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COVERING PLANE SETS WITH SETS
OF THREE TIMES LESS DIAMETER

The famous Borsuk conjecture [1] that any set of diame~
ter 1 of Buclidean space BP ean be covered by n+1 ones of
smaller diameter has stimulated mdny similar questions. & survey
of them is presented in the paper [3] of Grunbaume 4lso this
note remains in the sphere of problems whioch originate from
Borsuk eonjecturae,

Denote by tn(k) the smallest number ¢ such that any
bounded subset of E2 can be covered by t sets of k-times
less diameter. Lenz [4] showed that t,(2) = 7, From the paper
[2] of Borsuk it results that t,(3) < 20, The following theorem
showe that in fact we have %,(3) = 14.

Theorenm, Any bounded subset of 32 can be oovered
with 14 sets of three~times less diameter. The above number
is best possible: the disk of diameter 1 canmot be coverad
by 13 sets of diameter 1/3.

Proof, I. Obviously, to prove the first statement
of our theorem it is sufficient to consider the covering of
every set of diameter 1 by sets of diameter smaller or equal
1/3. What is more, it is sufficient to do this with a universal
cover of sets of diamster 1, 1,e. with a set which can cover
any set of diameter 1, We need a relatively small universal
cover, namely the ootagon of Pal [5], the form of which is
reminded below. In a regular hexagon S with the distance 1
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between parallsl sides wa take two segments joining the centsr
¢ of S with two vertices, the distance of which is equal toc 1,
Two straight lines crossing perpendiocularly the segments in
the distance 1/2 from ¢ bound two half-planes containing c,
The intersection of S with the half-planes is just the octagon
4 of Pal.

In Fig.1 thero is presented the ootagon A and a partition
of it into 7 pairs of congruent polygons P, Pg, 12 15000470
We describe the vertices of the polygons with the help of
8 perpendioular coordinate system of E2. Namely: a1(0, V373),

8,(1/2, V3/6), a3(1/2, V3/2-1}, a,((V3-1)/2, (1-V3]/2),

a5(0, ~V3/3), by(0.16, V3:0.28), b,(0.4, V3+0.2),

b3(0.5, 0.03), b,(0.415, V320.415-1), bg(0s16, =V3+0.28),
04(0¢1, 0.3}, 0,(0416, 0.16), 05(0.23, 0.16), 0,(0.32, 0,03),

05(0 23, ~0,16}, °6(° 16, =0.16), 07(0 1, =0.3), 0(0, O)e The
point symmetric to a given one respsct to the line through a1
and ag is denoted by the same letter with prime,

Pis. 1
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We omit an easy but tedious caloulation which shows that
the diameters of P1,...,P7 equal to, respactively, d1 =
d(b,,b) = 0.32, dy = d{by,05) * 0.3324, dg = d{by,bs) »
0.3318, d,=d(b,,c,) = 0.3254, dg=d(bg,c5) x 0.3324, d¢g =
= d(cg,cé) = 0.32, d7= d(cg,cs)z:0.3275. Thus the diameters
of P; and of the congruent set Pg are eveh smallsr than 1/3,
icly0eeyte

2

II. For the proof of the second part of Theorem suppose
that the disk D@f diameter 1 can be covered by 13 sets of
diameters 1/3., Our purpose is to get a contradiction.

Since any set and its closure are of the same diameter,
our supposition implies that there exists a family J of
13 closed sets of diameter 1/3, the union of which covers
the disk D, Let P denote the family of sets of 5, any of
which has at least two points on the circle C bounding the
disk D, It is clear that the intersection of two disks with
the centers in the two points and of diameter 1/3 contains
this set from which the points are taken, Thus the center a
of D is in a distanoce greater than 1/6 from any set of ¢ .
Consequently, the sets of ¥ are disjoint with a circle E
with the center a and with a radius greater than 1/6. Since
we need at least 3 sets of § to cover E, the family ¥ con-
taing at most 10 sets.

If SeP , then diem(SnC) s diam S =1/3 and then the set
SnC is contained in an arc of diameter 1/3 of the circle C.
This aro is based on the angle 2.arc sin(1/3) ~ 38°56’. Since
18+arc sin(1/3) < 360°, we have that P contains at least
10 sets.

We have shown that P consists of exactly 10 sets.

