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ON THE CONJUGATES OF SOME OPERATOR SPACES, I 

0. Preliminaries 
In this paper ve prove that the dual space of «¿^(A) (non-

-oommutative Lorentz space) i s the non-commutative Maroinkie-
wicz space Jtyfa) and in general, ^ ( ä ) * 4 ¿ ^ A ) , In the 
l a s t seotion we determine the predual of •̂ ¡ll)J(>A) i s some cases. 

Throughout, the paper A i s a semifinite von Neumann alge-
bra on a Hilbert space The l a t t i c e of orthogonal projections 
from A i s denoted by Proj(cft) (see [3]). 

D e f i n i t i o n 0 .1 . A projection p in ¡ft i s mi-
nimal (atom) i f each non-zero projection q in A such that 
q ^ p i s equal to p. 

(3f,A, o) i s the regular gage space in the sence of [8], 
<£m(ift) = oCm = £ i s the *-algebra of m-measurable operators 
(see [4], [1]) and Ja(fi) = Jm = i = {a e ¿n(A) :m( e£) < oo , e > o} , 

I ' °° where Va*a = |a| = j Ade„ i s the spectral resolution of | a | . 
o A 

¿n i s the *-subalgebra of The functional: c£ x ¿C • [0,oo ) 
(see [1]) pm(a,b) = pm(a-b) = i n f { e > 0 : m(e£)*e} = oo 
= i n f i e > 0 : (a-b) (e ) ej-where |a-b| = f äde, , i s a metric J 0 A 
i n £ . <£m(>A) in th is metric i s a Frechet space. 

D e f i n i t i o n 0.2 ( c f . [9], [4], [l] ) . A sequenoe 
of m-measurable operators (a j i s said to be m-convergent 

HQ 
(convergent in measure) to a measurable operator a (a n —• a) 
i f Pm(a-an) 0 as n —• oo • 
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L . J . Ciaoh 

For any a € <?m(<ft) and a > 0 we def ine ( s e e [ 5 ] , [1Q] , [2] )» 
( i ) a ( a ) « i n f { 0 ^ A. < 00 j mfe^Jscx., <x>0} , |a| « / 

( i i ) a ( a ) = 1 / o c f a((J)dp, 
0 

fsup{l/in(p)*a( | pa|) i ocim(p) < 0 0 } , 0 < a ^ m ( 1 ) 
( i i i ) a(<x) * \ 

[ 0 a > m(1) . 

I t i s not d i f f i c u l t to observe t h a t ( see [ 5 ] , [ 2 ] ) 

( a + b)(oc) $ a ( a ) + b ( a ) , ( a " + ~ b ) ( a ) $ a ( a ) + i>(a) , a,be<£m(<ft), 
a > 0 . 

P r o p o s i t i o n 0 . 1 ( [ 1 ] » propos i t ion 2 . 7 ) . I f 

a a a ( a , a n e < i ) then a f l ( a ) —• a(cx) a t each point of con-
t i n u i t y o f the f u n c t i o n a ( a ) . 

P r o p o s i t i o n 0 . 2 ( [2] , p r o p o s i t i o n 2 . 4 ) . Per 
any a e 5m(A) and a > 0 , 

a ( a ) $ a ( a ) $ » ( « ) • 

Throughout, v ( a ) , 0 ^ a <00 i s a n o n - n e g a t i v e , concave c o n t i -
nuous f u n c t i o n such t h a t y ( 0 ) = 0 , i f (oo) = l im 41(01) = 00 . ex.» OO 
I t i s easy t o see t h a t i f ' (a) i s a non-negat ive , non- inoreas ing (x 

f u n o t i o n and y ( a ) « / if>'((3)d/3. We say tha t ( * ) or (* *) i s s a -

t i s f i e d i f « ° 
( * ) l im ot/iu ( a ) » sapfa/i|)(a)t a > 0 } ® w , u i ( o d / a < r y ( a l f o r oc • 00 1 

oc > 0 and some constant r > 0 . 
( * # ) 0 ^a/»jj(a) $ r 2 <00 f o r a > 0 and some c o n s t a n t s r\j, Pg. 

