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INVARIANT SUBMANIFOLDS OF AN f(3, - l)-MANIFOLD 
WITH COMPLEMENTED FRAMES 

The f(3»+1)-manifolds have been studied by Yano [ l ] , I s h i -
hara and Yano [2], Goldberg and Yano ([3], [4] ) have studied 
the f (3 ,1) -mani fo lds with complemented frames. Recently, Yano 
[3] has obtained ce r t a in r e s u l t s on invar iant submanifolds 
of an f(3»1) manifold with complemented frames. The purpose 
of the present paper i s to study invar ian t submanifolds of 
an f (3 , -1) -mani fo ld with complemented frames. 

In seot ion 2 we have defined and studied the normality 
of an f ( 3 , - 1 ) - s t r u c t u r e with complemented frames. In sect ion 3 
we have proved that such a s t ruc tu re induces an almost product 
s t ruc tu re in the manifold,and in seot ion 4 we have studied 
the r e l a t i o n between the i n t e g r a b i l i t y of t h i s almost product 
s t ruc tu re and the normality of the f ( 3 , - 1 ) - s t r u c t u r e with 
complemented frames. 

In sect ions 5 and 6 we have studied invar iant submani-
fo lds of a normal f (3 , -1) -mani fo ld with complemented frames. 
In sec t ion 7 we have defined the f ( 3 , - 1 ) - s t r u c t u r e with me-
t r i c and complemented frames. We have also es tabl ished some 
r e s u l t s . 

1. Pre l iminar ies 
In an m-dimensional d i f f e r e n t i a b l e manifold U of o lass C°°, 

a tensor f i e l d f (f t 0 , I ) oi type (1,1} whioh s a t i s f i e s 
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f - f • 0 and is of oonstant rank r t at each point of M, is 
oallad f(3»-1)-struoture of rank r and M with an f(~3,-1)-
-structure f(3,-1)-manifold. 

If *• put 

(1.1) 1 - f 2 and m » I - f 2, 

I being the unit tensor field. Then it can be easily proved 
that 

(1.2) 1 + m - I, l 2 « 1, m 2 - m, la • ml - 0. 

This shows that the tensor fields f 2 and I - f 2, I being 
the unit tensor field, are complementary projection operators 
which define two complementary distributions in M correspond-o j 
ing to the projection - operators f and I - f respectively. 
The distribution corresponding to f 2 is r-dimensional and o that corresponding to I - f , (m-r)-dimensional. 

Let there exist (m-r) veotor fields U„ (««1,2,...,m-r) w j 
spanning the distribution corresponding to I - f and (m-r) 
1-forms u a satisfying 

m-r 
(1.3) f 2 - I - ^ u* 9 U a| 

a-1 

(1.4) f*Ua « 0 , u ao f . 0, ua(Up) = 

(ot, (3- 1,2,...,m-r), where is the Kronecker delta. 
Then we oall the set f(3,-1),{ua, u w } an f(3,-1)-structure 
with complemented frames and it an f(3,-1)-manifold with com-
plemented frames. 

Invariant submanifold 
Suppose that an n-dimansional differentiable manifold M 

is immersed in a f(3,-1)-manifold M by the immersion itU -* M. 
If the tangent space of i(M) is invariant by the action of f, 
then i(M) is oalled an invariant submanifold of M. 
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Invariant eubmanifolds 3 

In the present paper we aonsidar an f (3 , -1)-structure 
with complemented frames each that r « m-2. 

2. f (3 , -1)-structure with complemented frames 
Let U be an m-dinensional different iable manifold and le t 

there be given a tensor f i e l d f of type (1,1) and of rank 
m-2, two vector f i e l d s U, V and two 1-forms u,v. If the set 
{f(3,-1)t V, a, v} s a t i s f i e s 

(2.1) f 2 - I - ti®U - v eVj 

(2.2) fU » 0, fV » 0, u o f . 0, V o f . 0» 

(2.3) a(U) - 1, v(U) - 0, a(V) - 0, v(V) - 1, 

then we c a l l { f ( 3 , - l ) , U, V, u, v} an f(3,-1)-struoture with 
complemented frames and M an f(3,-1)-manifold with complemented 
frames. 

Let us define a tensor f i e l d S of type (1,2) by 

(2.4) S(X,T) » H(X,Y) - (du)(X,Y)U - (dv)(X,Y)V, 

where du, dv are 2-forms and II i e the Hijenhuis tensor formed 
with f , defined by [2] 

(2.5) N(X,Y) = [ f l , f l j - f [fX,T] - f [X,fY] + f^X.Y] . 