Let an orientation of C be fixed. Any set of P is closed
and has nop-empty intersection with C and thus there exists
in this set the first (in the meaning of our orientation)
point of C, Since the union of any 9 sets of P does not cover
C, tha first points are different., Denote them (in order accord-
ing to our orientation) by XyseeesXyp and denote the correspond-
ing sets by S1,...,S1o. Moreover, it will be c¢onvenient to

- 519 =



4 M, Dembifskl, M, Lassak

denote X40 additionally by Xy and X, by Xqqe Observe that
X341° Sy and that d(xi,xi+1)s 1/3 for 1 = 1,000,410,

Let 3y be the common point of D and of the circles with
the centers x;_,,x; , and radius 1/3 (see Fig.2). Let
Y = {y1.....y10}. Denote by S,q, S;p Sy the sets of IO
suoh that the number of points of S13r1Y is not smaller than
the pumber of points of S11r1Y and than the number of points
of S12nY.

Pig.2

Let 0 <e <1/6 and let y5 be the point of D lying in the
intersection of the circles with the centers x; 4, X; 4 and
radius 1/3 + €, 1 = 1,¢0.,10. Since the intersection of C
with the closed disk of radius 1/3 + € and center yi is the
arc of C between x; _, and X; ,, We have d(xj,y§)> 1/3 for
§ # i and therefore yj ¢ S5 (for § # i this results from xye Sy
and for j = i this results from Xigq € Si), 1,37 = 14eees10,
Thus yie S11u S12L;S13, 1= 150ee,10. If € converges to 0,

then yi converges to y,, 1 = 154000410, Since S11, 512, 813
are closed, we obtain that

YcS11uS12u 813
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and, consequently, that
(1) S contains at least 4 points of Y,
13

Now, we shall prove that
(2) if J = i+3 (mod 10), then d(yi,yj)> 1/3.

We shall not make our comsideration narrower fixing our mind
on one such a pair of points, say on the pair Jor Ve

Notice that the position of P is determined by the posi-
tions of X9 Xq and that the position of s is determined by
the positions of X4 Xgo Let o s{yzaxB, B =<1x4ays,a~=
= dx48X,, {see Fig.3). Obviously, I x,8y, =c and {ygaxg = Pe
Let § = 2x+ 3 + 2P+ Hence

x+ g+ = {y+8)/2.

Fig. 3

Observe that d(72’y5) is o function of angles o, 3,7
In three steps we shall show that d(yz,ys) attaine the minimum
% 0.3418> 1/3 for oy = By = 90° - 2 arc sin(1/3) and 7, =
= 2 arc sin(1/3).

1« Let o and & be fixed. We intend to show that the
distance d(yz,ys)-is the smallest when o= 3, Since § 1is
fixed, we can assume that the positions of X4y Xg &re fixed.
Let for instance <Ix4ax6 < <Ix1313 (see Fig.4). When ax={3, the
positions of X35 X4y Jp» Jg 8T denoted by xé, x&, y'2, yé,
respectively, Denote by K the perpendicular bisector of the

[+}
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segment x1x6. The straight lines containing the segmenta x1xe
and 72’5 are denoted by L, M, respectively. lLet 75 be the point

*3
O

S
! Y,
// )

Flg.4

gymmetric to 5 with respect to K. The perpendiocular projec=-
tions of 35, ¥g» y; on M are denoted by w,, Ws, w;} respecti-
vely., Since 3+ and § are fixed, o +y+f = (y+6)/2 is fixed.
Henoe 4:72&75 = 4323:75. So <Iy2&y2 -<Iy5335 -<rysa;72. Notice
that the points 35, 32, p 2 lie on one side of the straight
line through a8 ard X4 and simultaneously they lie on the
circle with center x4 and radius 1/3 in order as in Fig.4.
Therefore there exists the common point v of the segment
&y, with the straight lime through yg, yé and we obtain that

d(ys,y2 d(354v) < d(35,¥,)+ The orthogonal projections of
X4» X, OR K are denoted by u1, Uy respectively. If d(u4,a)

d(u4,u1), then ¥s5» and so ys, ya, J,» are on the same side
of 1 as x,. We shall show this also in the case when d(u4,a)>
>d(u4,u1). Since &3 360° - 10 aro sin(1/3), we get

L xq8u, = §/2>180% - 5 aro sin{1/3) ~ 82%°40’ and fuyax, <

<6 arc sin(1/3) - §/2 <11 aro sin(1/3) - 180° = 34%48’. Con~
sidering the triangles X au, and X 8y, by an easy calculation
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we obtain that d(a,u1) <0.,0639 and that d(u4,a)> 0.4139, Hence
d(u1,u4)> 0.35>1/3 = d(x4.35). Therefore also in this ocase,
¥5» and so y;,yé,'yz. are on the side of L whioh contains x,.
This and the inequality d(y‘s‘,yé) < d(yé,yz) and also the si-
tuation of 7’5‘, ¥as 3, on the circle with the center x, and
radius 1/3 imply that d(wg,35) <d(yy,w,)e Henoe d(wg,y5) <