1 . Kon-oommutative Lorentz spaces 
D e f i n i t i o n 1 .1 ( see [5] , [ 1 ] , [2] ) . For any 

b e / ^ A ) and conoave funot ion v ( a ) , we de f ine 

and 

l a l l l , m ^ a J a ( o t ) d o c 

• • ' i f • { a , j f - ( * i s H i , „ < t o } 
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Conjugates of some operator 3 

oil , are cal led non-oomnutative Lorentz spaces. Non-commutative m UJ 
Lorentz spaoe i s a Banaoh spaoe with the norm [1*1̂  B|j) (see [7]» 
[1] » [2] ) . By («f^1) we denote the spaoe « f ^ in the oase 
ifi(a) • oc(y(cc) = a1 ' '®, 1 <5<00) with the norm IMI., B 

( ' f ' ^ . l . n ^ N o t e t h a t = ** 1 / , V H l 1 f i * 
$ 1/r,(* | |a | |1 ) B *ke condition (**) i s s a t i s f i e d . 

T h e o r e m 1.1 ( c f . [1] , t h . 6 . 3 ) . A l inea r func t io -
nal h i s continuous on «¿¿^(A) i f and only i f 

h(b) = h a (b) = m(ba), b 6 ¿ J (A), 

where a i s an operator looal ly measurable in the sense of 
[10] and sup {l/y(m( p)) *m( | pa |) s p e Pro;}(,$) ,m(p) <00] <00 . 
Then 

| | h a | = sup{l/t|)(m(p))«m(fpa|) : pEProjCft), m(p)<oo}. 

T h e o r e m 1.2. Assume that h a e ¿ ^ ( A ) * . Them 

( i ) a e i J ( A ) + A, 

(11) a e 1 i f lim a/t> (a) = sup(a/n>(a) : a > 0 } = 00 , m a • 00 1 J 

( i i i ) a c i A i f l i n a/q)(oe) = i n f f a / ^ a ) 1 a>0} = tf>0, 
a • 0 

( iv) 1 / ip ' (a) .a (a)^ r||h || i f (*) i s s a t i s f i e d . 
• OO 

P r o o f , (A):. Suppose that |a*| = / Ade. and 
, 1 0

 A 

m(e, ) = 00 . f o r any p $e0 , m(p) > 1 , we have 
0 0 

p | a * | p = pe^ | a * | e j p *AQp 

and 

| |ha | |> 1/v(m(p)).m(|pa|) > 1/^(m( p)) «m( |a*| p)» 

» &0m(p)/n>{m(p)) > A0/if){ 1) 
that I s ^ (1 )(|haj| <00. I n consequence, a * e / m ( A ) , whioh i s 
equivalent to a Moreover, fo r any > [jli. ij ^ ( 1 ) we have 
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4 L.J. Ciach 

J - 1 
a* = a*ê  + a*e^ e A: + where |a*| = j 

o 
( i i ) . With the notations of the proof of (i) we have the 

following ||ha|| » m( p)/ip{m( p) )»XQ oo as m(p)-*oo. In con-
sequenoe, m(e^ ) < oo for any A0> 0 that is |a*| e whioh 

o 
i s equivalent to a e ^ i A ) . 

( i i i ) . Let f m(ej ) / 0. Then ||ha || * m( p)A>(m( p) )• 

fX which implies %Q i s |a*| e eft and 
|||a*|| « ¡ h j / 5 f . Finally, acA, ||a||« |h a | | / r . 

( iv). For any peProj(<ft), m{p) < oo , we have 

1/m(p)»m( |pa|) = H>(m(p) )/m( p)*1/i|>(m(p) )«m( | pa |) ^ 

« H»(m(P) )/in( P > - | j l x a v («i/wll^ali i f 

In oonsequenoe, a(oi) < ^(a)/«*||haj| and 1/q»'(oc)'a(a) ^ r||haj|. 

