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Introduction 
In papers [2] and [3] we axamined a Goursa t problem for 

the Mangeron's polyvibrating equation of order 2p ( p ^ 2 ) in 
a Banach space, with the boundary conditions of the problem 
given on 2p curves emanating ft?om a common point, and found 
i t s c lass ica l solutions. In paper [4] we have given without 
proof some results concerning the existence and uniqueness 
of strong generalized solutions of the said Goursat problem. 
The aim of this paper is to prove these resu l ts . 

The paper consists of three sections. In Section 1 we 
introduce some basic notions and formulate the assumptions. 
In Section 2 we prove several lemmas. Section 3 is devoted 
to the formulation and proof of the main result of the paper 
concerning the existence and uniqueness of strong generalized 
solutions of the Goursat problem. 

1_. Let Sî = { ( x , y ) e R 2 : O i x ^ A ; 0 < y « B } , where A and B 
are f i n i t e pos i t i ve numbers, and consider a system of 2p cur-
ves ( p > 2 ) g iven by the equations y = f ^ ' x ) and x = h i ( y ) , r e s -
pec t i ve l y (where f i : < 0, A > -•• < 0,B > and h i :<0,B > < 0, A >, 
i = 1 , 2 , . . . , d , are continuous func t i ons ) , passing through the 
o r i g i n 0 (0 ,0 ) of the coordinates system ana not in te rsec t ing 
elsewhere. 
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2 A. Borzymowski 

Denote by Y a Baxiach spaoa with norm ||*||. The Goursat prob-
lem (G) considered in [2] and [3] consists in finding a func-
tion ujffi —• Y that i s a solution of the equation 

(1) Lpu = c (x ,y) 

a2 

(where L = and c:£2 Y i s a given continuous function) 
* ) in Q ' and s a t i s f i e s the boundary conditions 

( 2 ) 
u j x . f ^ x ) ] a M±(x) for xe<0,A> 

u ^ i y j . y j - H±(yJ for y e < 0 , B > 

( i = 1 , 2 , . . . , p ) , where Mis<0,A> —• Y and N^:<0,B> — Y are given 
continuous functions. Such functions u wi l l be called c l a s s i -
cal solutions of the Goursat problem ( b r i e f l y : ( c . s . ) of the 
(G)-problem). 

Now, we introduce the following def ini t ion of a generalized 
solution ( b r i e f l y : a ( g . s . ) of the (G)-problem). 

D e f i n i t i o n 1. A function Y i s oalled 
a ( g . 8 . ) of the (G)-problem i f and only i f there e x i s t s a se-
quence {u m J of functions uffl:Q Y (m=m0, m Q +1, . . . , where mQ 

i s a positive integer) having the following properties: 
1°. Bach of the functions uffl i s a ( c . s . ) of the correspond-

ing Goursat problem (Gm) that i s formulated analogously as the 
(G)-problem above with the replacement of f i f h^, c , M̂  and N̂  
by f i m , h i o , cm, Mim and Miffl, respectively ( i = 1 , 2 , . . . , p ) , where 
f i m : < 0 , A > - <0,B>, h i m :<0,B> <0,A>, cm : fi -» Y, MitQ:<0,A>-*Y 
and N^m:<0,B> Y are continuous functions sat is fying the r e -
lat ions **) 

in Î ; f . = x f . ; h. m h. ; M. = * M• ; EL „ =* N, * im x ' îm 1 ' im 1* xm X 0 —»• c m 
( i = 1 , 2 , . . . , p ) when m 

That i s , possesses continuous derivatives D̂ u (where 
vK g"31 • = (31+)52j ft2<p) in fi and s a t i s f i e s 

9x 1 3y 2 
(1) at each point ( x , y ) e Q . 

I = I(£2) i s the space of Lebesgue-integrable functions, 
and the symbol denotes the uniform convergence. 
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Generalized solutions 

2°. The re lat ion u, when m —oo , holds good. 
The purpose of this paper i s to examine the generalized 

solutions of the (G)-problem. 
We make the following assumptions. 
I . The functions fi»<0,A> -*• <0,B> and hjL:<OfB> < 0,A> 

( i - 1 , 2 , . . . ,p) are Hdlder-oontinuous (the exponent |J e {0,1 >) 
and sa t i s f y the following re lat ions ' 

(3) 
f i U ) . f * 

x i 
_ h* . h i l . * x 

B~7 

(x e (0,A->; y e (OfB>j i = 1 , 2 , . . . , p j , where and h£ are rea l 
numbers subject to the conditions 

(4) min(f*,h*)> 0; 

(5) 0 < f j « n i n ( a , f ) j 0 < h j « min (a, , 

where 
-p/«0 

(6) a * 2T0* P ; 

(7) min ( f i - f i > [p(1+e)]~1f*| min (h*-h* J > [pd+e)] " V 
2 i i i p 1 1 1 p 2*isp 1 p 

with a«0 e (0 ,1) , e (0 ,1), e being-a rea l number such that 

(8) 0<e <rJ / 1 " P - 1. 

Moreover, t i and ( i=1 ,2 , . . . , p ) sa t i s fy the conditions men-
tioned at the beginning of this Section. 

