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IDEALS IN FSJ(r) 

1. Introduction 
In the present paper we shall investigate the free special 

quadratic Jordan algebras F S J ^ . We shall give a Galois cor-
respondence between special ideals in FSJ^r' and ideals in 
the associative algebra f x 2 > « . . f x r } . We prove that for 

i r ) 
every quadratic ideal in FSJ1 there exists the smallest spe-
cial ideal containing i t . We shall describe the quadratic 
ideals in F S J ^ , in the case of char $ = 2. 

In particular we show that in this case every ideal is 
generated by two elements and a quadratic ideal is prime i f 
and only i f it is a prime ideal of $ [x] . 

This paper i s a part of my Thes is , presented to Department 
of Mathematics, In format ics and Mechanics, Warsaw Univers i ty 
1979. 

"A'e adopt the d e f i n i t i o n s and notations from [2 ] . 
D e f i n i t i o n . A $-submodule I of a quadrat ic 

Jordan a l geb ra QJA, J i s sa id to be an inner ( oute r ) i d e a l 
of J i f f o r a £ I , b e J , U b ( a ) e l ( U a ( b ) e I ) . We say that I i s 
a quadrat ic i d e a l of J i f I i s an inner and an outer i d e a l . 

For every subset B £ J , the smal lest ouadrat ic i d e a l of J 
whicn contains 5 i s ca l l ed the quadratic i d e a l generated by B 
and i s denoted by (B )Q j 

D e f i n i t i o n . A quadratic Jordan a l gebra J i s 
said to be spec ia l i f there ex i s t s an assoc ia t ive a lgebra A 
and a suba lgebra J ' of A+ such that J i s isomorphic with J ' , 
otherwise J i s said to be except iona l . 
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2 S. Al-Talabani 

D e f i n i t i o n . Let 01 = $ { x 1 t . . . , x r j be a f r e e 
assoc ia t ive algebra with 1 generated by x ^ . . . , ^ over the 
f i e l d i . The quadrat ic Jordan subalgebra of the algebra C/l+, 
generated by 1 , x ^ , . . . , x r i s cal led the f r e e spec ia l Jordan 
algebra with f r e e generators x ^ , . . . , x r and -is denoted by 
PS J ^ ^. 

D e f i n i t i o n . A quadrat ic i dea l I of an a lge -
bra J i s said to be a spec ia l idea l i f the algebra J / 1 i s 
a spec ia l QJA. Otherwise, we c a l l I an except ional i d e a l . 

L e m m a 1. (see [2] ) . An idea l I of F S J ^ i s spe-
c i a l i f and only i f ( I ) n F S J ^ = I , where ( I ) i s the i dea l 
generated by I of the assoc ia t ive algebra , . . . , x r j . 

T h e o r e m 1. A quadrat ic idea l K of FSJ^1 ' i s spe-
c i a l i f and only i f f o r a l l a e K we have xa e K. 

P r o o f . Evident ly , i f r = 1, then $[x] = 3>{x} and 
F S J ^ = $[x] + . Then by Lemma 1 the idea l K i s spec ia l i f and 
only i f (K) = ,K. Consequently i f K i s spec ia l i n F S J ^ and 
i f a e K, then xa e K. I f now fo r every a e K we have xa e K, then 
f o r 1 > 1 we have x*aeK and from the equa l i t y : a Q +a 1 x+ . . , ) a = 

= a j (x^a) e K, we have tha t K i s an idea l of $[x] , and 
i?0 1

 m 
hence a spec ia l i d e a l of FSJ* . 

L e m m a ¡2. I f f € P S J ^ 1 , = $[x] + , then ( f ) Q J A = 
+ f 2 $ [ x ] + f $ [ x 2 ] . 