< d(35,%,) and so d(y'z,yé) sd(wz,ws). Consequently, d(yz,ys);
> d(yé,yé). Thus really, when y and § are fixed, the distance
d(yz,ysi_) is the smallest for o =8,

2, If &= f3 and if § is fixed, then the distance d(yz,ys)
is the smallest for g equal to 7 = 2 arc s8in(1/3). In fact:
if 3 decreases, then also (7+6)/2 = a+7+pP deoreases and con-
sequently, d(y2,ys) increasses (note that Yor 5 lie on the
ciroles of radius 1/3 with the centers Xyr Xgo respectivaly,
and that they are on the other side of the straight line
through X4y Xg than a). On the other hand, 7 cannot be greater
than 2 arc sin(1/3) because d(x3,x4) £1/3.

3. Let « = 3 and 7 = g,. We shall show that d(yz,ys) is
minimal in the case when «, 3 are equal %y =Py = 900 -

- 2 aro sin(1/3), and that this minimal value is greater
than 1/3. Obviously, o = p = (§-g)/4. Consider the trapezium
I¥5% x5 (the reader may imagine it as y'zy’sx:;x'B in Fig.4,
where d(xs,x;) = 1/3). When {x,ax; = § decreases, also the
angles qyzx3x4 =4y Xp%q decrease and thus, in virtue of
d(x3,x,) = d(x5,3,) = dlx,,35) = 1/3, aleo the distance
d(yz,ys) decreases., On the other hand, & ocannot be smaller
than

& = 360° - 10 are sin(1/3) ~165°20°.

If§ = 8,» the angle o =4 x,8y, equels

[360° - 10 arc ein(1/3) - 2 arc sin(1/3)] /4 = o =~ 31936’ ,

Moreover, d(x1,a) = 1/2 and d(x1 +J5) = 1/3. Considering the
triangle x,ay, we get d(a,y2) x 0.2198, If & = §,, then
LT85 = ay + g, + B, = 20 + 2 arc sin(1/3) » 102°08" and
consequently, d(72’75) % 0.3418 > 1/3,
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From considerations of the above steps 1~3 we conclude that
d(72’75) >1/3 for all possible positions of y, and Yo This
ends the proof of (2).

Next, we show that

(3) ~if § = i+4 (mod 10), then d(yy,y;) > 1/3. -

To fix our mind, we shall show (3) for the points y,, y¢,
which does not make our consideration narrower.

Consider the diametrgl segment of C parallel to the seg=~
ment Xx,X. Since 8 aro sin{1/3) < 180°, points Xqy Xgy Xgs
X4gs ¥4 are on one side of this diametral segment. Ite end-
points are denoted by p, t as in Fig.5. Let P, T be the ciroles
of radius 1/3 with the centers Xq9 X7y respeotively., The inter=-

Figo 5

seotions of the segment pt with P and T are denoted by r

and 8, respsctively. Obviously, d{p,r)< d(x1,r) = 1/3 and
d(s,t) <d(s,x7) = 1/3., Thus from d{p,t) = 1 we obtain that
d{r,s) >1/3. '

. Let o »=<Ix3ax7, X =<Ix7ax1, U] =<Ix1&72, W= <Ix1ap. Obvious~-
1353 yp8%;5 = v and Jtax, = w. Therefore ¢+ y + 2y = 360°

(360° - ¢ - x)/2 =
(90° = ¢/2) +w, Since ¢/2 <

and 2w+ y = 180°, Hence ]
= (360° - ¢ - 180° + 2uw)/2
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< 4 are sin(1/3) = 77°52' < 90°, we have y>w. Thus J5» and
similarly also Yer lie on this side of the diamefral segment
pt which does not contain points Xqs Xqe Moreover, Jo€ P,
Yge To So d(yseyg)> d(r,s). Consequently, from d(r,s) > 1/3
we get d(y,,¥¢) > 1/3. Thus (3) holds.

Suppose that y,¢ Sq3e Then from (2) and (3) it follows
that T40 50 I g ¢S13. If yge S13 then, by (2) and (3),
also y,, YR Y y1o¢-S13 in.contradiction with (1), So
g ¢ Sq3e Thus S45n Y(:{y1, I T30 Jgs y10}. If 33¢5,3,
then from (2) and (3) we obtain that Jgs Jq0 £ S43 which con-
tradiots (1), Therefore y3¢ 813. Similarly, we show that
g ¢S13. So S13nYc{y1, Yo y10}. A contradiction with (1),
We see that the supposition Jqc 813 is false.

dnalogically as we obtained that 74 ¢S13, we get that
Ji #5430 1 = 1,000,10. Thus S;3nY = ¢, which contradicts (1).
This contradiction shows that cur supposition about the possi-
bility of covering D by 13 sets of diameter 1/3 is false.
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