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COVERING PLANE SETS WITH SETS 
OF THREE TIMES LESS DIAMETER 

The famous Boreuk conjecture [l] that any set of diame-
t e r 1 of Buclidean spaoe Bn can be oovered by n+1 ones of 
smaller diameter has stimulated many similar questions. A survey 
of them i s presented in the paper [3] of Grunbaum. Also th i s 
note remains in the sphere of problems whioh originate from 
Borsak conjecture. 

Denote by tQ(k) the smallest number t such that any 
bounded subset of Bn can be oovered by t se t s of k-times 
l e s s diameter. Lenz [4] showed that tg(2) » 7. From the paper 
[2] of Bersuk i t r e s u l t s that tg(3) « 20. The following theorem 
shows that in f ac t we have t 2 (3 ) * 14. 

T h e o r e m * Any bounded subset of B^ oan be oovered 
with 14 se ts of three-times less diameter. The above number 
i s best possible: the disk of diameter 1 cannot be covered 
by 13 se ts of diameter 1/3. 

P r o o f . I . Obviously, to prove the f i r s t statement 
of our theorem i t i s su f f i c i en t to oonsider the covering of 
every set of diameter 1 by se ts of diameter smaller or equal 
1/3. What i s more, i t i s su f f i c i en t to do th i s with a universal 
cover of se ts of diameter 1, i . e . with a set whiah oan cover 
any set of diameter 1. We need a r e l a t ive ly small universal 
cover, namely the octagon of Pal [5] , the form of which i s 
reminded below. In a regular hexagon S with the distance 1 
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between parallel sides we take two segments joining the center 
c of S with two vertioes, tiie distance of which is equal to 1» 
Two straight lines orossing perpendicularly the segments in 
the distance 1/2 from c bound two half-planes containing c. 
The intersection of S with the half-planes is just the ootagon 
A of Pal. 

In Fig.1 thero i s presented the octagon A and a partition 
of i t into 7 pairs of congruent polygons P l f P^, i = 1, 
We describe the vertioes of the polygons with the help of 
a perpendicular coordinate system of E2. Namely: a1 (0, VJ/3), 

a 2 ( l/2, VJ/6). a 3 ( l/2, V5/2-1), a 4 ( (V5-D/2, d -V3 )/2 ) , 

a5 (0, -V3/3) , b^O.16, V3»0.28), b2 (0.4, V^ '0 .2 ) , 

b3 (0.5, 0.03), b4(0.415, VJ'O.415-1), b 5 (0 . l6 , -V>0 .28 ) , 

0, (0.1, 0.3) , c2 (0.16, 0.16), O3(0.23, 0.16), o4 (0.32, 0.03), 

O5(0.23, -0.16), C6 (0.16, -0.16), 07(0.1, -0 .3 ) , 0 ( 0 , 0 ) . The 
point symmetric to a given one respect to the line through a, 
and aR i s denot«d by the same letter with prime. 

Pig.1 
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We omit an easy but tedious calculation which shows that 
the diameters of equal to, respect ively , d̂  = 
= d t b ^ ^ ) - 0.32, d2 » d(b1 to3) « 0.3324, = d(b2 ,b3) a 
~ 0.3318, d4 = d(b 4 , c 4 ) S 0.3254, = d ( , c 5 ) « 0.3324, d& = 
= d(c 2 , c 2 ) = 0.32, dy= d(c 2 , c 5 ) k0.3275. Thus the diameters 
of Pĵ  and of the congruent set P̂  are even smaller than 1/3, 
i f 1 , . . . , 7 . 

II. For the proof of the second part of Theorem suppose 
that the diBk D«bf diameter 1 can be covered by 13 sets of 
diameters 1/3. Our purpose i s to get a contradiction. 

Since any set and i t s closure are of the same diameter, 
our supposition implies that there ex is ts a family J of 
13 closed sets of diameter 1/3, the union of which oovers 
the disk 2» Let iP denote the family of sets of i , any of 
whioh has at least two points on the cirole C bounding the 
disk D. It i s clear that the intersection of two disks with 
the centers in the two points and of diameter 1/3 contains 
this set from whioh the points are taken. Thus the center a 
of D i s in a distance greater than 1/6 from any set of P . 
Consequently, the sets of iP are dis joint with a c i rc le £ 
with the center a and with a radius greater than 1/6. Since 
we need at leaBt 3 sets of i to cover E, the .family 9 con-
tains at most 10 se ts . 

If S e iP , then diam(S nC)v< diam S = 1/3 and then the set 
S n c i s contained in an arc of diameter 1/3 of the c i rc le C. 
This aro i s based on the angle 2«arc sin(1/3) « 38°56'. Since 
18*arc s in( l/3) < 360°, we have that P contains at least 
10 se ts . 