P r o o f . If g , h e f 2 $ [ x ] + f $[x 2 ] , then U (h) = O 
= g 2 h e f 2 $ [ x ] , hence f 2 $ [ x ] + f $ [ x 2 ] i s a quadrat ic i dea l i n 
FSJ ( 1 ) containing f . Since f x 2 i = x^-fx1 = U 1 ( f ) and 

x 
2 i i f x = U f(x ) , i » 0, and these elements generate the l i n e a r 

space f 2 $ [ x ] + i * [ x 2 ] , i t fol lows tha t f 2 $ [ x ] + f $ [ x 2 ] i s 
contained i n every quadra t ic i dea l of FSJ^1 ' which contains f . 
Then ( f ) Q J A = f 2 $[x ] + f $ [ x 2 ] . 

C o r o l l a r y . I f f e F S J ( 1 t h e n ( f 2 ) c ( f ) Q J A c ( f ) . 
E x a m p l e . Now we show tha t the quadrat ic i d e a l s of 

F S J ^ = $ [x]+ need not be determined by the non-zero polyno-
mials with the smallest degree which are contained in them, 
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unlike to the ideals of $[x] . In the ideals ( x 6 ) Q J A of 

the polynomial x^ i s of minimum degree among the non zero e l e -
ments of ( X 6 ) Q J A , Moreover ( * 6 ) Q J a - x1 2$[x] + x6$[x2 ] c 

c o 6 6 

c$x + x $[x] , and henoe {x ) $ (x )qJA* We remark also that 

jp - x^xc i x^ + x8$[x] 2 ( x 6 ) q j a , hence ( * 6 ) q j a i s hot a spe-

c ia l ideal in 
T h e o r e m 2. Every increasing sequence of quadra-

t i c ideals of FSJ*1* = $[x] + i s f i n i t e . 
P r o o f . Let K ^ K g e K j e . • • c K r c , , , be an increas-

ing sequence of quadratic ideals of F S J ^ , such that K1 4 0. 
Let f be the non-zero polynomial belonging to K^. Prom co-
ro l lary of Lemma 2, we have ( f 2 ] c L , Because F S J ^ / 0 + 

1 / ( f d ) 
+ - { $ [ x ] / 0 ) + i s a finite-dimensional algebra, then by the 

/ ( f 2 ) correspondence between the ideals of FSJ^1W 0 . and ideals 
( 1 ) 2 l i f ) 

of FSJ1 " which contain ( f ) , i t fol lows that the sequenoe 

of ideals l ^ c K g C . . . i s f i n i t e . 

2. A Galois correspondence Now l e t us consider the set A of a l l quadratic ideals of 
f r ) 

FSJ1 and the set B of a l l ideals of the associative algebra 
${x.j .Xg , . . . ,Xj,J. We now define the mappings a : A —• B, 
[5 : B — A by: 
(1) a (K) = (K) where KeA and (K) is the ideal of $ j x ^ , . . . ,x r| 

generated by K. 
(2 ) li(CK) =CftnPSJ { r ) when CUB. 

Prom the def in i t ion of a and (3 we have: ct (K)cct(K' ) i f 
K c K ' for every K, K ' e A , « , 01' e B ; and (i(0l) cji ( f t ' ) i f C i t e « ' 
and moreover a/5(K) 2 K, hence (a,(5) is a Galois correspondence 
(see [l ] ) and oc/ia = a , /5a(ft = f i . 

L e m m a 3. An ideal K of FSj'1"^ i s special i f and 
only i f K e /5(B). 
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P r o o f . Using the de f in i t ion of a and 6 we oan 
i r ) 

write the lemma in the fo l lowing way: the ideal K of FSJ* ' 
i s special i f and only i f K = p a ( K ) . I f K i s of the form/5 (01), 
Cft s B, then K = |3 (Ct) = |3a|i(W) = |ia(K), and hence K i s a specia l 
i dea l . Now, i f K i s a specia l i dea l , then K = (5 ( a (K ) ) and hence 
<x(K) e B. 

L e m m a 4. The idea l C/t of the algebra $ - [ x 1 , . . . .Xp} 
i s of the form a(K). f o r K e A i f and only i f there i s a set of 
generators of 01 contained in F S J ^ . 