2. Bon-commutative Maroinkiewicz spaoes 
D e f i n i t i o n 2.1 (see [7], [l] )• Por any 

a e Jf̂  + A and tf(oc)t w® define 
a 

M (̂a) = sup|l/f{a) • | a((J) dp : a > o J 

and 

My (A) - J l , - {«ejfJ + * i Mv(a) <« , } . 

vKJA) are called non-commutative Maroinkiewicz spaoes. v 1 /K' denotes the spaoe ^ ( A ) in the case v (a) « a " ° , 
1 /S + 1/5' « 1 , 5 , 8'z 1 . I t is easy to see that vM îA) is a 
normed linear space with norm •). Ve shall prove that 
Haroinkiewioz spaoe Jl^lA) i s a Banaoh space. First we prove 
the following 

P r o p o s i t i o n 2.1 . The topology of m^conver-
genoe on vX^A) i s weaker than the topology of M^i») o n ^ t A ) . 
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Conjugatee of some operator 5 

P r o o f . I t i s to be shown that, for any e> 0 : 
: {aetM^tft) : p (a )£&} is a neighbourhood of zero in the to-
pology of M̂C • ) . 

Case I . lint a/f(oc) = 0. 
a. • o 

Let = ( a e ^ l A ) : M(p(a)<gre}. Assume that 8 e O ^ £ 

|a| = j Ade., is the spectral resolution of |a| = Va*aj then, 
o * 

e£ *1/e |a|. In consequenoe, M^eg) $ 1/e •!!,,,( a) < f . I t is olear 
that for a^y 0 4 pePro j (^ ) , M^pJjgr. Henoe e£ «= 0, that is 
a e <ft and ||a||se . Finally 

Case I I . lima/vp(a) = 0. 
ot • 0 

Suppose that oc/ty(ot) $ =*«. ̂  e . Then for any a t O , 
T x x |a| ® J Adê  Mv(ee) = m(e£)/^{m(ee}) <f . Hence m(e£) ^ e and, 

in consequenoe, ^>{a)$e. 
P r o p o s i t i o n 2.2. is a Banach space. 
P r o o f . Assume that { a f l } is a Cauohy sequenoe in 

^ ( ¿U . By Proposition 2.1, a for some ae=£m(ifV). Hence 
and from Proposition 0.1 (a t - aJ ( a ) — • (a - aJ ( a ) almost o j£ n 
everywhere on (0,oo) with respeot to the Lebesgue measure. 
Thus 

a a 
1/<l>(a)»j (a-anH|5)d|Ulim iaf 1/V(«) ' f (ak-an) (/3)dM 

o k o 

* lim^inf 

and, in consequenoe, 

M^a-a^ $ lim^inf M ^ - a ^ ) . 

Finally, a « (a-an) + a ^ ^ A ) and M^fa-a^ —» 0, which ends 
the proof of the proposition. n 
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6 L . J . C i a c h 

D e f i n i t i o n 2 . 2 . F o r a n y : a e ^ m ( A ) a n d 
w e d e f i n e 
( i ) ||a||v « B a p { l / V ' ( a ) « a ( a ) s a > 0 } , 
( i i ) l a | | v = 8 u p { l / i p ' { « ) • • { « ) s a > 0 } , 
( i i i ) = s u p { l / V ( a ) * a ( a ) : c x > o } . 

I t i s c l e a r t h a t 

s o t h a t ~ | | » H y L I I ' l l ^ ) i s a n o r m a n d | M | t > i s a q u a s i - n o r m . 
P r o p o s i t i o n 2 . 3 . ( i ) . S u p p o s e t h a t ( * ) i s 

s a t i s f i e d . T h e n t h e s a m e t o p o l o g y i s d e f i n e d o n i M ^ i A ) b y a l l 
f o u r f u n c t l o n a l e M ^ i • ) , I M I ^ i " I I » H i ) » , 

( i i ) . = < h a n d r^ la l lSMyia)* r2||a|| 

i f ( * * ) i s s a t i s f i e d . 
P r o o f . ( i ) . F o r a n a r b i t r a r y a e w e h a v e 

» e a p | i | ) ( a ) / a y ' ( a ) * 1 / i p ( a ) j a ( f i ) d f i t a > 0 j ^ r M ^ U ) . 

| | a + b | i v ^ c o n s t ( | | a | | v + | | b ^ ) , 

I I a • b a H ^ + b D v , 

• I I a + b a U ^ , + b ^ , 

0 

0 

0 
( i i ) . O b v i o u s 
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Conjugates of some operator 7 

The main r e s u l t concerning the dual space of ¿ ^ ( A ) i s 
the following 

T h e o r e m 2.1 (c f . [ 1] , t h . 6 . 5 ) . The mapping 

where h ( b ) = m(ba), be i s a l inea r isometry o f J t J A ) a m^ t 
onto £ 1 (A)*. 