D e f i n i t i o n 2.1. If the tensor f i e l d S va-
nishes ident ica l l y , then the structure i s said to be normal. 

In oonsequenoe of (2.2) and (2 .5) , we have from (2.4) 

(2.6) S(I,U) - - f [fX,U] + f 2 [x ,U] - (du)(X,U)U - (dv)(X,U)V. 

Let denotes the Lie-different iat ion with respect 
to U. Then we have (see [2] ) 
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- f [ f X , U ] + f 2 [ x , u ] « f { f Lx,d] - [ f x ,u ]} o f W y f J X , 

(du)(X,U) = X(u(U)) - U(u{X)) - u([X,U]) « 

= -{u([X,U]) - [u (X) ,U]} = -(XyUKX). 

S i m i l a r l y , (dv)(X,U) = - (¿uV)(X). 
Therefore from (2 .6) we have 

(2 .7 ) S(X,U) = f U y f J X + ( j j j u j f x j u + (i{jV)(X)V. 

Ve oan a l so prove t h a t 

(2 .8) S(X,V) = f ( i y f ) X + (¿vu)(X)U + (Zyv)(X)V. 

Also from ( 2 . 4 ) , we have i n oonaequanoe of ( 2 . 2 ) , (2 .3) and 
(2 .5) 

(2 .9 ) u(S(X,Y)) = u ( [ fX , fY] ) - (du)(X,Y). 

But we have 

(du) ( fX, fY) = ( fX)a(fY) - ( fY)u(fX) - u ( [ f X , f Y ] ) K 

which i n view of (2 .2) impl ies t h a t 

u ( [ f X , f i ] ) = - ( d u ) ( f X , f Y ) . 

Thus from (2.9) we ob ta in 

(2.10) u(S(X,Y)) = -(du)(X,Y) - (du ) ( fX , fY) . 

Replacing X by fX i n (2.10) and using ( 2 . 1 ) , we get • 

(2.11) u(S(fX,Y)) = - (du)( fX,Y) - (du)(X-u(X)U - v(X)V,fY) = 

= - (du)( fX,Y) - (du)(X,fY) + 

+ u(X)(du)(U,fY) + v(X)(du)(V,fY) . 
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But we have 

(du) (U,fY) = U u(fT) - (fX)u(U) - u ( [U, fy ] ) = 

- a([fY,U]) - iu ( fy ) ,U] = ( ^ u H f l ) . 

S imi l a r l y , 

(du)(V,fY) = ( ¿ ? u ) ( fY ) . 

Hence, we have from (2.11) 

(2.12) u(S(fX,T)) = -<du)(fX,X) - (du)(X,fY) + 

+ uiXMIyuMfY) + v (X )U v u ) ( i 7 ) . 

We can also prove that 

(2.13) v(S(fX,Y)) = -(dv)(fX,Y) - (dv)(X,fY) + 

+ u iXlWyVj i f l ) + v (X)U v v) ( fY) . 

T h e o r o m 2 .1 . If a f (3 , -1 J-structura with com-
plemented frames {f (3 , -1 ) , U, V, a, v} i s normal, then 

(2.14) oCyf = 0, ofyu = 0, dtyV » Oj 

(2*15) ¿ y f = 0, X7u «= 0, otyV - 0; 

(2,16) duirf = C, dvjrf = 0, [u,V] = 0. 

P r o o f . l e t us assume that the f (3 ,^1)-s trueture 
with complemented frames {f (3» -1 ) , U,V, u,v} i s normal. Then 
from (2.7) we have 

f i J y f j X + (¿„uHXjU + Ku V )(X)V = 0, 
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whioh in view of ( 2 . 2 ) and ( 2 . 3 ) implies tha t 

( 2 . 1 7 ) / y u « 0 , ZjjV = 0 , f W y f ) = 0 . 

Applying f to the l a s t equation of ( 2 . 1 7 ) and using ( 2 . 1 ) , 
we obtain 

l y t - u o ( ¿ y f ) « u - v o .(«¿yf) ® v = 0 , 

or 

Ijjt + { ( ¿ u u ) o f ) « « + {UyV) o f ] ® V - 0 . 

Henoe in view of ( 2 . 1 7 ) we have 

( 2 . 1 8 ) oTyf » 0 . 

Similar ly , from ( 2 . 8 ) we oan prove that 

( 2 . 1 9 ) ¿ v u = 0 , X v v = 0 , X v f = 0 . 

