of (32)-(36) for t=0. 
In a similar way we get 

. V o 

l^-Htgl 

E 
3=1 

(52) w Olloĉ  1 - t P • 

Substituting (52) in the inequality (50) we obtain 

t - t 
(53) lw1 " wolla* 1 - p A -

The convergence of {w f l| to w with respeot to the a-norm can 
now be established from the inequality (48) in .the same way 
as in [1] , [2] , [14]* Similarly one aan prove that the function 
w satisf ies the equation (1) and the conditions (2 ) , (3 ) . 
Proof of the uniqueness of the solution of the problem ( D - ( 5 ) 
is based on the transformation of the compound problem to the 
Hilbert one (c f . [3], [9], [13]) and on the fact that the 
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function $ in the representation (21) has no influenae on the 
f inal re su l t . 
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