P r o o f . I t i s c lear tha t f o r any pe P r o j ( ^ ) t 

m(p) < oo and a e A „ 
* m(p) 

1/ip (m( p) )«m( | pa | > $ 1/ip(m(p)) • j a(a) d a ^ M ^ a ) . 
o 

In other words (see th .1 .1 ) h e ¿1* and ||h I k M j a ) . 
a m^ ii a ii 

Conversely, suppose that h a e (A)*, where A 
(see th.1«2)« Let v 

A/y(a) , 0 « A i a 

a /^(a)» A > a . 
g(A) » 

By Lemma 2*3» [12] we have 

a 
1/V(a) • J a(|J) d/J « 

o 
X 

- sup j|m(ba)| s b « J f j + A, j b((3) dp<g(A)J S ¡ ¿ J , 

since 

1 » 1 / v (a ) • | - | y ' U M ^ g U ) 
o o 

oo 
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8 L . J . C i a o h 

oo r A 
> <x/V (oc ) . y ' f o o ) - f f b ( p ) d ( 3 

0 Lo 

V ' ( o o ) 
oo 

a / v ( a ) - J b ( | i ) d | 5 + j y ' U ) b ( A ) d A 

V ' (oo) 

u u 

* / H ) ( a ) - J b ( ( l ) d | 3 + Bb l 1 »»Hi* 

C o n s e q u e n t l y a e v M ^ A ) a n d ||^ a | |» w h i c h e n d s t h e p r o o f 
o f t h e t h e o r e m . 

3 . j y A ) * 4 ¿ J ( A ) 

I t i s e v i d e n t t h a t v M J & ) * 3 « £ ' J 1 (A). We s h a l l p r o v e t h a t 
T 

i n g e n e r a l A J & ) * 4 ¿ 1 (rfV). I n t h i s s e c t i o n i ( < f t ) = $ = 
t m m 

= { a e eft s m ( s u p p ] a | ) < o o j d e n o t e s t h e i d e a l o f m - e l e m e n t a r y 

o p e r a t o r s . 

L e m m a 3 . 1 . S u p p o s e t h a t N i s a n o n - t r i v i a l c o n t i -

nuous, s e m i - n o r m o n . M ^ A ) s u c h t h a t U f a ) = 0 f o r a n y a e # m ( < f t ) . 

T h e n | h b ( a ) | = | m ( b a ) | * N ( a ) f o r a e ^ M ) a n d some b e £ J ( A ) 

i m p l i e s b = 0 . ^ 

P r o o f . L e t b = u | b | b e t h e p o l a r d e c o m p o s i t i o n 
i i 0 0 

o f b a n d lb* l = u | b | u * = f Ade* t h e s p e c t r a l r e s o l u t i o n o f 
o A 

|b*| . F o r a n y a r b i t r a r y £ > 0 , we h a v e m ( e g ) s i n c e 

t h e r e f o r e a = u * e £ e c i t t ^ A ) a n d 

| h b ( a } | = | m ( b a ) | = | m ( b u * e £ ) | = |m( | b * [ < K ( = 0 . 

I n o t h e r w o r d s l b * l e^" = 0 f o r a n y e > 0 a n d , i n c o n s e q u e n c e , 

|b * | = 0 w h i c h i s e q u i v a l e n t t o b = 0 . 

