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ON THE APPLICATION OF THE LEGENDRE POLYNOMIALS 
TO THE DIRICHLET PROBLEM FOR THE LAPLACE EQUATION 

Let r , s , t be the spherical coordinates of points, 
Q « { ( r , s , t ) : 0 < r < 1, 0 « s s jr, 0 s t $ 2ji} , S = { ( r , s , t ) s 
r=1, O s s ^ a r , 0 < t < 2 * } and Q = Q + S. Let R be the reotangle 
defined by 0 $ s s fl , t i 2jt. 

Denote by Cm(Q) (m i s a non-negative integer , i . e . meE) 
the c lass of a l l real-valued functions defined in Q and having 
the par t ia l derivatives of the order sm continuous in Q. Ana-
logously wil l be interpreted the symbols Cm(Q) and C°°(Q). 

The symbol Cm(R) will denote the c lass of functions having 
the properties as above and such that fis+JT, t+2jr) = f ( s , t ) . 

J»2 p Q 
Let A be the Laplaoe operator, i . e . A = + - + 

9 , 3r r a r 

, 1 9 cos s d ^ 1 3 . ,n . , . n - 1 , + —o —? + 2 as + 2 ~ 2 o , and A u = A (A11 a) 
r 3 s ' r sin s d B r * sin^s 3t^ 

for n = 2 , 3 , . . . and u e C°° (Q), (A1 s A) . 
In this paper we shall give a solution of the Dirichlet 

problem for the equation Aa u ( r , s , t ) = 0 in Q. We shall con-
s t ruc t the function u of the c lass Cn(Q), n j 1, such that 
An+1 u ( r , s , t ) = 0 in Q, u ( r , s , t ) | s = f ( s , t ) , where f is a 
fixed function of the c lass C(R) (C(R) = C°(R)) , and 
9 pu —jr- = 0 for p s - l , . . . ^ . 

s 
The solution of D i r i c h l e t ' s problem for A u ( r , s , t ) = 0 in Q 

was given in [3] ( p . 4 7 2 ) . 
The similar problem was considered in [2] . 
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2 I , Markiewlcg, L. Rempulska 

2. Using the mathematical induction, we oan prove 
L e m m a 1 . I f u e C°° (Q) and n - 1 , 2 , * . * , then 

Afl (r = r ¿ r A n u ( r , s , t ) + 2nA n u(r ,s , t ) , 

** ( r 3 I f ) - r £ a D " 1 M r , a , t ) + r 2 A u ( r , s , t ) + 4r f j ) + 

+ 2(n-1) A n - 1 ( 6 u ( r , s , t ) + r 2 A u ( r , s , t ) + 4r 

and 

A f l (r 2 Au(r,s , t ) ) = r2An + 1 u ( r , e , t ) + 4nr ^ A f lu(r,s , t ) + 

+ (6n+4n(n-1)) A n u ( r , s , t ) for ( r , s , t ) e C . 

From Lemma 1 and by the linearity of the operator An we 
obtain 

L e m m a 2. I f ueC 2 n + 2(Q) ( n ^ l ) and A n u(r , s , t ) = 0 
in Q, then the function v, 

_ _3 o 
(1) v ( r , e , t ) = u ( r , s , t ) + 2(n+1) a F u ^ r ' 8 ' t ) » 

sa t i s f ies the equation A n + ^v(r ,s , t ) = 0 in Q. 
Moreover, the following result can be easily obtained. 

n+2/x, „ „ . aPu L e m m a 3. I f ueC n + ¿ (Q) , n i l , and 
3rP 

= O for 
S 

p = 1 , . . . , n , then v defined by (1) sa t i s f ies the condition 
3Py 
3rP 

= Ü, with p = 1, . . . ,n+1< 
S 

3. Let a k j j f ) , bk 1 ( f ) , ck x ( f ) and dk x ( f ) be the coeff i -
cients of double trigonometric Fourier series of f e C ( R ) . 