We have shown that !P consists of exactly 10 se t s . 
Let an orientation of C be f ixed. Any set of P i s closed 

and has non-empty intersection with C and thus there exists 
in th is set the f i r s t ( in the meaning of our orientation) 
point of C. Sinoe the union of any 9 sets of !P does not oover 
C, the f i r s t points are d i f ferent . Denote them ( in order accord-
ing to our orientation) by and denote the correspond-
ing sets by S . . , . . . ,S.,f.. Moreover, i t w i l l be Convenient to 
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denote x 1 0 additionally by xQ and x., by x ^ . Observe that 
x i + 1e Sĵ  and that d(x l tx i + 1) $1/3 for i « 1,...,10. 

Let y^ be the common point of D and of the circles with 
the centers radius 1/3 (see Pig.2). Let 
Y = |y1t...fyl0}. Denote by S l 1 f S 1 2, S ^ the sets of 
such that the number of points of S ^ n T is not smaller than 
the number of points of S ^ nY and than the number of points 
of S ^ n T. 

Pig. 2 

Let 0 < e <1/6 and let y| be the point of D lying in the 
intersection of the circles with the centers x^-j, and 
radius 1/3 + e, i = 1,...,10. Since the intersection of C 
with the closed disk of radius 1/3 + e and center y^ is the 
arc of C between x ^ and x i + 1» we have d(x.j,y|) > 1/3 for 
j / i and therefore t S.. (for J / i this results from x^ e S^ 
and for j = i this results from x i + 1 e S ^ , i,j' = 1,...,10. 
Thus y ^ e S ^ u S ^ u S ^ , i = 1,...,10. If e converges to 0, 

then converges to y^, i = 1,...,10. Since S^» 
are closed, we obtain that 
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and, consequent ly , t ha t 

(1) S.^ oontains at l e a s t 4 poin ts of Y 

Now, we s h a l l prove tha t 

( 2 ) i f i = i+3 (mod 10), then d ( y i , y ; j ) > 1/3 

We s h a l l not make our cons ide ra t ion narrower f i x i n g our mind 
on one such a pa i r of po in t s , say on the pai r y 2 , 

Notioe tha t the pos i t ion of y2 i s determined by the pos i -
t i o n s of Xj , Xj and tha t the pos i t ion of y^ i s determined by 
the pos i t ions of x X g , Let cx « <y 2 ax^ , (3 = < x^ay^, ff = 
= Cx 3 ax 4 , (see P i g . 3 ) . Obv ious ly ,3x 1 ay2 = cx and <y 5axg = (3. 
Let 6 = 2 a + y + 2(5. Henoe 

Observe tha t d (y 2 ,y^) i s a f unc t i on of angle s oc, (S , g» . 
In three s t eps we s h a l l show t h a t d(y 2 ,y^) a t t a i n s the minimum 
~ 0.3418> 1/3 f o r ocQ = ¡5Q = 90° - 2 arc s i n ( l / 3 ) and = 
= 2 arc s i n ( l / 3 ) . 

1. Let and 5 be f i x e d . We intend to show t h a t the 
d is tance d(y 2 ,y^) i s the smal les t when oc=|3. Since 6 i s 
f i x e d , we can assume tha t the pos i t i ons of x^, Xg are f i x e d . 
Let f o r ins tance <x^axg ^ <tx^aXj (see P i g . 4 ) . When oc = (5 , the 
pos i t ions of Xy x 4 , y 2 , y 5 are denoted by Xy x^, y 2 , 
r e s p e c t i v e l y . Denote by K the perpendicular b i s e c t o r of the 

a + t + ß = (v+6)/2 

Pig . 3 
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segment x ^ g . The s t r a i g h t l i n e s containing the segments x. ,x6 

and 7 ^ 5 are denoted by L, M, r e s p e c t i v e l y . Let y£ be the point 

P— o' 
^ ^ I /' u4 

/ y /1 
/ '' ' 

/ / s' 1 VyO*̂̂"""*—N̂  
/ ' 1 i 

^ ^ I /' u4 

/ y /1 
/ '' ' 

