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ON A NONLINEAR BOUNDARY VALUE PROBLEM 
FOR HIGHER ORDER INTEGRODIFFERENTIAL EQUATIONS 

1» I n t r o d u c t i o n 
T h i s pape r i s concerned w i t h the e x i s t e n o e , u n i q u e n e s s 

and o o n t i n u o u e dependence on p a r a m e t e r of s o l u t i o n s of t he 
n o n l i n e a r boundary v a l u e problem f o r h i g h e r o r d e r i n t e g r o -
d i f f e r e n t i a l e q u a t i o n s . The Banaoh f i x e d p o i n t theorem i s used 
t o e s t a b l i s h our r e s u l t s . 

We o o n s i d e r t h e boundary v a l u e problem (BVP, f o r s h o r t ) 

t 
(1 ) x ( n ) - p ( t , x , x ' , . . . , x U * l ) , j K ( t , s , x , x ' x ( n - 1 ) ) d s , p ) , 

a 

(2) x ( r ) { a j ) s ° t i - 1 . • • • » • » * = 0 , 1 , . . . t r 3 - 1 , 

m 
where a = a 1 < a o < . « * < a s b , 1 $ m ̂  n , XZ r . = n , fj i s a 

r e a l p a r a m e t e r , K and F a r e r e a l - v a l u e d c o n t i n u o u s f u n c t i o n s 
d e f i n e d on I 2 * R n and I * R n + 2 r e s p e c t i v e l y i n which I = [ a , b ] 
and R d e n o t e s the s e t of r e a l numbers . R e c e n t l y i n [7] J . Mor-
o h a l o h a s s t u d i e d t h e e x i s t e n c e and un iquoness of t he s o l u t i o n s 
of e q u a t i o n (1) when ¡j = 0 and t h e d e r i v a t i v e s i n v o l v e d i n K 
and F a r e a b s e n t , under d i f f e r e n t boundary c o n d i t i o n s by u s ing 
t h e g e n e r a l i d e a of C h a p l y g i n . Uorcha lo [7] assumes t h a t t he 
f u n c t i o n s K ( t , s , x ) and F ( t , x , u ) t h e r e i n have bounded p a r t i a l 
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de r iva t ive s with respect to the v a r i a b l e s x and u. These 
condit ions , severely r e s t r i c t the growth of the funct ions K 
and F in order to assure the exis tence and uniqueness of the 
so lu t ion . 

Our purpose in t h i s paper i s to obtain the ex i s t ence , 
uniqueness and continuous dependence of so lut ions of the 
EVP (1) - (2) without any conditions on the d e r i v a t i v e s of 
the functions K and F involved in ( 1 ) . Here, we use Lipschi tz 
conditions on K and F and apply the well known Banach f i xed 
point theorem to obtain the ex i s tence , uniqueness and cont i -
nuous dependence of so lut ions of BVP (1) - ( 2 ) . Thus our method 
i s d i f f e r e n t from that in [7] whioh in turn allows us to weaken 
the conditions en K and F in ( 1 ) . The problems of exis tence 
and uniqueness of so lut ions of var ious s p e c i a l forms of 
BVP (1) - (2) have been studied by many authors under d i f f e r e n t 
condi t ions , see [5, 10-12] and the re ferences given there in . 

2. Statement of r e s u l t s 
In order to e s t a b l i s h our r e s u l t s we need the fol lowing 

preliminary lemmas. 
L e m m a 1. There e x i s t s Green's funct ion G ( t , s ) , 

a 4 8 , t $ b, such that the BVP (1) - (2) i s equivalent to the 
i n t e g r a l equation 

b 
(3) x ( t ) «= j G ( t , s ) F ( s , x ( 8 ) , x ' ( s ) , . . . , x ( n " ' ' } ( s ) , 

a 
s 
j K ( s , T , x ( T ) , x ' ( t ) X i n - 1 , ( T ) ) d T , H ) d s . 
a 

L e m m a 2 . I f G ( t , s ) i s Green's funct ion of the 
equation 

(4) x ( n ) ( t ) « ' O f 
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Nonlinear boundary va lu « problem 3 

with the boundary cond i t ions ( 2 ) , then 

(5 ) f l G ( t , s )|dB $ jP -1 ) n " 1 ( b " - a ) f l t 
J nl a 

( 6 ) ! 3t 

f o r i * 2 , . . . , n . 
Lemma 1 may be found i n Coppel [4]• Lemma 2 i s g i ven i n 

Kobelkov and Kobyakov [6]. 
Our main r e s u l t r e a d s a s fo l lows« 
T h e o r e m 1. Suppose tha t the f unc t i on s K and F 

s a t i s f y the aond i t i ons 

(7 ) | K ( t , s , x f x ' , . . . , x ( n - 1 ) ) - K ( t , s , y , y ' < 

n-1 

< S M i 
i=0 

s ( i > - y ' * * 

(8 ) | F ( t , x , x ' , . . . , x ( n - 1 , , u , i j ) - F ( t , J , y . . ,y 1 ,T,f j ) | ̂  

n-1 

i=0 
x« 1 » - y ( i ) + Q|u-t|, 

f o r a l l ( t . e . x . x ' i ( B " l ) ) , ( t , s , y j ' , . . „ y ( n - 1 ) ) e I 2 *R A , 

( t t x , * ' , . . . , * ( n ~ 1 , , u , | j ) , ( t j , 7 ' r . . . J i n " 1 , » ^ ) £ M I 1 + i ! , where 
M i * L i » ••• * f l -1) a11«3 Q are nonnegative oonstants such 
tha t 

. (n -1 ) 

3-1 
n-1 

- (n-D 1 1" 1 ( b - a ) n y M j ( b - a ) 
f t " i -T5=ÏTT ! n 
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and 

(10) [l+Q(b-a)J a < 1. 