C o r o l l a r y 3 . 1 . N d e f i n e s a c o n t i n u o u s l i n e a r 

f u n c t i o n a l h o n ^ ( A J w h i c h i s n o t o f t h e f o r m h b ( a ) = m ( b a ) 

w i t h b e ¿ 1 ( A ) . 
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Conjugates of soma operator 9 

P r o o f * By Hahn-Banaoh theorem and Lemma 3.1« 
D e f i n i t i o n 3 . 1 . We define a continuous semi-

-norm N0 (N^) on ^(¿fc) by a • 1 ( i) N (a) = lim sup 1/f(oc) • J a(/i) dp $ M (a), 
cx o 0_ a-*» o o a 

( i i ) Hoc (a) = l i a sup 1/V(a) • f a{(3) d p a J a ) . 
a-*»» o T 

It i s easy to check that Hqo (a) = 0, a e ? m . Let lim a/u>(a) = 0. 
Then NQ(a) = 0, a e 

P r o p o s i t i o n 3 . 1 . ( i ) . Assume that there 
exists a projection 0 4 peProj(<ft), such that p contains 
no atoms. If m(p) < oo (m{p) = <w ) then N0 (Noo) i s non-tr ivial . 

(ii). Let lim a/v(a) = r<oo, m(1 ) = oo . Then N^ i s 
. . . , ex-*- oo 

• tr iv ia l . TO 
P r o o f . ( i ) . Let m(p) <oo and le t p = X j Pn, °° i . p n= i 

p . l p . , m(p ) = m(p)/2n. Let a = Z_i v' (m( p t))p_. It i s 
J . n=1 x k=n * ' n 

easy to see that a(a) <$y'(cx) and a(a) 5 v'(2a), 0<ot<m(p). 
Therefore 

a 
M (a) $ 1 and N (a) £ lim sup 1/v(a) • ( y'(2p)d/5 = 

^ ° a o { o 

= 1/2 lim sup y(2a)/V(ci) £ 1/2. 
OC 0 

Similarly i f m(p) = oo , then Noo i s non-tr iv ia l . I n d e e d , let 
f(<x) be a decreasing, continuous on the right step function 
inscribed between the two curves y'(&) and 2t|)'(a). Suppose 
that <p(a) has the jumps in the points a. = a n , where • 0 
as n - o o , « • oo a s n oo , i f l i m ^'(ocj = oo . I f 

oc*o 
lim y'(a) = 3T <oo le t the jumps of <p(a) occur at the points 
a-» o 
a = a n , n = 1 , 2 , . . . , c*n • oo , </> (0) =3% 
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10 L.J. Cigoh 

We get in the first oase 

oo 
a " X ! V(an)pn, 

n=-oo 
oo 

w h e r e p = ^ p Q , p ± i p J t i j* j , m ( p n ) = c * n - « n _ 1 

n=-oo 
a n d i n t h e s e c o n d c a s e 

oo 
a = arPi + S v'(«n)pn, 

n = 2 
oo 

w h e r e p = ^ p f l , P i - J - P j , i ^ j , m ( p . , ) = a 1 , n ( p n ) = a , , - ^ , 

n = 2 

n = 2 , 3 , 4 , . . . . 

I t i s c l e a r t h a t a ( a ) = <p (a ) a n d , i n c o n s e q u e n c e , M ^ ( a ) i 2 , 

Noo(a)^1. 
( i i ) I n t h i s c a s e 1 e My (A) a n d I t ^ d ) - H o o d ) = r . * 

C o r o l l a r y 3 . 2 . J i j A ) * 4 £ 2 ( A ) i f o n e o f t h e T "m 
c o n d i t i o n s ( i ) - ( i i i ) i s s a t i s f i e d : 

( i ) T h e r e e x i s t s p e P r o j ( , f t ) , s u o h t h a t m ( p ) = oo a n d p 

c o n t a i n s n o a t o m s . 

( i i ) T h e r e e x i s t s p e P r o j ( A ) s u c h t h a t m ( p ) < o o , P c o n -

t a i n s n o a t o m s a n d l i m c c / i ^ ( a ) = 0 . oc-»- o 
( i i i ) m(1 ) = oo a n d l i m o t / y i a ) = r < o o . 

cx,*oo 

C o n s i d e r t h e c a s e w h e n a n a r b i t r a r y p r o j e c t i o n p e P r o j t A ) 

h a s a t o m s . 