/ / s' 1 VyO*̂̂"""*—N̂  
/ ' 1 i 

\ \ 
\ / ' 

i i 
K / » ! \ 

/ ^ ' / \ / *' / \ / *' / \ 
/ '' / \ \ / \ 

1"- ' o'A** M \ 
/ '''' 
/ ' '* \ \ N \ 

« 

symmetric to y^ with respect to K. The perpendioular pro jec -
t ions of y 2 , y^ , y^ on M are denoted by w 2 , w^, r e s p e c t i -
ve ly . Since % and 5 are f i x e d , a+g*+/3= (tf+6)/2 i s f i x e d . 
Hence <ty2ay^ = -Jy^ay^. S o ^ y ^ 8 ^ = ^ ^ J ^ 8 ^ * N o t i o 0 

that the points y^ , y 2 , y 2 l i e on one side of the s t r a i g h t 
l i n e through a and x^ and simultaneously they l i e on the 
c i r o l e with center x^ and radius 1/3 in order as i n P i g . 4 . 
Therefore there e x i s t s the common point v of the segment 
ay 2 with the s t ra ight l ine through y^ , y 2 and we obtain that 

d t y j t y ^ 5 d ( y 2 , v ) * d ( y 2 » y 2 ) . The orthogonal pro jec t ions of 
x 1 , x^ on K are denoted by u.j, r e s p e c t i v e l y . I f d(u^ t a) $ 

< dfu^ .u^) , then y^ t and so y^ , y 2 , y 2 , are pn the same side 
of L as x^. We s h a l l show th i s a l so i n the case when d{u^ f a)> 
> d ( u 4 , u 1 ) . Since 5^ 360° - 10 aro s i n ( l / 3 ) , we get 

< x 1 a u 1 = 5 /2 > 1 8 0 ° - 5 arc s i n { l / 3 ) a 82°40' and < u4ax^ < 

arc s i n ( 1 / 3 ) - 5 /2 $11 arc s i n ( l / 3 ) - 180° k 3 4 ° 0 8 ' . Con-
sidering the t r i a n g l e s x 1au 1 and x . a u , , by an easy c a l c u l a t i o n 
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C o v e r i n g plane s e t a 7 

we o b t a i n that d ( a , u . , ) < O.O639 and t h a t d ( u 4 , a ) > 0 . 4 1 3 9 . Hence 
d ( u 1 t u ^ ) > 0 . 3 5 > 1 / 3 = d f x ^ j ) . T h e r e f o r e a l s o i n t h i s o a s e , 
j g , and so 7 5 , 7 2 * 7 2 » 8 7 6 o n t i i a s i < i 9 o f L w i l i o i l c o n t a i n s x ^ . 
T h i s and the i n e q u a l i t ? d f a ^ ^ g ) $ d ( y 2 , 7 2 ) and a l s o the s i -
t u a t i o n of 7 ^ , 7g» 7 2

 o n c i r c l e w i t h the c e n t e r x^ and 
r a d i u s 1 / 3 imply t h a t d ( w £ , 7 2 ) i d ( 7 2 , w 2 ) . Henoe d i w ^ . y ^ ) s 
$ d ( 7 2 , w 2 ) and so ¿ ( y ^ y ^ ) < ; d ( w 2 , w 5 ) . C o n s e q u e n t l y , d ( y 2 , y 5 ) ; > 
> <3(72 ,75) . T h u s r e a l l y , when 3- and 6 are f i x e d , the d i s t a n c e 
d ( 7 2 » 7 5 i ) i B t j l le s m a l l e s t f o r a = £ . 

2 . I f oc = p and i f 5 i s f i x e d , then the d i s t a n c e d ( 7 2 , 7 ^ ) 
i s the s m a l l e s t f o r 3* e q u a l t o » 2 arc s i n ( l / 3 ) . I n f a c t s 
i f 3" d e c r e a s e s , then a l s o - a + x + P d e c r e a s e s and c o n -
s e q u e n t l y , <3(72*75^ i n c r e a s e s (note t h a t 7 2 , y^ l i e on the 
c i r c l e s of r a d i u s 1 / 3 w i t h the c e n t e r s x ^ , x g , r e s p e c t i v e l y , 
and t h a t t h e ? are on the other s i d e of the s t r a i g h t l i n e 
through x ^ t Xg t h a n a ) . On the other hand, <$ oannot be g r e a t e r 
t h a n 2 a r c s i n ( l / 3 ) because d ( x ^ , x ^ ) i 1 / 3 . 