I I . The functions Mi:<0,A> Y and Ni:<0,B> y 
( i=1 ,2 , . . . ,p) are Holder-continuous (the exponent |3„„e (0,1|>) 
and sa t i s f y the inequal i t ies 

Evidently, as a consequence of (3) , there exist the de-
r iva t ives f^(0+) and h^(0+), and f^(0+) = f j | h|(0+) = h* 
( i = 1 , 2 , . . . , n ) . 
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4 A. Borzymowski 

(9) 

where K i s a posi t ive constant . 
I I I . The funct ion c : f l —*Y belongs to the space 

2. In t h i s Section we prove several lemmas. 
L e m m a 1. There i s a number (0< 51 < min(A,B,1)) 

suah that the i nequa l i t i e s 

f 1 (x}> 0} h 1(y)> Oj 

(10) 0 < f p ( x ) $ n in(a , 4B)x; 0 < h p ( y ) $ m i n ( a , ^ ) y j 

f i ( x ) - f j ( x ) > [p(1 + e ) ] " 1 f p ( x ) ; h i ( y ) - h j ( y ) > [ p ( 1 + £ ) ] - 1 h p {y) 

(1 i j < i < p ) | 

( 1 1 ) 

f ? ( l - e j x * f < ( x ) $ f ! ( 1 + e )x; 

4 ( 1 - e 0 ) y < h i ( y ) ^ 4 ( 1 + eQ)y 

( i = 1 , 2 , . . . , p ) hold good fo r x e ( 0 , 6 . | ) and ye ( 0 , 6 ^ , respec-
j e c t to t 
1/8p-3+»0 

t i v e l y , e0 being a r e a l number subject to the i n e q u a l i t i e s 

(12) 

where g 

0 < £q < 1 - n 2 D 0 

n
 f X ' 0 p p 

P r o o f . The proof, being s imi la r but eas ie r f o r the 
remaining i n e q u a l i t i e s , w i l l be given only f o r the l a s t two of 
i n e q u a l i t i e s (10). 

Let us observe tha t (3) implies the i n e q u a l i t i e s 

f * f v ( x ) 

-T x 
f 

+ T x 

where 1 $ j < i $ p), whenoe and by (7) we have 
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G e n e r a l i z e d s o l u t i o n s 5 

f A x ) f Ax) _ , f ( x ) , . r , . -

- ( f j + f j + [ p d + e ) ] - 1 f ; ) { ^ ( f ï - f ^ ) - [ p d + e ) ] - v ; + 

( 2 + [ p d + £ ) ] - 1 ) 

2<ii p 

> n 
P 

i f 0 < 51 ^ 5° = | {2 + [p( 1 + e ) ] ~ 1 f 1 « { n i n ( f j - f ) -

- [ P ( 1 « ) ] " 1 ' ; } -

Thus , f o r x 6 ( 0 , 5 . , ) , wh*re 0 < S., < min( A ,B , 1 , 5 ° ) , the i n e -
q u a l i t y 

t±(x) - f j ( x ) > [ p ( l + e ) ] - 1 f p ( x ) 

h o l d s good, q . e . d . The p roo f o f the i n e q u a l i t y h^Jy) - h. .(y)> 
> [p (1+e) ]~ 1 h p ( y ) i s ana l ogous . 

Now, l e t us c o n s i d e r the B e r n s t e i n po l ynom ia l s 

m 

(13) f im<* J - ' - S (! 
k=1 

Ï) f i ( A * ) x * ( A - x r - * 

and 
m 

(14) £ (! 
k=1 

( i = 1 , 2 , . , . , p ; me.JP) app rox ima t i ng un i f o rm l y the f u n c t i o n s 
and h^ i n the i n t e r v a l s <0,A>.and <0,B>, r e s p e c t i v e l y . 

E v i d e n t l y , 0 * f i m ( x ) £ B and O i J i ^ f y ) i A, We s h a l l prove 
some lemmas conce rn i ng f u r t h e r p r o p e r t i e s of f u n c t i o n s f^ 
and h t m . 

L e m m a 2 . The f u n o t i o n s f i m and h i m ( i = 1 , 2 , . . . , p ; 
m eJf) are o f c l a s s C p . T h e i r f i r s t - o r d e r d e r i v a t i v e s a t t a i n 
at the po i n t 0 the f o l l o w i n g v a l u e s 

<15) f L f i m ( 0 ) - | f ± (±), h« i o h l a ( 0 ) - f h , ( | ) 
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6 A, Borzymowski 

( i = 1 , 2 , . . . , p | meJf). There i s a positive integer m1 such that 
him 8 a t i a f 3 ' t h e inequalities analogous to (4) - (7) 

for a l l JC 9 m> m̂  and i = 1 , 2 , . . . ,p. 
P r o o f . The f i r s t part of our thesis i s evident. 

Relations (15) are obtained immediately by dif ferentiat ion of 
(13) and (14). In order to verify the las t part of the thesis 
i t i s enough to use relations (15) and Lemma 1. 

R e m a r k 1. I t follows from Lemma 2 that 

a f h <<r • p 0 
Bom pm pn <<o v 

for m>m1( whence and by (8) we obtain the inequality 

\1/1-P 
- 1 (16) 0 < e < ( p P V ^ ) 

(m>m1). Let us observe that by (5) and (8) we also have the 
ineq uality 

(16 ) 0 < e < ( p p ^ ) " 1 * 

L e m m a 3. There are a positive number S2 ( 0 < 6 2 < 
< min(A,B,1)) and a positive integer m2 such that the functions 
f i m and h i m ( i = 1 , 2 , . . . , p j mzJf) s a t i s fy the inequalit ies (com-
pare with (10) and (11)) 

' f 1 m ( x )> 0} h 1 n(y)> 0, 

(17) 

-p /at -p/tt-
0 < f p m ( * ) <p xj o<hpm(y) ^ p y; 

-1 
f i m ( x ) " f j m { x ) > [P ( 1 + e , l f p m ( x , i h im ( y ) " V y ) 

> [P(I + £ ) ] - 1 n p m ( y } 

(1 i 0 < i $ p); 
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(18) 
f j ( 1 - eQ)x, f i B { , U f * ( l + eQ)xi 