P r o p o s i t i o n 3 . 2 . Assume t h a t t h e r e e x i s t s oo 
a p r o j e c t i o n p e P r o j W ) , s u c h t h a t p = X j P „ » p _ e P r o ; j (<ft) > 

. n = 1 n 

p . x p . , i 4 j . T h e n J i j f t ) * 4 (<ft) i f one o f t h e t h r e e c o n -l i V n* 
d i t - i o n s s 

( i ) m ( p ) < c x 3 , 2m( 'p m( p. ) , l i m a / ^ i c x ) = 0 , 
n k = n K oc • o 
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Conjugates of some operator 11 

( i i ) m(p )<oo , l i m a / y ( a ) = 0 and { * ) i s s a t i s f i e d , 
a 0 ( i i i ) m(p) = oo and ( * ) i s s a t i s f i e d holds. 

P r o o f * Without loss of genera l i ty we may assume 
that pn i s an atom, n = 1 , 2 , . . . • 

( i ) I n that case N0 i s n o n - t r i v i a l . The proof of the 
above fact i s the same as that of Proposit ion 3 . 1 ( i ) . 

( i i ) With no loss of genera l i ty we may assume that oo m(pM) > 1/2 X I ! m(Pi,)» a = 1 , 2 , . . . . For an a r b i t r a r y n k=n K 
a e vM îift) • PnaPn = ^npn* We define a continuous semi-norm N on <M.y(A) by 

N(a) = l i m sap|A | / v ' ( b ( p ) ) = l i m s u p | ||p II = 

= l i n SUP ¡ P n a P n l l i p $ H l v * r V a ) * 

I t i s not d i f f i c u l t to observe that N(a) = 0, a e ¥ m . I f oo oo m 

a = S f ' ( S m(p. ) )p then a e i l J A ) and n=1 v k=n K ' n v 

E(a) = l im s u p H > ' ( X ] pk))/>)j'(m( pn) ) > 
k=n 

$ l im sup ip'(2m(p ))/n»'(m(p )) > 1/2 
n - » o o 

that i s K i s n o n - t r i v i a l . 
Proposit ion ( i i ) resu l ts immediately from Lemma 3.1 and 

from the above. 
( i i i ) Putt ing a = M>' ( X T n (P i j )P r we have a e j l , 

n-1 K. / u H and n " ' K"1 

a 
N ^ f a ) = l i m s u p ^/v/{<x) • f a ( | 3 ) d f i 5 

OC*oo « 

lim^sup 1 / i ^ P . | ] " j 1 a ( / 3 J d j } = 
\ i = 1 / / o 
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12 L.J . Ciaoh 

M A* X 
« 11« sup 1/y(•£>]• PjJ) • X V ( S mipk^) * m(Pjj 

i=1 i=1 k=1 

n n 
» lim sup Pi) 1! p i ) ) * pk ) ) 

i=1 i .1 k=l 

In other words N^ is non-trivial* 
C o r o l l a r y 3.3. for an arbi-

trary infinite dimensional algebra <ft. 
P r o p o s i t i o n 3 .3 . vAUOft)* J <¿1 (¿ft) i f one of ~ fllM) 

the two conditions: ^ 
( i ) o(p) = oo , ip'^m^H p i j j $ oonst'ip'^m^^ p i ) ) ' 

i=1 i=1 

( i i ) m(p) <oo , 
QO OO 

p i ) ) < o o n B t * v / ( m ( 2 Pi)) , l in oc/f(a) « 0 
i=n i«n-1 a * 0 

oo 
holds, where p = 2 Pn. 0 < m( pfl) < oo , pQ e Proi(A), Pi-l-P*» 
i 4 i . n c 1 

P r o o f . As in the proof of proposition 3.1 ( i i ) 
(for the semi-norm NQ in the case ( i i ) ) . 

As an example suppose that A * !&(3t) is the von Neumann 
algebra of al l bounded operators acting in an infinite di-
mensional Hilbert space 3£ , while m(p) » dim p(ft) is the 
ordinary trace on Ji andiy(a) = ln(1+a). 