Then, for an arbitrary peH, the BVP (1) - (2) has a unique 
solution. 

Our next result deals with the problem of continuous de-
pendence of solutions of BVP (1) - (2) on a parameter (j. 

T h e o r e m 2. Assume that the conditions of Theo-
rem 1 are sat isf ied. Further assume that there exists a oon-
stant H > 0 such that * » T - - 1 - ^ 

VoeR* . 

f o r t e l , ( a t « 1 t . . . , « n - 1 ) e Rnt ueR, ¿j 

(11) |F(t ,z t a 1 , . . . > a n - 1 ,u t f j ) - F(t,a,a 1 , . . . ,zn_ l ,u,|u ( ))| $ 

If x^ denote the unique solution of BVP (1) - (2), then 
^ x„ maps continuously R into the space [I.H]. 

3. Proofs of Theorems 1-2 
,(n-1) Let S be the Banaoh spaoe of functions ze C l"""[l,R] 

with the norm 

Izll = max 
n-1 n-1 

max L j 8 { d ) ( t ) | , max ]jT Mjz ( ; 5 , ( t ) 
I — i 
1 i-o 

t — M 
1 j=o 

Define a mapping T : S -*• S by setting for each x e S t 

b 
(12) Tx(t) . j G( t ,B)F(s ,x(s ) ,x ' (s ) , . . . ,x { n - 1 , (s ) , 

a 

s 
| K(s,T ,x(T) ,x ' (r) , . . . ,x ( n-1 ,(T))dr > H )ds, 
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Nonlinear boundary value problem 5 

f o r t e l . Clear ly the so lu t i on of BVP (1) - (2) i s a f ixed 
point of the opera tor equat ion Tz « x . I f x , y e S , then f r o n 
(12) , (7)* (8) and Lemma 2 we have 

b 
(13) ¡Tx(t) - T y ( t ) | i j | 0 ( t v s ) | 

rn -1 
£ L j x ^ U J - y ^ i e ) ! 

Li=o 

+ Q 
s n-1 

jZ «. 
a i»1 

(-rJ - y { i , ( T : ) | d i ds $ 

< [1 + Q(b-a)] ( n - 1 ) n - 1 (b -a )» 
n! n 

l*-y|i 

and 

(14) ( T x ( t ) ) ( 3 ) - ( T y i t ) ) ^ 1 ! * 

V 

'I 8f 
S - y G f t . s ) 

n-1 
£ hl* l i )(°> - 7 U , ( s ) | + 
i=o 

s n-1 
Q f £ M . | X ( 1 , ( T ) - y ( I ) ( T ) | dT 

a i=o 

* [1 + Q(b-a)] 

ds $ 

j ( b - a ) a - 1 

( n - 1 ) ! n 

f o r j = 1 , . . . , n - 1 . Prom (13) , (14) and (9) i t fo l lows tha t 

(15) || Tx-Ty || $ [1 + Q(b-a)Jcx | |x-y| | . 

Since f l + Q ( b - a ) ] c x < 1 , i t fo l lows from the Banach f ixed point 
theorem tha t T has a unique f ixed point in S. This completes 
the proof of Theorem 1. 

Assume —• as n - » o o . l e t S be defined as i n the 
proof of Theorem 1j denote by Tm (m = 0 , 1 , . . . ) the mapping T 
whenever ¿J = (JM. Evident ly , 
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6 B.G. Paohpatte 

I I V - V l l * t1 + Q ( b - a ) ] a ||x-y||, 

fo r m = 0 , 1 , 2 , . . . and i j e S, Arguments similar to the above 
and (11) imply that [|T x - T Q X || I C* N J{JN - ¡ J J , for n=1,2,...; 
hence lim ||T„x - T x II = 0 f o r each x € S. 

a*co l ] a 0 11 

Consequently, Theorem 1.2 in [3, p.6] applies to the map-
ping T and the space S, and we conclude that I I * - x I I 0 

^n "o 
as n oo . The proof of Theorem 2 is complete. 

We note that a special oase of Theorem 1 for n = 2, ¿j = 0 
and when the integral term in (1) i s absent, with di f ferent 
boundary conditions appears in [2, Theorem 1.1, p .5 ] , see 
also [ l ] . The proof given there motivates the proofs of our 
Theorems 1 and 2, which in turn show that the reoent results 
on existence and uniqueness of solutions of speoial forms of 
BVP (1) - (2) obtained by various authors in [5, 7, 10-12] 
(see, also the results in [6,8] with delay arguments) under 
quite dissimilar hypotheses, can in fact be derived from a 
common prinoiple. The suf f ic ient oonditions obtained here are 
weaker than those required in [ 7 ] . We also note that the 
BVP (1) - (2) fo r n = 2 and p = 0 is recently studied by the 
present author in [9] by reducing i t to the two systems of 
more general f i r s t order integrodi f ferent ia l equations and 
using monotone method under di f ferent oonditions. 
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