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ON THE APPLICATION OF THE LEGENDRE POLYNOMIALS
TO THE DIRICHLET PROBLEM FOR THE LAPLACE EQUATION

1. Let r,s,t be the spherical coordinates of points,
Q = {({r,s,t): O<r<1, Osssm, Osts2n}, S = {(r,s,t):
r=1, 0<B<W, O<t <27} and Q = Q + S. Let R be the rectangle
defined by Oss<a, 05t <27,

Denote by C™(Q¢) (m is a non-negative integer, i.e. me N)
the class of all real-valued functions defined in ¢ and having
the partisl derivatives of the order sm continuous in Q. Ana-
logously: will be interpreted the symbols c™(Q) and C*=(Q).

The symbol C®(R) will denote the class of functions having
the properties as above and such that f{s+w, t+2%) = f(s,%).

Let A be the Laplace operator, i.e. A = 2—2 + % air +
2 2 :
1 9 cos B 3 1 ] n n-1
41 <, CO8B 9o “— , and Au =A(A7 M)
r? 98% 12 sin 8 28 12 gins 22

for n = 2,3,.., and ue C® (), (a1 =4a).

In this paper we shall give a soclution of the Dirichlet
problem for the equation A" u(r,s,t) = 0 in Q. We shall con-
struct the function u of the class Cn(a), nz 1, such that
ad u(r,s,t) = 0 in G, u(r,s,t)ls = f{s,t), where f is a
fixed function of the class C(R) (C(R) = c°(R)), and
ooy
arP S

The solution of Dirichlet’s problem for Au(r,s,t) = O in 5)
was given in [3] (p.472).

The similar problem was considered in [2].
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2. Using the mathematical induction, we can prove
Lemma 1. If ueC®(Q) and n=1,2,+.., then

e (r %)sraarz\u(rst) + 2n8%u(r,s,t);

a8 (r3 g%) =T 535 n-1 (6u(r,s t) + rau(r,s,t) + 4r 2_)

+ 2(n-1) A" (Gu(r 8,t) + Au(r 8,t) + 4r-a——)
and

8

An(izAu(r,s,t)) = 22" y(p,e,t) + 4nr 2 APu(r,s,t) +

+ (6n+4n(n=1)) A Bu(r,8.t) for (r,s,t)€Q.

From Lemma 1 and by the linearity of the operstor A" we
obtain

Lemma 2. If ueCoB¥2(q) (n>1) end Au(r,s,t) = 0
in Q, then the function v,

. r-r3 )
(1) vir,s,t) = u(r,s,t) + 3(nel) z;-u(r,s,t),

satisfies the equation An+1v(r,s,t) =0 in Q.
Moreover, the following result can be easily obtained.
Lemma 3. Ifuec®™?q), ns1, and 2%l | 0 for
3rp S
P = 1,ese,0, then v defined by (1) satisfies the condition
3Py

Y = 0, with p = 1,ee¢.,0n+1,
h o

S

3. Let a, l(f), l(f), ck l(f) and dk 1(f) be the coeffi-

cients of double trigonometric Fourier serles of £e¢ C(R).
Lemma 4, (cf. [4], [5]). If fe c28+2(g) (no0),

then, for every p,ge¢ N and p+g = 2n, the series
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o

ket1P(1e0)? (o 10+ o 1 (0] + oy 1(21] + fay 5(0)])

z

is convergent

(
0 1=0
%)

4. Let P, be the Legendre polynomial

n n
1 -g-— (x2 - 1) (n=0,1,0005 X € <=1,1>),

28 n1 ax?

Pn(x) =

and let

“MB

Py plx) = (1 - 2 jx P, (x)

for x ¢ <-1 1> n=1,._,... and m=1,o-o,n ([], po453).
Denote by Ak 1(f) and Bk {f) the coefficients of the
Fourier geries of f ¢ C(R) w1th the orthogonal systeam

cos 1%
Pk l(oos s) ((B’t)eR)'
! sin 1t

ies.