Let us put 

( 2 . 2 0 ) (wjrf)(X,Y) « w(fX,Y) + w ( X , f Y ) , 

f o r a 2-form w. Then i n consequence of ( 2 . 1 7 ) , ( 2 . 1 9 ) and 

( 2 . 2 0 ) , from ( 2 . 1 2 ) and ( 2 . 1 3 ) , we have 

(du)irf = 0 anc (dv)jrf = 0 . 

Now, computing °£y(fV) = 0 , we find 

( 2 . 2 1 ) f CCJJV = 0 . 

Applying f to ( 2 . 2 1 ) and using ( 2 . 1 ) , we get 

¿yV - u ^ ^ U - vi-TyVjV = 0 , 

or 

.ZJJV = 0 , i . e . [ U , V ] = 0 . 
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3. Almost product s t ruc tu re ^ 
Let us define a tensor f i e l d $ of type (1,1) by 

(3.1) = fX + v(X)U + u(X)V, 

f o r an a rb i t r a ry vector f i e l d X* 
T h e o r e m 3.1. In order tha t a manifold M may ad-

mit a f (3» -1J - s t ruc tu re with complemented frames 
U,V, u,v}, i t i s necessary and s u f f i c i e n t tha t the manifold 
admits an almost produot s t ruc tu re ? , a vector f i e l d U and 
a 1-form u such tha t 

u(U) » 1 and uftU) » 0. 

P r o o f . In oonsequence of ( 2 . 1 ) , ( 2 . 2 ) , (2.3) and 
( 3 . 1 ) , we have 

^2X ?( ix) = + v(X)U + u(X)V) + 

+ v(fX + v(X)U + u(X)V)U + u(fX + v(X)U + u(X)V)V = 

= f2X + u(X)U + v(X)V = X. 
o 

Therefore, y = I . Thus $ i s an almost produot s t r u c t u r e . 
Also, in view of (2 .2 ) , (2.3) and ( 3 . 1 ) , we can eas i ly 

v e r i f y tha t 

(3.2) - V, ^V = Uj 

(3.3) u o ij = v, v o $ = u . 

Conversely, suppose that a manifold M admits an almost 
product s t ruc tu re (; , a vector f i e l d U and a 1-form u suoh 
tha t 

(3.4) u(U) = 1, u(iU) = 0. 

We define a vector f i e l d V, a 1-form v and a tensor 
f i e l d f , r e spec t i ve ly , by 
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(3.5) V » 
(3.6) v * u o^ , 

(3.7) f = < 5 - v « U - u « V . 
Nov, in oonsequenoe of (3.4)» we have from (3.5) and 

(3.6) 

(3.8) u(V) = 0, v(U) » 0, v(V) - 1. 

Also, In view of (3.4), (3.5), (3.6) and (3.8), we have 
ftom (3.7) 

(3.9) fU = 0, n m o, ttof = 0, v o f » 0. 

Further, by virtue of (3.6), (3.7) and (3.9), we have 

f 2 X = f ( f X ) = f f t x - v(X)U - tt(X)v} = 

= W?X) - v(CX)U - u(^X)V - f2X - (uoO(fX) U + 

- ( u o (;)(x)v = X - u(X)U - v(X)V. 

Thus 

(3.10) f 2 = I - u ® U - v « V . 

Equations (3.8), (3*9) and (3*10) show that U admits 
a f(3,-1 .'-structure with complemented frames {f(3,-1), U,V, u,v}. 

4. Integrabillty condition of ^ 
In this seotion, we shall obtain the relation between the 

integrability of an almost product structure t and the nor-
mality of the f(3,-1)-structure with complemented frames. 

Let N*(X,I) be the Mjenhais tensor formed with t • Then 
we have 

(4.1) N*(X,Y) - [U, fl] -r [x.tl] + t2[x.l]. 
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or 

(4.2) N*(X,Y) = [ f x . t f ] -<;[<;X,Y] + [X,Y]. 

Now from (2 .1 ) , (3.1) and (4 .2 ) , we obtain 

N*(X,Y) = [fX+v(X)U+u(X)V, fY+v(Y)U+u(Y)V] -

- f [fX+v(X)U+u(X)V,Y] - v([fX+v(X)U+u(X)V,Y])U -

- uO[fX+v(X)U+u(X)V,Y])V - f[X,fY+v(Y)U+u(Y)V] -

- v([X,fY+v(Y)U+u(Y)V])U - u([X,fY+v(Y)U+u(Y)V])V + 

+ f 2[X,Y] + u([X,Y])U + v( [X,Y] )V. 