3 . L e t a = ¡3 and ¡f = g*0. We s h a l l show t h a t d(72*75) i s 
m i n i m a l i n the case when a , [} are e q u a l a Q = fi0 = 90° -
- 2 arc s i n ( 1 / 3 ) , and t h a t t h i s m i n i m a l v a l u e i s g r e a t e r 
t h a n 1 / 3 . O b v i o u B l y , a ® ¡3 » (&-q")/4* C o n s i d e r the t r a p e z i u m 
' 2 * 5 * 4 * 3 ( t J h a r e a d e r m a 7 imagine i t as 7^75*4*3 i n F i g . 4 , 
where d ( x ^ , x ^ ) ® 1 / 3 ) . When < x 1 a x g « 5 d e c r e a s e s , a l s o the 
a n g l e s 7 2 * 3 * 4 75*4*3 decrease and t h u s , i n v i r t u e of 
d ( x ^ t x 4 ) = d ( x 3 , 7 2 ) = d ( x ^ , 7 5 ) • 1 / 3 , a l s o the d i s t a n c e 
< 3 ( 7 ^ 7 5 ) d e c r e a s e s . On the other hand, 8 oannot be s m a l l e r 
t h a n 

<5o = 360° - 10 a r c s l n ( l / 3 ) « 1 6 5 ° 2 0 ' . 

I f 5 » 5 0 , the angle a = < x 1 a 7 2 e q u a l s 

[ 3 6 O 0 - 10 a r c s i n ( 1 / 3 ) - 2 a r c s i n ( l / 3 ) ] / 4 = a « 3 1 ° 3 6 ' , 

Moreover, d ( x . j , a ) » 1 / 2 and d ( x . , , 7 2 ) = 1 / 3 . C o n s i d e r i n g the 
t r i a n g l e x . , a y 2 we get d ( a , 7 2 ) a 0 . 2 1 9 8 . I f 5 = 6 , then 
3 7 2 a y 5 = a 0 + + (30 = 2 a 0 + 2 a r c s i n ( 1 / 3 ) a 1 0 2 ° 0 8 ' and 

c o n s e q u e n t l y , d ( 7 2 , 7 5 ) a 0 . 3 4 1 8 > 1 / 3 . 
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Prom considerations of the above steps 1-3 we conclude that 
d(y2»3^5^ > possible positions of y 2 a n d ^5* 
ends the proof of (2) . 

Next, we show that 

(3) i f d — i+4 (mod 10), then d(y i ty. j ) > 1/3. • 

To f i x our mind, we sluil l show (3) for the points y 2 , 7g« 
which does not make our consideration narrower. 

Consider the diametral segment of C para l le l to the seg-
ment x^xrj. Since 8 arc sin(l/3) < 180°, points x^, x g , 

x1 are on one side of this diametral segment. I t s end-
points are denoted by p, t as in Pig.5» Let P, T be the c i rc les 
of radius 1/3 with the centers x 1 , x 7 , respect ively . The inter-

Pig. 5 

sections of the segment pt with P and T are denoted by r 
and s , respectively. Obviously, d(p,r)< d(x^,r) » 1/3 and 
d ( s , t ) <d(s ,Xy) = 1/3. Thus from d(p,t ) = 1 we obtain that 
d ( r , s ) >1/3. 

Let 9 =<x^axy, ip=<x^ay2, w*<x^ap. Obvious-
l y , < y2a*3 * v a n d "ttaxy = u . Therefore <p + % + 2iy « 360° 
and 2w + % » 180°. Henoe ip = (360° - </> - % )/2 = 
= (360° - <p - 180° + 2u)/2 = (90° - <p/2) +u . Sino» 9/2 < 
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< 4 aro ain(l/3) « 77°52' < 90°, we have Thus y 2 , and 
similar ly also yg, l i e on this side of the diametral segment 
pt whioh does not oontain points x^, x^. Moreover, y 2 e P, 

e T, So d(y2 ,yg)> d ( r , s ) . Consequently, from d( r , s ) > 1/3 
we get d (y 2 , y 6 ) > 1/3. Thus (3) holds. 

Suppose that y^ e S ^ . Then from (2) and (3) i t follows 
t ha* 74» 75» 78^S13* I f y6 6 S13 t h a n » ** ^ a n d 

also y 2 , y^ t y^, y1Q t S ^ in contradiction with (1) . So 
y 6 t S 1 3 . Thus S13n y c {y1t y 2 , y-j, y9> y1Q}. If y 3 c 

then from (2) and (3) we obtain that y 9 , 7 io* S 13 w h i o h 

tradiots (1) . Therefore S 1 3 . Similar ly , we show that 
y g * S 1 3 . So s 1 3 n Y c { y 1 , y 2 , y 1 0}. A contradiction with (1) . 
We see that the supposition y^ e S 1 3 i s f a l s e . 

Analogically as we obtained that 7-j ^ S13» w® &et t i xat 
y ^ S . ^ , i « 1 , . . . , 1 0 . Thus S 1 3nY = 0, which contradicts (1) . 
This oontradiotion shows that our supposition about the possi-
b i l i t y of covering D by 13 sets of diameter 1/3 i s f a l s e . 
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