R 9 m a r k 3.1. Let m(1) < oo and lim ct/ifi(oc) = 0. 
In this oast - ¿ft, 3- ||a|| $ M^a) < a(1 ) /v(m{1)) • ||a|| and 

" ^ i ( A ) , v ( « ( D ) llallia^llal, B . ^ I l a l , . Consequently, 
• 4 T 

«= (<ft) implies the reflexivity of A, but one oan 
easily see that a reflexive von Neumann algebra is finite 
dimensional. 
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Conjugates of some operator 13 

4. The predual of (A) | lay 
In this section we denote by the closure of 3 m in " i s m 

P r o p o s i t i o n 4.1. Let p e Proj (A), m( p) < oo 
and |bn| <c P, m( |bn|) = flbj,^ — 0. Then M^b^) 0 if one 
of the conditions (i)-(ii) is satisfied: 

(i) lim ot/yia) = inf[«/^(a) : oc>o} = 0, 
(ii) inf{m(p) j p 6 Proj(<ft)} » y>0. 
P r o o f . (i) Fix e> 0. Let a./y(<x) a e/2 for a $ 6 and 

m(p)/v(a) <e/2 for a >1/6. Then 

a 
j bn(|i) dp 

e /2 for ci 5 , 

e/2 for a > 1/5 

and for $<oi<1/5 we have 

a 
1/v(a) f bn(fl) dp <5/„(6) + ||bn|1tB/v(5)te 

o 
for sufficiently large n. In other words, lim sup M (b ) 

n ^ 
From the arbitrariness of £ > 0 the proposition (i) follows. 

(ii) In this oase c?a(A) = A (topological^ and algebrai-
cally) and M^tbjj) $ m( p)/v(m( p) )*||bn||. To finish the proof, it 
suffices to use the following simple fact: |[bc|]1 m — • 0 
implies b n~^»0. 

C o r o l l a r y 4.1. Assume that (i) or (ii) is sa-
tisfied and h is a continuous, linear functional on 3L, 
where the closure is taken in ^(¡ft). Then h(a) • hb(a) = 
= m(ba), a e while b is an operator locally measurable 
in the sense of [10]. 

Proof follows from Theorem 4.3 [11] , Proposition 2.1 and 
the proof of Theorem 4.4 [11]> 

T h e o r e m . 4.1. The mapping Jtl a b - » k e ?*, _ m^, o m* 
where hb(a) - m(ba), a c f* is a linear isometry of onto 
J* if one of the conditions (i)-(ii) is satisfied: * 
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1 4 L . J . C i a c h 

( i ) l i m o t / \ y ( a ) = 0 a s a 0 , 

( i i ) i n f | m ( p) : p e P r o j ( < f t ) } = y > 0 . 

P r o o f . S u p p o s e t h a t b B y T h e o r e m 2 . 1 h b = 

= m ( b O e A ( A ) * a n d ¡ h J U | | b | L . H e n c e h b | = e a n d 

l l ^ b l ï I I $ miu* I t ; i s e a s y t 0 8 0 0 t h a t fab|? 2 0 i m P l i e s 
m * T m 

b = 0 . 

C o n v e r s e l y , l e t h e ï * . B y C o r o l l a r y 4.. 1 h = h b , w h e r e b 

i s l o c a l l y m e a s u r a b l e i n t h e s e n s e o f [ 1 0 ] . We s h a l l p r o v e 

t h a t b e r f l (<ft). L e t | b * | = j A d e , be t h e s p e c t r a l r e s o l u t i o n 

j j A 

o f | b * | a n d b = u | b | t h e p o l a r d e c o m p o s i t i o n o f b . F o r a n y 

p e P r o j (<Ai ) , m( p) < 00 , a = h» (m( p) ) / m ( p ) * u * p e ? m a n d h b ( a ) * 
= H » { m ( p ) ) / m ( p ) * m ( |b*| p ) < | | h b | | . A s s u m e t h a t j = 0 0 , X Q > 0 

I 0 
a n d 0 / , m ( p M ) - » o o . T h e n 

n /tQ n 

00 > | h b | 5 i | ) ( m ( p n ) ) / i Q ( p n ) . m { | b * | p n ) > 

^ p Q ) ) 00 a s n -*• 00 , 

a c o n t r a d i c t i o n . I n c o n s e q u e n c e , | b * | e i m ( < f t ) w h i c h i s e q u i -

v a l e n t t o b t i j l ) . L e t 

<pn(<x) 

t p ' d / n ) , 0 < a < 1 / n , 

0 , a > n . 