P r o o f . I f Ct = a ( K ) , then from the de f in i t ion of a 
we have that Ctt, = (K) and Cfl. i s generated by the set K ç f S J ^ . 
I f Ul = where a. e F S J ^ , then define K = U ^ ) q J A . 
Sinoe ( K ) e O t = ( ( a t ) t - ) ç (K) we have then « ( K ) = (K) -01. 

s /•p) 
T h e o r e m 3. For every quadratic ideal K of FSJV ' 

there ex ists the smallest special ideal which oontains i t ; 
this i s the ideal K = Jïa(K) = (K) n F S J ^ . 

P r o o f . We have that the idea l I of i s specia l 
i f and only i f /3a(I) = I . Consequently, since a and |3 pre-
serve inolusion, we have that i f I i s a specia l idea l which 
contains K, then |3a(K) c |Ja(I) = I . We have l5<x(P*(K)) = 
= |3 (tx/3ct(K) ) = (5a(K), hence |3a(K) i s a specia l i dea l . 

C o r o l l a r y . For every homomorphism <p of 
on QJA, J , there e x i s t s an homomorphism ¥ from F S J ^ on 
a -special QJA, J^, and there exists a homomorphism JJ :J —» J^ 
such that ¥ = yip. Moreover, f o r every commutative t r i ang le : 

PSJ(r) j 

V 2 

in which J2 is a special QJA, there exists exactly one homo-
morphism % : J1 J2 such that Af = Ap = p ' . 

P r o o f . Let Ker W = K and K be the smallest special 
ideal containing K and let J1 = FSJ^ ry~ and V : P S J ^ —»J1 

'9 natural nomomorphisms: 
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Ideals in FSJ 5 

P S J ( r ) 2 . 

\ V// 
\ \ / / 
A V / V 

\ ' 1 / 
\ a. i / 
\ i / 

J 2 

The existence of u follows from the theorem about isomorphism. 
1 1 

Because Ker V 9<?~ (0) = ker<p, from the theorem 
about isomorphism there ex i s t s A such that A IP = Sf' i s 
unique. Since /lp<p= = 9' = <f¡j' and <p i s onto J , hence 
Xa = p' . 

j . Exceptional idea l s in F S J ^ 
(1) 

We know that specia l idea l s of F S J 1 " are idea l s of $[x]» 
hence yiie sha l l consider only the exceptional i d e a l s . For 
char $ ji 2, every quadratic idea l of F S J ^ i s speoia l , henoe 
we suppose from now on that char$= 2. 

Let K be an exceptional idea l of FSJ*1* and l e t K = FSJ*1i 

n (K) = (K). Then K i s an idea l of $ [x ] , hence there ex i s t s 
a polynomial f e $[x] , such that K = ( f ) . 

Let G = {g ; fgeK}, then we have the following statements: 
1. G does not depend on the choice of f . 
2. G i s a subspace of the l inear space $ [ x ] . 
3. If g e a , h e $[x] , then h2g e G. • 2 

Sinae for g e G, gf eK, then hghf e K, hence h g e G. 
4. If g e G, h e $ [x] , then fhg2 e G. If g e G, then gf e K, henoe 

( g f )h ( g f ) eK and consequently g2hf e G. 
5. (G) = (1) = $ [x ] . If G 4 (1) , then K = (K) = (fG) = f(G) 4 

4 f = K. 
L e m m a 5. If 0 4 f e $ [xj and G i s any set of poly-

nomials which s a t i s f i e s (1-5) then the set K = {fg,g cg} i s 
a quadratic idea l of FSJ*1^ and K a ( f ) . 

P r o o f . From (2) we obtain that K i s a subspace. 
If f g e K, he $[x] , then by (3) hfgh e K and by (4) f ghfg c K. 
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6 S. Al-Talabani 

Heno6 K is a quadratic ideal* By the definition of K we have 
K « (fG) = f (G) - ( f ) by (5 ) . 