^ ( 1 - E 0 ) j i h i B ( j ) < 4 ( l + eQh 

( i = 1 , 2 , . . . , p ) f o r x e (0 ,6 2 ) and y e ( 0 , 6 2 ) , r e s p e c t i v e l y , and 
i2 . 
P r o o f . F i r s t of a l l we prove tha t 

f I ( 1 - i - + 5 + 

m > mg» 

(19) 

(x e < 0 , A>; ye<0 ,B>, mtJf ; i = 1 , 2 , . . . , p ) . 
In f a c t , using inequa l i ty (3) and r e l a t i o n (13) we can 

wri te 

W « 1 * j i S k f f i ( ! ) " ( ' - i f -
L k=l 

+ i i i 7 S ( ? ) ( f ) k 0 - i f k + 

k=1 

t - (R(9 k 0 - f)mi. 
m k=l J 

whence, and by the wel l known e q u a l i t i e s (see [5], p.150) 

m 
( 2 0 ) 

and 

* - i X > ( B * * <1 - * > m - k 

k=1 

m 
(21) 

k=1 
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8 A. Borzymowski 

we obtain 

f i m ^ * f i # (1 + 5 + f > ' 

In a similar way we get 

and hence the f i r s t of inequalities (19) i s proved. The proof 
of the second one i s analogous. 

We proceed to the proof of inequalities (17) and (18) . 
The f i r s t two of inequalities (17)* are evidently true. 

In order to derive the third of the said inequal i t ies , l e t 
us obsprve that by (5) and (19) we have 

B p y ^ H p 

0 < V x ) < V + f p ( i + f ) x < ( 1 + 9 , 3 o * ? 

(0<Q <-1 1) provided that n^figj x e ( 0 , 5 2 ) , where JT 9 m2 

io so large and 0 < 5 2< min(A,B,1) so small that g + f $ 
-p/tt 

• A s a consequence we get the required inequa-

l i t y 0 <f {x) $ P In a similar way we show that 
-p/aen 

o < V y U p 

Now, le t us note that in virtue of (19) we have 

f i m ( x ) - V x ) - + ( f l - f I - i > - [ p i 1 « ) ] " 1 f ; + 

(1 § j < i S p). Assuming that m> m ĵ x e (0,6£)» where m|e Jf and 
¿¡| (0 <5| <min(A,B,1)) are chosen so that 

f j ( 2 + [p(1+e)] _ 1 ) ( l + f ) x « J ( « i A ( f * - f ^ ) - [p(l + £ ) ] - 1 f ; ) 
P 
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Generalized so lu t ions 9 

(m> xe (0 ,6£) ) , we eae a s s a r t t h a t 

The proof of the inequa l i ty h i m (y)-h^ m (y)> [p{ 1+e)] h p n ( y ) 
i s analogous. 

I t s t i l l remains to prove the i n e q u a l i t i e s (18). Using 
(19) , we have 

hi 

and assuming tha t m>m£*j xe (0 ,<5 |* ) , y e ( 0 t 6 g * ) f where m2*e 
and 5** (0<i>2* * min(A,B,1)) are such tha t 

max U - f ) . U * ? ) ] < c 0 
** 1 

m 

(see (12)) f o r m> m2*; x e Î 0 , 6 | * ) j y e ( 0 , 5 | * ) , we can conclude 
that i n e q u a l i t i e s (18) hold good. Thus, Lemma 3 i s val id i f 

> m2 = max(m2,m2,m|*) and x e ( O / j ) ; j e (0,S2)» where 

0 <52 « min(52,52V2**)-. 
L e m m a 4* f o r each number 6o , s a t i s f y i n g the condi-

t ion 0 <6q < min(A,B,1), there are a pos i t ive in t ege r mg and 
pos i t ive numbers a? and b? such tha t 0 

o 0 

(22) 

f o r 1 ^ j < i £ p» xe< 50 , A>, ye<6 o ,B> and JTz m > m- . 
o 

P r o o f . Set e* * t min inf ( f , ( x ) - f . . ( x ) ) . 

Evidently , 
1iiip xe<<30,A> 
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10 A. Borzymowski 

( v > = 1 , 2 , . . . , p ) f o r x e < 0 , A > and m> mfi , m̂  being suffpotently 
large, whenoe 0 0 

f i m ( x ) - f i { x ) • f 3 ( x ) ~ a ? * 

- \ min i n f ( f ^ x ) - f , ( x ) ) 
1 * i « p X8<50 tA> 1 +" 1 

(1 $ j < i s P5 n > n 5 I * e <6 0 »A>) and the proof o f the f i r s t of 
o 

inequalities (22) is aompleted. The proof of the second one i s 
analogous. 

L e m m a 5. There is a positive integer m̂  such that 
no two of the ourves of equations y = and x = h j m ( y ) ? 
r e s p e c t i v e l y , ( i , j « 1 , 2 , . . . , p ) intersect i n G \ { o } when m > m^. 

P r o o f . Let us consider two ourves given by the equa-
tions y • f i m ( * ) a n c * y « f j n ( x ) t r e s P e c , t i v e l 7 » where 1sj<i$p 
and me jr. Using formula ( 1 3 ) , we have 

" * a H ° E [ f i ( A i H ( A 5 ) ] ( E ) x k ( A - X ) -l / i V * i * ) \ \ k / x 

k=1 
and as, by Assumption I , f ^ A ~ f j ( a m) > 0 f o r k ~ 1 » 2 » * * • 
we obtain the inequality f i m ( x ) > f j m ( * ) ( x e ( 0 , A > | m e Jfi 
1 $ j < i $ p ) . A similar argument based on (14) shows that 
^ m ^ > ^ m * 7 * (7 e (O.A>J m e X | 1 < j < l < p ) . 