B y Lemma 2 . 3 [ 1 2 ] we h a v e 

00 
/ « P n ^ J ^ i * * ) d a = 

0 

f a a -j 

= s u p j | m ( b a ) | : a e ¿ J + A , J a ( j 3 ) d|) < j <pn((3) d | î j . 
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Conjugates of soma operator 15 
at 

Moreover, fo r o i i1 /n , a a ( a U f a(|i Hence 
o 

a(0+) = ||a|| ¡ j ^ ' d / n ) and ae^ e ?m f o r any e > 0 , where 
oo 

|a | = j Ada., Consequently, 
o A 

OO p CL a 1 

j (^(cObfoOdoc = supj|m(ba) | : a e j a((J)d(2> $ j <pn(|3 )d(i 
o • o o 
Final ly 

oo oo 
!lblil,m - j v ' ( a )b(a )da = sup j y n (a )b(a )da S ¡ h j , 

Y o n o 
which ends the proof of the theorem. 

P r o p o s i t i o n 4.2. 
( i ) Assume that l ima/ ip(a ) = 0 as a —• 0. Then 

{Gt . 

a e JH (A) s lim 1 /n> (a) f a(0 )djJ - o lc ; f (A). y a+Ojoo J J B 

( i i ) Suppose that inf{m(p) s p e P r o j ( ^ ) ] = f > 0 . Then 
?m = i f (**) i s s a t i s f i e d . a 

P r o o f . ( i ) Let lim 1 / v ( a ) » i a(|3)d/3 = 0. I t i s 
a * o,oo o <* 

c lear tha t a e J , Fix e > 0 . Suppose that l /yici)*/ a(j j)d |3«e 
o 

f o r cciS and a? 1/6. For any n = = a ( e
n " e i / n ) e 

and a - af l = a(e^ + where |a( = j Ade^. Hence 

(a - a )(a) < (ae^)(a /2) + ( a e 1 / n ) { a / 2 ) ^ a ( a / 2 ) z , . + 1/n, 
n Q 1 / n X(0,2m(ei)] 

and consequently, 
1/6 2 a < e P 

j (a - af l) (oc)da $ 1/(nS) + j a (a /2)da = 

1/(n5) + 2 J a (a )da < 1/(n6) + 2ev(m(e£)) 

3£v(i) f o r n > N e . 
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16 L . J . Ciaoh 

Since (a - ajjM01) ® (a ( e £ + e i / n ) H « ) s a ( a ) , therefore 
Mv(a - a f l) $3e for n^N^. In other words a e ï a . 

Conversely, l e t a e ï a and M^fa - aQ) - » 0 as n - » » , 
a 

where a e ï . P i * e> 0 and l e t 2/h>(<*)'J (a - a ) {|3)dMe 
o 

for n t N£, a > 0 . We have 

ct 
a(0)d|3 $ 

o 
a oc 

S 1/f(a)• j" (a - an)(p/2)d0 + 1 / v (« )« f afl(|i/2)d|5 
o o 
a a 

S 2/V(a)*f (a - a0)(|J)dp + 2/iy(cc)'f an(p)d(J, n * N f . 
o o a 

Hence lim sap 1/q»(a)*/ a(f3)d|$<£. From the arbitrariness 
a*o,oo o 

of e > 0 the proposition ( i ) follows. 
( i i ) I t i s easy to see that the closure of in <fm(A) 

i s Îm(îft). Since, in this case, <£m(&) = <ft = J i^A) and 

af l a <t=> ||a - aQ|| 0 , therefore $ a = im(«A). 
C o r o l l a r y 4 .2 . Assume that A = S (#) i s the 

von Neumann algebra of a l l bounded operators acting in a Hilbert 
space 36 , C(3£) the space of a l l compact operators on <}{ , while 
m(p) s dim p(9f) i s the ordinary (von Neumann) trace on A. Then 

¿ l l t i ) 3 b — hb = m(b.) e C(3€)* 

i s a l inear isometry of onto Cfôf)*. 
R e m a r k . By Theorem 1.1 and the proof of Theo-

rem 4.1 we easily obtain 

h b ( . ) = m(b.) e vH* i f f b e . 
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Conjugates of soma operator 17 

In the partioular oase 

sup{|m(ba)| : < l } < 0 0 *** b 6 <*m » 1/5 + 1/«' • 1* 
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