L e m m a 4. ( c f . [4], [5] ) . I f f e C2 û + 2(R) (n ¿ Ü), 
then, for every p,q e N and p+q = 2n, the series 
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Applicat ion of the Legendre polynomials 3 

oe co 

E £ O c + i ) p ( l + D q ( | a k f l ( f ) | + | b k > 1 ( f ) | + | c k , i i f i | + K i N ) 

k=o 1=0 

i s convergent 

4. Let Pn be the Legendre polynomial 

1 ? n 

P n (x ) = — J — -S— (x - 1) (n=0, 1 , . . . ; x e < - 1 , 1 > ) , 
n 2 n n! dx 

and l e t m 

p (x) « (l - x 2 ) P n (x) 
2 

dxn 

f o r x e < - 1 , 1 > , n = 1 , 2 , . . . and m = 1 , . . . , n ( [3] , p . 4 5 3 ) . 

Denote by Ak 1 ( f ) and Bk 1 ( f ) the c o e f f i c i e n t s of the 
Fourier s e r i e s of f e C(R) with the orthogonal system 

(cos I t \ 

( ( s , t ) e R) f 
s i n I t j i . e . 

A k , 0 ( f ) ~ = SÎ f ( a , t ) P k ( c o s s ) s in s de d t , 
H 

A k j l ( f ) = ( 2 2 j r ( k l l l | j '' I I f i ® » * ) pk l ( c o s s ) c o s s i n s d s d t > 
R 

B k , l ( f ) = ^ i l k l i f T 1 ^ II l ( c o s s ) s i n l t s i n 3 d s d t ' 
R 

( [3], p .455) . Le t , as in [3] , 

. OP OO 
V/e s h a l l say t h a t a s e r i e s £ E y„ 1 i e c o n v e r g e n t 

k=0 1=0 K , J -
m n 

i f t h e r e e x i s t s l i m X ! E J-, 1 = a ana |a| < +00. 
m,n*oo k=0 1=0 
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4 T. Markiewicz, L. Rempulska 

Y 0 ( s , t { f ) = A û ) 0 ( f ) , 

Y k ( s , t j f ) = A k > 0 ( f ) P k ( c o a s) + 

k 
+ X ] <Ak i ( f ) ° 0 8 1* + Bk i ( f ) 0 i û " ) p k i Îoob s) 

1=1 

f o r k = 1 , 2 , . . . j ( s , t ) c R and f e C ( R ) . In [3] (p.467) the re was 
given a s u f f i c i e n t cond i t ion f o r the convergence to f of the 
Four ie r s e r i e s 

oo 
(2) Y k ( s , t j f ) ( ( s , t ) e H ) , 

k=0 

I t i a c l e a r t h a t P n (cos s) and Pfl m(oos s) are some t r i g o -
nometric polynomials of the order n . The s e r i e s (2) can be 
w r i t t e n i n the form of double t r igonomet r i c Four i e r s e r i e s 
f o r the f u n c t i o n f i f i t i s abso lu te ly convergent i n R. 
Lemma 4 and the r e s u l t given in [3] (p.467) imply the f o l l o w -
ing lemmas: 

L e m m a 5. I f f s C (R), then the s e r i e s (2) i s con-
vergent to f uniformly. Moreover, t h i s s e r i e s i s abso lu t e ly 
convergent f o r every ( s , t ) eR. 

L e m m a 6. Suppose t h a t f e C 2 n + 2 (R) (n ^ 1 ) , p,q e N 
and p+q = 2n. Then the s e r i e s 

oo oo 2n 
(k+1) 2 n Y k ( s , t ; f ) and . 3 , Y k ( s , t { f ) 

k=0 k=0 d s d t 

are abso lu te ly convergent f o r every ( s , t ) e R . 
From Lemmas 5, 6 and by the fundamental theorems on power 

s e r i e s the re fo l lows : 
C o r o l l a r y 1. I f f e C 2 n + 2 (R) ? (n5 0 ) , then 

U 0 ( f ) , def ined by formula 
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U 0 { r , s t t ; f ) = 2 Z p k Y k ( e , t ; f ) , 
k=0 

i s a f unc t i on of the c l a s s C2 n(Q). Moreover, U 0 ( f ) e C°°(Q) 
and 

(3) t U l , s , t } f ) = f ( s , t ) ( ( s , t ) e R). 