I n order to examine the oase of two curves given by the 
* 

equations y = f j ^ i x ) a^d x * ^ . ^ f y ) , r e s p e c t i v e l y , (where 
1 ^ i , j < p ) , let us observe that basing on (19) we obtain the 
ineq u a l i t i e s 

* " V 0 W * ' > 1 " ( 2 + i ) f i m ( x ) * * M 2 + i f f I h j " 

whenoe 

h d m ° f i m < * M 2 + s ) 2 f ! h * r * -
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Generalized solutions 11 

Lot 9 e (4f*h*,1) be arbitrarily fixed (by inequalities (5) o P P 
ws have 4f*h*<1). It is easily seen that (see (10)) 

( 2 + i f f M < e0 f o r m> m 3, S e 
fio ' 2 

-S—S——— , and hence we have 
f;hP 

(24) hjm° fim ( x ) < V * 

(m> a^} i»3=1»2,..e,pj x e (0,A>). It follows from inequality 
(24) that the ourves y = Aim(x) and x = ̂ .^(y) ( m > m y 
i»3=1»2,...,p) do not intersect for x c (0,A>; y e (o,B>, and 
the proof'is completed. 

Let us introduce the following notation 

(25) 

(2s) *2am 2s-1 (2s-2) k(2s-1) 

• fk m0Zt M 2s-1m (2s-2) 

k(2s) (y) = f 

= hr* o zr*- (v ) 
(2s-1)m (2s-2) 

for s=2,3,...| 

(25') 
z m 

- v o V x , J ^ u ( x j • V x i 

(xe<(0,A>; ye<0,B>; m ejf), where k(pJ = (k1 ,k2,... ,kp) for 
rejv, and ^ (i=1,2,...) are positive integers not exceeding p. 
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12 A. Borzymowski 

The following lemma i s v a l i d . 
L e m m a 6. The sequences 

's®* and 
**m 

's®* and 
(2n-1) . ( 2n) (2n-1) 

L( 2n) 
*m zkT (2n-1) 

tend to zero , when n oo , uniformly 

with respec t to x,y and m, on the s e t s < 0 , A > a n d <0,B>, r e s -
pec t ive ly . 

P r o o f . Evident ly , i t i s enough to consider l 
r-m 1 1 { 2 n , i and i z^* I . The proof, being s imi la r f o r the other sequence, 
I (2n)J 

w i l l be given only f o r the sequence { 4 (2n) 
Let as assume that m^m^. By inequa l i ty (24) we have the 

following est imate 

( 2 6 ) A 
L(2n) 

and hence the considered sequenae L(2n) 
tends to zero 

(uniformly with respect to x and mj, as r equ i red . 
L e m m a 7. For each e > 0 there i s a pos i t ive in teger 

such tha t the inequal i t ies*^ 

(27) .m, 
( 2n) 

(x) 
k ( 2 n ) 

(x) < ne; z£*» (y) - Zr* (y) 
(2n) (2n) 

hold good f o r n e Jf, JC 9 m > tng, xe<0,A> and ye<0 ,B>, r e spec -
t i v e l y . 

P r o o f . In order to prove the f i r s t of r e l a t i o n s 
(27), l e t us observe tha t 

Y ( X ) - Z £ (x) (2n) (2n) 

2n-1 
¿-a nm k ( 2 n ) k 2 n * ( 2 n - l ) 
9=1 

(x) 

*) r ( x ) , . . . , z V (y) are defined by r e l a t i o n s (25), 
c(2n) (2n-1 ) 

(25 ' ) with the replacement of f^m and h9 m (9 = 1 , 2 , . . . , p j meJV) 
by f^ and h ^ , r e spec t ive ly , 
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Generalized so lu t ions 13 

where 

h v o f o h. o 
2n 2n-1 K2n-2 

- h v o f oh. K2n *2n-1 *2n-2 

with 

g V 

and 

h k , * even 
t 

> t (* -1) *m 

° Sir ° 

V> odd 

hv. , o even 

f v , 0 odd; 

9 even 
» X. 

Basing on the r e l a t i o n s f i m n£ f ^ h i m =fc (m-»oo, 
p) and using the uniform cont inui ty of the func t ions 

f ^ and h^ ( i = 1 , 2 , . . . , p ) , we oan a s s e r t tha t f o r each pos i t ive 
number e there i s a pos i t ive i n t ege r m~ suoh tha t r ^ < e 
(9 = 1 , 2 , . . . , n ) , and hence 

nm 
(m> m f̂ xe<0,A>f ye<0,B>) which was to be proved. The proof 
of the seoond of r e l a t i o n s (27) i s analogous. 

We proceed to the examination of the " t runcated" Bernste in 
polynomials 

m 
(28, M i n ( x ) - A - £ ( B ^ A ^ U - x ) - * 

k»2p 

(xe <0»A>) and 
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14 A. Borzymowski 

(29) N i m( 7) - B - £ (J) N ^ B ^ B - y ^ 
k=2p 

(y e < 0,B>), where i = 1 , 2 , . . . , p , Jfa ¡a 2 2p. 
Evident ly , Mim:<0,A> Y and N im:<0,B> Y, i= l , 2 , . . . , p , 

Nam* 2p. 
The following lemmas are v a l i d . 
L e m m a 8 . The r e l a t i o n s 

(30) Mim n r M± on <0,A>j = t ^ on <0,B> 

(m—• oo ) hold good. 
P r o o f . Using (28) , we get 

(31) || M±(x) - M im(X)|| , A - £ (»)||M l (x) - Mi(A • 
k=0 

. x k ( A - x ) - k
 + A - 2 g (J)||Mi (A I ) || x k (A-x) m " k . 

k=0 

Let us denote the terms on the r i g h t hand side of (31) by 
e 1 m (x) and e2 m(x)» r e s p e c t i v e l y . 