L e m m a 6. I f f,G,K are as above then ( f ) s G, ( f ) j i G. 
P r o o f . By (5) there exist k a e$ [x ] , gae G, a e I , 

2 2 such that 1 = S k g . Since char $= '2, we have 1 » S k g , ot ot oc oc 
Then for he $[x] we get from (4) that fh = Sfhk?g2 eG, hence L J OL (X 
( f ) c G . There are two cases: either ( f ) = G or ( f ) $ G. Sinoe 
K is not an ideal of $[x] , and in the f i r s t case K « fG » 
= f ( f ) * * - ( f 2 ) , the second case holds. 

Ve now desoribe the linear spaoe G. Let g be a polyno-
O n 

mial of minimal degree in G. From (2) we get that gx e G, 
n * 0 . I f the set {g 2 n , n £ o} is a base of G, then G = ( g ) . 
By (5 ) , (G) = $[x] , hence deg(g) = 0 which means that 
G = l i n { l , x 2 , x 4 . . . } = $ [x 2 ] . Prom (4) we have, that f e G, xf e G, 
and this means that also some polynomials of odd degrees be-
long to G, which is not posible, thus { g ,x 2 g , . . . } is not 
a base of G. 

Let k be a polynomial of smallest degree in G such that 
deg(g) ^ deg(k)(mod 2 ) j such a k exists since f , x f e G . Now 
we show that the set j g ,k ,x 2 g ,x 2 k , . . . j i s a base of the linear 
space G. Let Le G, then either deg(L)= deg(gj(mod 2) or 
deg(L) =deg(k)(mod 2). Hence there exists m such that either Om Om 
deg(L) = deg(gx ) or deg(L) = deg(kx ) . Now we apply the 
fo l lowing easy lemma. 

L e m m a 7. I f B i s a l inear space contained in $[x] 
which contains only polynomials of degree n̂  < n 2 < . . . , then 
taking a set consisting of one polynomial of degree n^ f o r 
every i = 1 , 2 , . . . , we get a base of B". 

Hence the set j g , k , x 2 g , x 2 k , . . . J i s a base of G. Thus we 
have proved the fol lowing the orem. 

T h e o r e m 4. I f K i s an exceptional ideal of P S J ^ , 
then K i s generated by two elements. 

The polynomials k and g considered above sa t i s f y the 
fo l lowing conditions: 
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(1) (6 ,10 - 1 . . 

This follows from (g,k) = (G) = $[x] = (1 ) . 
O O O p 

(2) There ex i s t polynomials A(x ) , jj(x ) , S(x ) , t ( x ) e 
e $ [xj such that f (x ) = g(x) A(x2) + k(x)/j(x2) and xf(x) = 

= g(x)6(x2) + k ( x ) r ( x 2 ) . 
This follows from above 

(3) deg(f)> max(deg(g),deg(k)). 
Clearly f = g(x)A(x2) + k(x)|j(x2) and deg(g(x)A(x2)) 4 

i deg(k(x)j j(x2) , hence deg(f) = max(deg(g(x)A (x2) ,k(x) ,jj(x2) )> 
> max(deg(g),deg(k)). Hence the following i s t rue . 

L e m m a 8. Let f + 0, f e $ [x] and the polynomials 
g , k e $ [ x ] s a t i s f y : 

a) One of the numbers deg(g) and deg(k) i s odd and the 
other i s even, 

b) (g,k) = 1, 
c) f (x} = g(x)A(x2) + k(x)H(x2) and xf(x) = g(x)S(k2) + 

+ k ( x ) r ( x 2 ) , where A(x), H^)» 5<x)» t U ) e $ M • 
Then the set G = g ( x ) $ [ x 2 ] + k ( x ) $ f x 2 ] s a t i s f i e s (1-5) . 

