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ON SOME CONDITION OF THE EQUALITY OF CLASSES
OF CONTINUOUS FUNCTIONS WITH DIFFERENT TOPOLOGIES

In last years several mathematicians of LddZ studied the
classes C(X,T) of real continuous funotions with some set X
and different topologies T ([5]). The first important result
was obtained by Kocela ( [3]):

Let (X,To) be a oompact metrizable space and let T be
a topology stronger than To (T DTO). Then the necessary and
sufficient condition for C(X,To) = C(X,T) is that svery T=-con=-
tinuous funotion be bounded.

Moreover, in [3] it was proved that if X is an interval
<a,b> with the natural topology To, T is a topology stronger
than T, and C(<a,b>,T°) = C(<a,h>,T), then the two conditions
must be satisfied:

(1) Bvery interval <o,d>c<a,b> is T~connected
(2} Bvery T-neighbourhood of an arbitrary point xe<a,b>
is a To-dense set in some To-neighbourhood of the point x.

It is natural to ask if these two conditions are sufficient
for the equality C(<a,b>,T°) = C{<a,b>,T), The answer is nega-
tive ( [7]). What is the structure of T-open sets for the condi-
tion C(<a,b>,T°) = C{<a,b>,T)?

In [3] a condition is given, unfortunately, not very useful,
It depends on the notion of a totally open set.

Kow, let (X,To) be an arbitrary topological space and
T>T,. In [2] the conditions analogous to (1) and (2) were
considersd:
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(I} Topology T does not restriot the class of To—connected
sets (it is easy to observe that (I) is the necessary
condition of C(<a,b>,To) = C¢{<a,b>,T), too).

(II) Every T~neighbourhood of an arbitrary point xeX is

~a To-dense get in some To-neighbourhood of the point x,

In [2] it was shown that (I) and (II) are not necessary condi-

tions for the equality C(X,To) = C(X,T). We shall show that

for a T ,-space (X,To) satisfying the first ocountability axiom

(II) is the necessary condition of C(X,TO) = C(X,T).
We adopt the terminology of Engelking { [1]).
Theorem 1, Lot (X,To) be a T ,-space satisfying
3_

the first countability axiom and let C(X,T°§ = C(X,T), where
TotzT. Then svery T-neighbourhood of an arbitrary point xe X
is a To-dense set in some To-neighbourhood of the point x,.

Procof., First, let us observe that the condition (II)
is equivalent to the following implication

xelUel = \V/ x:er cClT U,
erTo o

where ClT denote the closure operator with respect to the to-
pology To9 Suppose that it is not the case. This means that
there exists U T such that for some X, € U there is no er To
with x,¢ U, € Clg Ue Lot {Bk};; be a T -base for X at the

.point X, such that

ClToBkH cBgeT, for every k.

Then there is G1s TO such that G1c:B1 and G1r\U = ffo Lot

m = min k and V1 = Bm.
G1¢ClT°Bk

Let us choose U, ¢ T such that G1\ClT°V1 3C1T°U1 # d.
Next, if Vn and Un are defined, there is Gn+1e To such that

G cVn and Gn+1nU = ¢ Let m = min k and Vn+1 = Bm‘

Gn+1¢C]'T°Bk
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Un

416 To such that Gn+1\\ClT0V

n+1 DClToUn+1 ¢

Thus we can define inductively a sequencse {Un}°° of To-open
n=1

sets, {Un}°° is a discrete family in the space X‘\{xo} in the
. n=1 ’
topology To’ Let X, € Un’ There exists a To-continuoue function

fy: X =<0,1> such that fn(xn) = 1 and fn(X\Un) = 0. The for-
mula

o
f(x) = ji: fn(x).

n=1
defines a function f which is To-continuous for every x;lxo,
but is To-discontinuous at Xge On the other hand f 1is T-con-
tinuous on X. Therefore C(X,To) ¥ C(X,T), which concludes the
proof of the theorem.

In [2] it was proved that if UcInty ClyU for every UeT,

then C(X,To) = C(X,T), where T >T, and IgtT » Clp denote the

°
interior operator and the closure operafor with respect to the

topology To, T respectively. On the other hand, if the condi-
tion (II) is satisfied then the inverse theorem is also true
([2]). From the above and Theorem 1 the following theorem fol-
lows,

Theorem 2, Let (x,To} be a T31-space with the

2
first countability axiom. Then the necessary and sufficient

condition for C(X,To) = C(X,T), where T >T,, is that
U cIntTOCITU for every UeT.

Corollary. Let To be the natural topology and
let T 5T . Then C(<a,b>,To)= C(<a,b>,T}) if and only if
UcInt, Cl,U for every UeT,

To T

This corollary shows what is the structure of T-open sets
satisfying the condition C(<a,b,T°>) = C{<a,b>,T),
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