I t i s well known (see [5], p.150) tha t f o r each e*> 0 
there i s a pos i t ive in tege r m^ such tha t when 
m> m^ (x e < 0,A> j i = 1 , 2 , . . . , p) . 

f o r the second term, e 2 n ( x ) , we have (see (9)) 

• 8 . W « " ( H P ) 2 ' • Z (!) - *>m-k • * ( ^ f 
k=0 

and hence 

when m> ml' (where m" i s a posi t ive i n t e g e r ) , xe< 0,A> * b 

and i = 1 , 2 , . . . , p . 
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Generalized solutions 15 

Upon joining the above-obtained-results, we can assert 
that Mj „ =t M4 on <0,A> when m —» oo . In a s imilar way we 

oo . Thus the proof show that N.m im 

—» on <0,A> when m —» oo 
N̂  on <0,B> when m • 

of Lemma 8 i s completed. 
L e m m a 9. The functions M 

(29)) are of c lass Cp. There are positive constants Cmv and 
Cmi? ( d a P e n d i f l g o n m 

ID and Nim (see (28) and 
ve constants C , mv 

and \>) such that the inequal i t ies 

(32) 

(x e < 0, A>; y e < 0,B>j i ,* =1 ,2 , . . . ,p) are s a t i s f i ed . 
P r o o f . The f i r s t part of the thesis i s evident 

(Mim and Nim are in fact of c lass C°°). In order to prove the 
f i r s t of inequa l i t ies (32), l e t us observe that 

min(-p ,m-k) m 
M, 

k=2p oc*0 

(m-k-a)I * 

fa=1,2,...,p), whenoe and by (9) we obtain 

m min(i>,m-k) 
||M^(x)I .const x * P - V P - £ ( « ) 2 , , ( ^ J • 

k=2ip a=0 

. (m-k) xk-2P +a ( A_x )m-k-a 

and as a consequence we get the f i r s t of inequal i t ies (32), 
as required. The proof of the seoond of the said inequal i t ies 
i s analogous. 

In the sequel (see the proof of Theorem 1 in Section s ) 
we shal l need estimates of Mim(x) and N im(y) ( i=1 , 2 , . . . , p ) 
uniform with respect to m. We have the following lemma 
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(33) 

L e m m a 10. The i n e q u a l i t i e s 

|M i m(x)| |< K(2p) 2 p - 1 x 2 p 

| | N l m ( 7 ) | | « K ( 2 p ) 2 e - 1
7

2 e 

(xe<0,A>| y e < 0,B>| i = 1 , 2 , . . . , p ) are v a l i d . 
P r o o f . According to (28) and (9) , we have 

K . i . i l i ^ p . - ^ £ (») k 2? ( f ) k d - f , 0 - k 

k»2p 
and hence, basing on the i n e q u a l i t i e s 

n f 2 p 4 [o(m-1 ) . . . (m-2p+1 )] 

and *) 

k 2 P ^ ( 2 p ) 2 p - 1 • k(k-l ) . . . (k-2p+1 ) 

( 2p s k s m), we obtain 

( 34) || M i o(x) || S KA2p( 2p ) 2 p _ 1 • [m( m-1 J . . . ( m-2p+1 )] 

m . m-k 
• £ k (k -1 ) . . . ( k -2 P + 1) (I) ( f ) ( 1 - f ) . 

k=2p-1 

In order to estimate the expression on the r i gh t hand side 
of (34), we use equal i ty (20) (with the replacement of m by 

2p-1 
(m-2p+1)) and multiplying i t by (^j , we obtain 

On m-2p+1 lrj.On 1 
(35) (x) (m-2p+1 • £ K m 1 P + 1 ) ( f ) ( l - f r ( k + 2 p - 1 ) -

k=0 

k £ 2p implies k ^ 2 p ( k - i ) f o r i = 1 , 2 , . . . ,2p-1. 
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As the equality 

(m~2£+1) - (k+1)...(k+2p-1)[m(m-1)...(m-2p+2)]-1 ( ^ J . , ) 

(Oik«m-2p+1) holds good, re lat ion (35) takes the form 

2 p m-2p+1 
( J ) = [m(m-1)...(m-2p+1)] ~1 . k(k+1)...(k+2p-1) • 

k=0 

that i s 

m 2 p 
(36) ({) = [m(m-1)...(m-2p+1)]~1 • S k(k-1)...(k-2p+1) 

k=2p-1 

• m k 0 - f ) a " k -

By (34) and (36), we have 

||Mim(x)|.KA2P(2p)2P-1 ( f f P = K(2P)2P-1x2P 

which oompletee the proof of the f i r s t of inequal i t ies (33). 
The proof of the second one i s analogous. 

Final ly , l e t us consider the Bernstein polynomials 

(37) c f f l(*,y) . CAB)- £ 
«,)J=0 

• / ( B - y ) 1 ^ 
( (x , y ) eQ; m e JP), where c i s a function of class C (n) appro-
ximating in 1 the function c . 

Evidently, the functions cm: £2 -» Y (m=1,2,.. .) are conti-
nuous. It i s also well known that cm—• c in I when m -»oo. 

In the sequel (see p.21) we shal l need the functions 
f f 7 l (38) Rm(x,y) = [( p-1 ) .'] "2 J j | [ (x -^) (y - ? ) ] p - 1 c m (^ ? )dr ? , 

0 J 
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cm being given by (37) . I t fol lows d i r e c t l y from the « fo r e sa id 
p rope r t i e s of cm (m=1 ,2 , . . . ) t ha t 

(38 ' ) Rm =S R i n Q when m —• oo 

where R i s given by a formula analogous to (38) with the r e -
placement of cm by c . 