M ) 
Hence we have shown that quadrat ic i dea l s K of FSJV ' such 

that K = ( f ) are in the one-to-one correspondence with the 
s e t s G s a t i s f y i n g the following condi t ions: 

1) G i s a $ [x2]-module, 
2) ( f ) c Gc $ [ x ] , 

3) (G) = $[x] , 

4. Prime quadrat ic idea l s i n F S J ^ 
D e f i n i t i o n . An element a 4 0 of a QJA, J , i s 

said to be a zero d iv i sor i f there e x i s t s 0 4 be J , such tha t 
Ua(b) = 0 or Ub(a) = 0. 

D e f i n i t i o n . The quadrat ic idea l K of QJA, J , 
i s said to be prime i f and only i f K / J and f o r a , b e J , i f 
a ,b i K, then Ua(b) t K and Ub(a) t K. 

I t i s c l ea r that K i s prime i f and only i f the algebra J/K 
has no zero d iv i so r s . 
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8 S. Al-Talabani 

L e m m a 9 . I f K i s a proper i d e a l of F S J ^ and 
K = K and K i s a prime i d e a l of $[x] , then K i s a prime qua-
d r a t i c i d e a l . 

P r o o f . The r e s u l t follows from the isomorphism 
F S J ( 1 , / K k ( $ [ x ] / - ) + , s ince ® [ x ] / K i s a f i e l d . 

T h e o r e m 5 . I f K i s an i d e a l of F S J ( 1 * and K i s 
not a prime i d e a l in $ [ x ] , then K i s not prime. 

P r o o f . I f K s K , then the theorem i s true by Lem-
ma 9 . Let K 4 K, then we know that K = ( f g , f k ) q J A f o r some 
g , k e $[x] , where K = ( f ) . Suppose K i s a prime ideal and K i s 
not prime. Then the polynomial f e G i s r e d u c i b l e , i . e . 
f = d e g ( f ^ ) ? d e g ( f 2 ) > 0 . Since U f ^ ( f 2 ) = f 2 f | = f 2 e K, 

i t follows that f 1 eK or f | eK, beoause K i s a prime quadratic 

i d e a l . Hence f|f. , of f | f | . where K s l c ( f ) . Since d e g ( f 2 ) > 0 , 

i t i s imposible that Consequently f | f | , i . e . 

hence f ^ | f 2 . 

Since d e g ( f 1 ) ? d e g ( f 2 ) , we can tak6 f 1 = f 2 . We have 

U. (g) = f ?g = fg e K , and hence F e K or g c K, s ince K i s 
1 ? 

prime. Since K c ( f ^ ) , d e g ( f 1 ) > 0 , we have f^ 4 K. Conseq uently 
ge K c ( f ) i . e . f | g . In the same way we show t h a t f|k. Therefore 
deg(f ) $ m i n ( d e g ( g ) , d e g ( k ) ) < max(deg(g) ,deg(k)) $ d e g ( f ) , a con-
t r a d i c t i o n , so that K i s not a prime i d e a l . 

L e m m a 10. I f K i s an e x c e p t i o n a l quadratic i d e a l 
of FSJ* 1 * such that K / F S J ^ and K i s a prime i d e a l , then K 
i s not prime. 

P r o o f . Let K = ( f ) , then f i s i r r e d u c i b l e and KsK. 
Let h e K\K. Since K = ( f ) , there e x i s t s u e F S J ^ such that 
h = fu . Hence h 2 = f 2 u 2 = f ( f u 2 ) e K, since f u 2 e ( f ) £G. 

I f K i s a prime i d e a l , then from the equal i ty = 

= h 2 e K, we get that h 6 K or 1 e K, because K i F S J ^ 1 ' , hence 
1 4 K, and h i K by the choice of h, thus K i s not a prime 
i d e a l . 

I t follows from Lemmas 9 , 10 and Theorem 5 t h a t : 
T h e o r e m 6. A quadratic ideal K of F S J ^ 1 ' i s a p r i -

me ideal i f and only i f K i s a prime i d e a l in $ [ x ] . 
- 6 1 6 - • 
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