5. Let, as in [l] : 

r k 

(4) D n ( r k ) = < 
i f n = 0, 

,n-1 / k, , r - T^ d n n-1/„k D ( r ) + 2n dr D ( r ) i f n = 1 , 2 , . . . 

f o r k = 0 , 1 , . . . and r e < 0,1>. 
By mathematical induct ion we can prove 
L e m m a 7. I f n = 1 , 2 , . . . , then 

n 
D n ( r k ) = r k + J ] W ( r ;n ) r k (k = 0 , 1 , . . . , - r e <0 ,1>) , 

q=1 
dr' 

where Wq are some a lgebra ic polynomials with c o e f f i c i e n t s de-
pending on n only and such tha t 

r=l 

0 i f p 4 q , 

( - 1 ) P i f p = q 

f o r p = 0 , 1 , . . . , n and q = 1 , . . . , n (see [l])« 
Arguing s imi la r ly as i n [l] , [2] , we s h a l l prove 
T h . e o r e m . Suppose tha t f e C 2 n + 2 (R) , n ? 0 , and 

Y k ( f ) , D n ( r k ) are defined as i n (2) and (4 ) . Then the func t ion 

(5) U f l(f) = U n ( r , s , t ; f ) = J ] » V * ) Y k ( s , t , f ) 
k=0 
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6 T . M a r k i e w i c z , L . R e m p u l s k a 

h a s t h e p r o p e r t i e s : 

1 ° U f l ( f ) £ C n ( Q ) , 

2 ° A n + 1 U n ( r , s , t ; f ) = 0 f o r ( r , s , t ) e Q , 

3 ° U n ( r , s , t } f ) | .= f ( s , t ) 
S 

a n d , i f n z 1 , 

4 ° U n ( r , s , t j f ) | s = 0 , f o r p = 1 , . . . , n . 

P r o o f . T h e c o n d i t i o n s 1 ° - 3 ° f o r U Q ( f ) a r e g i v e n 

i n [3] ( p . 4 5 5 - 4 7 2 ) . 

B y C o r o l l a r y 1 , L e m m a 7 a n d ( 4 ) t ( 5 ) , we o b t a i n 

f o r ( r , s , t ) e Q a n d 1 $ m $ n . M o r e o v e r , 

( 7 ) U m ( r , s , t , f ) = U ^ i r . s . t i f ) + ^ - ¡ ¿ ^ £ U m - 1 ( r , s , t ; f ) 

f o r ( r , s , t ) e Q a n d 1 s m $ n . 

H e n c e , b y ( 6 ) a n d C o r o l l a r y 1 , w e g e t 

( 8 ) U m ( f ) e C ° ° ( Q ) a n d U f f l ( f ) e C 2 û - m ( Q ) 

f o r 0 « m $ n . 

T h e c o n d i t i o n 2 ° f o r U 0 ( f ) , ( 7 ) - ( 8 ) a n d L e m m a 2 i m p l y 2 ° 

f o r U Q ( f ) . T h e c o n d i t i o n 3 ° h o l d s b y ( 3 ) - ( 5 ) . 

I f n ^ 1 , t h e n , b y ( 7 ) a n d ( 8 ) , 

(9.) ¿ r U ^ r . B . t i f J l = 0 . 
S 

A p p l y i n g ( 7 ) - ( 9 ) a n d L e m m a 3 , we o b t a i n 4 ° f o r U f l ( f ) . T h u s 

t h e p r o o f i s c o m p l e t e d . 
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