As a r e s u l t of the cons idera t ions performed i n t h i s Sec-
t i o n , we can formulate the following Corol la ry . 

C o r o l l a r y 1 (see Lemmas 2, 3, 5 and 9 ) . 
If m>m . where Jfa m„ i max(2p, max m. ) , then the func t ions 

0 0 H i * 3 
f i m ' him» Mim» ïïim U=1 » 2 , . . . , p) and cm s a t i s f y the assumptions 
of papers [2] and [3] (see [3], Assumptions I - I I I ) . 

*) 3. Let us introduce the fol lowing no ta t ion ' 

(39) w r(x) = 
P n <vx) -

•p=1 
0JÉP 

p 
(40) e j (*} = [~ | f6<x>» 

/3=1 
p / r 

(41) e«(x) - E f | 3 1
( x ) , , , f p J x ) 

Ui31<(52<...<(3p_ccsp 
((3kJir fo r k = 1 , 2 , . . . , p - a ) 

f o r a = 2 , 3 , . . . , P - 1 (when p ? 3 ) ; 

(42) e£(x) = 1 

(x e (0,A>; r = 1 , 2 , . . . ,p) 5 

The func t ions u r and e p are given by formulas analogous 
to (39) - (42) , with the replacement of f p by h r and x by y, 
r e s p e c t i v e l y . 
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(43) <&(*) = ( - D ^ t x J i . î t x J x 8 - 1 » r* ' r* 

(x e (0,A>; j e ( 0 , B > | s , r , |} = 1 , 2 , . . . ,»p) ; 

n+1 

(44) £ ( x J - G ^ U ) / n G ! 2 d " 2 k (x) I • 
(In) (-n) V l I J ^ *2d-1k2j-1 k (2J -2) I 

/ 
n+2 

/ 2 
« n 

\ d=2 

A>$ T(n) 
$ P; i » 1 , 2 , . . . , n ) 

( 4 5 ) X - <7) n S o 2 j " 2 k °~ z t {y)V (n) (n) V l \ 2j—1 23—1 (2j~2) j 

n+2 

n » ̂ 23-3 
„k. 

/ p+1 / 2 
(7) n 

\ > 2 

* * 

o z^r 
2 ( 2 j -

(7) 

(y e (0,B>),where fa] denotes the g rea tes t in teger not exceed-
ing a; 

(46) Va(x) = ( - I ) « " 1 £ ^ ( x J e - i i X ^ l x ) - R [ x , f r ( x ) ] ) 
r=1 

and 

(47) V (y) = ( -1 ) " 1 £ ^ ( y j e ^ y j i ^ i y ) - R [h^y ) ,yj) . 
r=1 
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20 A, Borzymowski 

We a r e g o i n g t o prove t h e f o l l o w i n g t h e o r e m . 
T h e o r e m 1 . I f Assumpt ions I - I I I a r e s a t i s f i e d 

t h e n t h e r e i s a ( g . s . ) o f t h e ( G ) - p r o b l e m g i v e n by t h e f o r m u l a 

P 
(48) u ( x , y ) = R ( x , y ) + [ j a - 1 « p a ( x ) + 

a = 1 

( ( x f y ) e f i ) f where <pa and ipa (a = 1 , 2 , . . . , p ) a r e d e f i n e d by 

(49) ?Jx) = Va[x) + j p ¿| 
P 

H 
n=1 -?n=1 k 1 f . . . , k n = 1 

^ (x) 
" ( n i ^ i n ) (n ) 

(x e ( 0 , A > ) ; </>a(0) = 0 and 

oo 
(50) f a ( y ) = V a ( y ) + ^ 

P 
£ 

n=1 -¡>=1 k 1 t . . . , k n = i 

A ^ T ( 7 ) ? fl (7) 
' ( n ) 

( y e ( 0 , B > ) } ipQ, (0 ) = 0 , r e s p e c t i v e l y , w i t h 

(51) 

(52) 

when n i s e v e n 

«j on 
V when n i s odd; 

N on 

V when n i s e v e n . 

when n i s odd ; 

(53) Jk (n) 

z r when n i s even 
(n) 

when n i s odd ; 
(n ) 
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(54) n (n) 

z^ when n i s even 
(n) 

»# 
zf 

(n) 
when n i s odd. 

I f , moreover, there i s a positive integer mQ such that 
for a l l JC a m > m̂  the following conditions concerning the 
(Gm)-problems are s a t i s f i e d : 

1°. The functions cm are equibounded; 
2°. The functions Mim and ( i = 1 , 2 , . . . , p ) are Holder-con-

tinuous (uniformly with respect to m) and s a t i s f y inequa l i t i e s 
of the form (9) with the same coeff ic ient K; 

3°. The functions f i m and h i m ( i = 1 , 2 , . . . , p ) are Hôlder-con-
tinuous (uniformly with respeot to m), and have the proper-
t i e s expressed by Lemmas 2-7} 

4°. The functions <p and w (a«=1,2,... ,p) appearing in 
the formula 

(55) um(x,y) = Rm(x,y) + £ [ / " " V ^ i x ) + x * - \ a o ( y ) 
oc = 1 

for the ( c . s . ) of the (Gm)-problems (see [3]) s a t i s f y the ine-
q u a l i t i e s 