Ak,o(f)‘“ 2k*1 j! f(s, t)Pk(cos s) sin s ds dt,

2k+1)(k=1)¢ .
Ak,l(f) = 2; ke1) 1 jf f(s,t) Pk’l(cos s)cos 1t sin s ds dt,

_(2k+1) (k=1)! § : .
Bk,l(f)"_ﬁﬁTE1§TT" Eg f(s,t)Pk’l(cos s) sin 1t sin s ds dt,

([3]; p«455). Let, as in [3]:

o] OO
*) We shall say that a series 2: Z: i1 is convergent
k=0 1=0 ’
m n
if there exists lim > S Yy
m,neoo k=0 1=0

] = o and j&f< +oo.
1]
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Yo(s,t;f) = AO,O(f)’

Yk(s,t;f) = Ak,o(f)Pk(coa 8) +

k
+ Ei: (Ak’l(f)cos 1t + Bk’l(f)sin 1t) Pk,l(oos 8)

for k=1,2,¢ee3 (8,t)cR and £ ¢ C(R). In [3] (p.467) there was
given a Sufficient condition for the convergence to f of the
Fourier series

(2) D Y (8,658} ((s,t) cR).
k=0

It is clear that Py {cos 8) and P (cos 8) are some trigow -
nometric polynomials of the order n. The series (2) can be
written in the form of double trigonometric Fourier serias
for the function f 41if it is absolutely convergent in R.
Lemma 4 and the result given in [3] (p.467) imply the follow-
ing lemmas:

Lemma 5., If fe Ce(R), then the series (2) is con-
vergent to f uniformly. Moreover, this series is absolutely
convergent for every (s,t) ¢ R,

Lenma 6. Suppose that fe 02n+2(R) {n>1), p,qe N
and p+q = 2n. Then the series

5 2n S i
ZE: (k+1)°7 Y, (s,%;f) and j{: P 8 Y, (s,t55)

k=0 k=0

are absolutely convergent for every {s,t) ¢ R.
From Lemmas 5, 6 and by the fundamental theorems on power

series there follows:
Corollary 1. If £eC?™2(R)> (n>0), then
Uo(f), defined by formula
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o0
Uo(r,e,t;f) = Z rk Yk(s,t;f),
k=0

is a function of the class Czn(a). Moreover, Uo(f) e C™(q)
and

(3) Ug(1,8,53£) = £(s,8) ((s,5) € R,

5, Let,as in [1]:
rk if n=0,
(0 22 =4 3 4
e I -

Dn-1(rk) if n=1,2,0e0

for k=0O,1,s.0o and © € <0,1>,
By mathematical induction we can prove
Lemma 7. If n=1,25¢04, then

Dn(r ) "'r +Z VJ (r n)——ark (k=0’1’ooo;r€<0.1>)’
dr

where Wq are some algebraic polynomials with coefficients de~
pending on n only and such that

0 if #q
gP p ’
(—drp Wq(r n))

r=1  |(=1)P if p=gq

for p = 0,1,eeeon 8nd @ = 1,.00,0 (s8¢ [1]).
Arguing similarly as in [1], [2], we shall prove
Theorem.,. Suppose that fe c2n+2 (R), n>0, and
Yk(f), Dn(r ) are defined as in (2) and (4). Then the function

(5) Up(£) = Uy(r,8,t52) = > DP(r¥) ¥ (s,t;2)
k=0
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has the properties:
1% uy(£) e c™Q),
2° a™y (r,s,t;8) = 0 for (r,s,t)eq,
3° Up(r,8,t38)| = £(s,t)
S

and, if n:> 1,

2P

8 p n(I‘ 8 t;f)l 0’ foI‘ p=1,...,n.
r

Proof. The conditions 1° - 3° for U,(f) are given
By Corollary 1, Lemma 7 and (4}, (5), we obtain
m
8q
(6) Uylr,s,t3f) = Uylr,s,t;f) + EZ; Wh(r;m) pwc Uy(r,s,t;f)
Q=
for (r,s,t}e Q and 1<m<h, Moreover,

(7) U (r,s,t3f) = U_ ,(r,s,t3f)} r-rBaU (r,s,%;f)
m'-r m-1'To8r 320 + 750 37 Ypaq

for (r,s,t)eQ and 1<mg¢n,
Hence, by (6) and Corollary 1, we get

(8) Up(£) e C(Q) and U(£) e C2PR(Q)

for O <m<n.
The condition 2° for Uy(£), (7)-(8) and Lemma 2 imply 2°

for U (f). The condition 3° holds by (3)-(5).
If n» 1, then, by (7) and (8),

(9) ar Uy(r,s t;f)[ 0.

Applying (7)=(9) and Lemma 3, we obtain 4° for U n(f)e Thus
the proof is completed.
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