(56) 

ii , ii 2 p-a+w 
lkam{x,ll * c o n e t * 

II II 2 P - A + « |Vocm(y)|| $ const y 

(x e (0,A>{ y e (0,B>; * o e ( 0 , 1 > ) , then the ( g . s . ) i s unique. 
P r o o f . Let us consider a sequence {um } of functions 

given by (55) , where Rm(x,y) i s defined by (38) with cn given 
by (37), <pam(x) and v a m (y ) are the S U B S of the ser ies ( 4 9 ) 

and (50) [ i x i which f ^ h._, N± ( i - 1 , 2 p) and c are 
replaced by f . m , h.m , Mim, Nim and cm , respect ively (see (13), 
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(14), (28), (29) and (37 ) )* , J f o r x e ( 0 , A > ; y e (0,B>, while 
= f a n ' 0 ' s= 0> L e t b e t h s s e ( 5 u e n c e o f t h e Gour-

sst problems (see p.2) corresponding to the aforesaid functions 

^m* him» Mim* Nim a n d cm* B a s e d o n Corollary 1 and Lemmas 3 
and 6 above, and on the Theorem in [3], we can assert that for 
each Jf^m>mQ the function um i s a ( c . s . ) of the (Gm)-problem. 
Moreover (see Section 2) , f i m =t f i } h i m =t h± ; M±m M±; 
Nim ^ ( i « 1 , 2 , . . . , p ) and om — c in a when m-*-oo . Thus, 
according to Definition 1, in order to prove the existence 
of a ( g . s . ) of the (G)-problem in the form (48) i t i s enough 
to show that 4 u in fl when m oo . 

To th i s purpose l e t us observe that (see (48) and (55)) 

(57) |um(x,y) - u(x,y)|^ |Rm(x,y) -R(x,y)|j + 

a=1 
( ( x , y ) e (0,A>x(0,B>), where (see (49)) 

(58) « E 

(x e(0,A>) with 

IVam(x)-Va(x) 

(59) a«m(x) = 
P 

£ 

P 
£ 

•¿1, . . . , v>n= 1 kQ= 1 
A ? 

(n) (n) 
(x)-ft-

(n) (n) 
(x) 

^ n . m 

' k ( n ) 

The relevant functions Wp, ep, ftr^ -g , . . . , V a and 

V a w i l l now be denoted by « J , e£m, ! f ! . f V a m and *** 
respect ive ly . 
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and 

( 60 ) â « ( x ) - ¿ ¿ ^ 
=1 k 1 , . . . , k =1 

ü o"0 / „ i 
1 ' ( n j ' t n ) 

F n ' 0 r » (X) - í" ojtf" (x) 
> k (n) (n) 

the expression ¡ ¡ ^ ( y ) - Va(y)||> (y e (0,B>) being estimated 

in a way analogous :o (58) (see foraiula (50)) . In farther 
reasoning we w i l l assume that m> m„ = max(2p.m.,m0,au) (see U 1 ¿1 J 
Lemmas 2, 3 and 5) . 

In the examination of a"m (x) (see '59) ) we distinguish 
the fol lowing two cases (see [3], P.264): 1°. x e ( 0 , 5 ) , where 
0 < 5 ^ min( 61 ,5 ? ) i s a su f f i c i ent ly small positive number and 2°. 
x e < 5,A>j n>N 0 , H0 being a positive integer so large that 
the re lat ions (x) e (0,5) and yfr (x ) e (0,6) hold good 

? k (n ) (n) 
for n j K and xe<6,A> (see Lemma 6 above and Lemma 4 in [3])« 

Let ip be a fixed positive number and S e (0,min( |3„, P** ) ) . 
We f i r s t consider the case 1°. Based on relat ions (39) and 
analogous re lat ions fo r (see the footnote on p.22), and 
using Lemmas 1 and 3, we have 

(61) I^ixj-Wptxjj S 2(p-1) max sup j f„ ( x ) - f f i ( x ) | 
1«P<p <0,A>l Pm P I 

! > ( i + £ ) ] e - 1 + 9 [ ( i ~ £ o ) f p x ] 1 ~ p " e i 2 (P- I )78 [P( 1+6)] P " 1 -1+e 

p 
( r = 1 , 2 , . . . , p ) . 

* 

In the sequel we examine only the expression appearing 
on the riant hand side of (58). The argument fo r that estima-
ting | | v a m T y ) - "Paly)|| i s analogous. 

* * ) 

Here and in the sequel we assume that m> m , where m^ 
i s & su f f i c i en t l y large positive integer. 
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In a similar way we get (see (40)-(42)) 

(62) |e«0(x)-e^(x)|< 2(P-1)C^?
8 [d+e0)f x]P"°("e •(1-5*) 

(r,a=1,2,..., p), where = pp~2 and 5 P is the Kronecker delta. 
Finally (see Lemma 7), the inequality 

(63) 
9-1 9-1 

f -L(r) 
9-1-8 

(r=1,2,...{ o=1,2,...,p) is valid. 
Using (43)» (6l)-{63), (53), Lemmas 1 and 3, and the ine-

qualities 

(64) (1-eJ 4 S z* ( x ) < sg* ( x ) d 1 - e . ) " , s ^ ( x ) 
0 (2s) (2s) 0 (2s) 

i-4s 

(x e(0,6); 8=1,2,...) that immediately result from (25), (25'), 
(11) and (18), we obtain (see relations (32) in [3]) 

(65) r °2sm r*2B G v o zît*- \x) - G 
2s+1 2s+1 (2s) 

Q k ° ZT ( x l 
2s+1 2s+1 2s 

*const.s.?
8.(l-eor4ps C, [p{ 1+e)] p~1 + 9[( 1-c0)f 4 (x)] 

1 - ^ - e 

£ ( x )] ( 2s ) J 
^s+1"1 

k(2s) 

(x e (0,6); s=1,2,...J, where 1 < ̂ s ' ̂ s+l' k2s+1 ̂  p a n d c o n s t 

is a positive constant not depending on s. 
By a similar argument we get 

( 6 6 ) 5 > r l B . s « w 0 , (x) - G 0
2 s; 1 oz^ (X) 

2s 2s (2s-1) 2s 2s k(2s-1) 

con3t.s.9
0.(1-eJ-2p(2s-1).C ip(l + £)]p-1 + 0 
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[ < i - e
0 £ p * r { x ) 

(2s-1) 
1 ̂ 28-1" 8 

L( 2s-1 ) 
(x) *2s"

1 

(x e (0,S)} s=1,2,...). 
In the sequel we will need the following inequality 

8 6 8 i-1 
(67) 

6 
n » i - n s i < z i * i - S i i m = a i n h i 

i=2T i=r 3=i+i 

y<5 )» whose proof is straightforward. 
Basing on (59), (64)-(67) and inequalities (32) and (34) 

in [3], and repeating the argument used in the proof of rela-
tion (35) in [3]» we obtain the following estimates 

(68) I S^t*) I i const n 2
?
9-(1-e 0

r 4 P i l-[p P ( l + e , P" 1V^] X l ' 

aen/2. 3-4p-ac 
P p g 7 " ( 1 - e 0 ) ' ^ ,2p-a+1-6 i 

$ const n2i?
8[pPi1+e)P"1V«?]n 

*J 2 
p V Î1-«o> 

3-8p-ae i n 

r -
2p-a+1-9 

where const is a positive constant independent of n. 
It follows from the choioe of the parameters e and e( 

(see pp.3» 4 and 6) that 

de/2 
Pp(1 + e)p_1 Vi^<1 and ppg0° h-e 0) 

whence and by (66) we have 

< const n2qil.o8.x2P-oH-1-8 

3-8p-»n < 1 

(69) Sjn(r) 

where 0 < q < 1 ; x e (0,5). 
In the case 2° (see p.23) we use an argument similar to 

that in the proof of relation (37) in [3] and we obtain an 
inequality of the same type as (69). Thus, (69) holds good 
for x e (0,A>. 
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In a similar way, based on the inequality 

P n o A ( x N P f l ' 0 « . (x) 
?k(n) *k(n) 

-2n(2p-^> +1) 2p-'?„+1-9 
^ constn 17® (l -eQ) Q ' ( i t [ n ) M ) " 

we get 

(70) j|â m(x)|| * const n q V x2P-«+1-8 

(x e (0,A>). 
Prom (58), (69), (70), the inequality 

(71) llv^x) -V°tx) I < const ? e ^p-a+l-e 

(x e (0,A>) and the relations <pa(0) = "Pam(0) = 0, it follows 
that 

(72) ||?ainU)-«>aU)||* const ? e
 x2P-«+1-9 ^ const 7® 

for x e < 0, A>; a =1,2,... ,p; ta> m^. 

By a similar argument we show that 
( 7 3 ) * C 0 G S t y 2 p - a + 1" G « const qQ 

for y 6 < 0,B>; a = 1,2,... ,p; m > m^. Using (57), (38'), (72) and (73) we easily conclude that 
for each positive number n there is a positive integer mrt 0 I, such that o 

(74) sup ||um(x,y) - u(x,y ) || < qQ 

when m > m . This completes the proof of the existence of 
'0 

a (g.s.) of the (G)-problem (see Definition 1). 
In order to prove the uniqueness of the (g.s.) (under the 

additional assumptions 1°-4° formulated on p.21) it suffices 
to show that if ({f»B}, { h y , { M y , {N?m}, {cm}) and {u *} 
(s=1,2) satisfy the conditions of Definition 1 and the said 
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assumptions 1°-4°, then the corresponding (g.e.) u8 (s=1,2) 
of the (G)-problem coincide in 51, Let us observe that 

(75) ||u2(x,y) - u1(x,y)||s ||u2(x,y) - u2(x,y)|| + 

+ ||u1(x,y) - uj(x,y)|| + ||u2(x,*y) - u^x.y)! 

((x,y)e Q ),where for each ^ > 0 the inequality 

(76) ||u2(x,y) - u2(x,y)!| + ||u1(x,y) - uj(x,y)||< | 

((x,y)e Q ) holds when m> a' , m' being a sufficiently large 
Y* V* 

positive integer. Furthermore, in virtue of the present assump-
tions and the Tneorem in [3], we can assert that the functions 
u® (s=1,2) are of the form (55) where Rm, <pam and M>am 
(<*=1,2,...,p) are given by formulas (38), (49) and (50) with 
f ±, h±, v« Ai ( n )f ( n ) £ { n ) replaced by f?m. h ^ , V<*, 

.otms ^ ms / ~. 
,k, (s=1 »2), respectively. Using an argument (mj (n) " (n) 

similar to that applied in the proof of (74), we obtain the 
following inequality 

u2(x,y) - ul(x,y)l sconst (max < max sup IIM?_(x) + 
1 1siipL<0,A> 1B1 

- " I b M . l K L ^ ) - Njm(y)||, ̂  |f|m(x| - f}B(x)| , 

((x,y)e£2{ 9 e (0,1)) and since the sequences iff - f? I, [ lm lmj 
{4m - (Mim " Mim]' { N L " N U U-1.2.... ,P) and 

{Rm " Rm} t e n d uniformly to zero when m oo , we can assert 
that 

(77) || u2(x,y) - uj(x,y)|| 
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( ( i , y ) e a ) for m > m' , where m i s a su f f i c i en t ly large 
positive integer. 

Prom (75)-(77) i t follows that 

sup ||u2(x,y) - u1(x,y)| | < ^ 

when m> max(m' ,m" ) , which completes the proof of Theorem 1. 
R e m a r k 2. I t follows from the r e s u l t s obtained in 

paper [3] (see [3], Theorem) that i f Assumptions I - I I I of the 
present paper are replaced by Assumptions I - I I I of paper [3], 
then the ( g . s . ) of the (G)-problem given by formulas (49)-(54) 
above i s a ( c . s . ) of this problem. 
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