After some calculat ions , the above expression, in consequence 
of (2 .3 ) , (2.5) and (2.20) , reduces to 

(4.3) N*(X,Y) = N(X,Y) - (du)(X,Y)U - (dv)X,Y)V + 

+ (dviif) (X,Y)U + (dujrf) (X,Y)V -

- v(X)Uuf)Y + viYJUyflX -

- u(X)(/ v f)Y + u(Y)U y f )X -

- |v(X) (iyV)Y - v(Y) (JCyV)X + u(X)tCyv)Y -

- u(Y)(Xvv)x}u - {u(X)(J!vu)Y-u(Y)(Xyu)X + 

+ VUH^JJUJY - v(Y)(XuU)x}y - . 

- {u(X)v(Y) - u(Y)v(X)}[U,V], 

T h e o r e m 4.1. I f a f (3 , -1J- s t ructure with com-
plemented frames { f ( 3 , - 1 ) , U,V, u,v} i s normal, then the 
almost produot structure £ defined by (3.1) i s integrable. 

P r o o f . I f a f (3 , -1)-s truoture with complemented 
frames { f (3 ,-1) ,U,V, u,v} i s normal, then from def ini t ion 
(2 .1 ) , we have S » 0. 
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Thai by virtue of (2 .4 ) , (2 .14) , (2 .15) , (2.16) and (4 .3 ) , 
we obtain 

N*(X,Y) = 0. 
Hence the almost product struoture $ defined by (3.1) i s 
integrable. 

5. Invariant submanlfolds 
Let M be an n-dimensional differentiable manifold 

ro 

(1< n <m) and suppose that U i s immersed in M by the immer-
sion i : M M. Let us denote by B the di f ferent ia l di of 
the immersion i* Let us assume that the veotor f i e ld U i s 
tangent to i(M). Therefore we have 
(5.1) U » BU, 

for a vector f ie ld U of M, 

(5.2) v(BX) = 0 , 

for any vector f ie ld X of M and 

(5.3) f (BX) = BfX, 
for a tensor f ield f of M and an arbitrary veotor f ie ld X 
of U. For oonvenienoe, ve oall such a submanifold an invariant 
submanifold with respect to U and v. Similarly, we can define 
an invariant submanifold with respect to V and u. 

T h e o r e m 5.1» An invariant submanifold with res -
pect to U and v of a manifold with f (3 , -1) -s tructure and 
complemented frames { f (3 , -1) ,U,V, u,v} admits a ( f ,U,u)-struc-
ture. 

P r o o f . Let M be an invariant submanifold with res -
pect to U and v of a manifold M with f (3 , -1) -s tructure and 
complemented frames { f (3 , -1) ,U,V, u,v}. 

Now, applying f to (5.1) and using (2.2) and ( 5 . 3 ) , we 
obtain 

0 » fU « f(BU) = BfU, 
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whioh gives 

(5.4) fU = 0. 

Applying f to (5.3) and using (2.1) and (5 .3 ) , we get 

(5.5) BX - u(BX)U - v(BX)V = Bf2X. 

Let us put 

(5.6) X) = u(BX). 

Then, in view of (5 .1 ) , (5.2) and (5 .6 ) , equation (5.5) 
y i e l d s 

(5.7) f^X = X - u(X)U. 

Also from (5*3) we have 

u(f(BX)) = u(BfX), 

which in view of (2.2) and (5.6) gives 

(5.8) fx) = 0. 

Further from (5.1) we have 

u(U) = u(BU), 

whioh in view of (2.3) and (5.6) y i e lds 

(5.9) u(U) = 1. 

Combining ( 5 . 4 ) , (5 .7 ) , (5.8) and (5 .9 ) , we have 

(5.10) 

«V ^ f = I - u ® U j 

fU = 0 , u ° f = 0; 

u(U) = 1. 

Structure s a t i s f y i n g (5.10) i s cal led ( f , U , u ) - s t r u c t u r e . 
T h e o r e m 5.2 . An invar iant submanifold with r e s -

pect to V and a of a manifold with f ( 3 , - 1 ) - s t r u c t u r e and 
complemented frames {f (3»-1) , U,V, u,v} admits a ( f»V.vJ-e t ruc-
t u r e . 
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P r o o f . The proof follows- from the pattern of the 
proof of Theorem 5*1« 

6, Invariant sabmanlfolds of a normal f(3,-1)-manifold 
with complemented frames 

Now we shall compute the expression S(BX,BY) for an in-
variant submanifold with respect to U and v. 

In consequence of (2 .4) , (2*5) and (5 .3) , we have 

S(BX,BY) = [fBX,fBY] - f[fBX,BY] - f [BX,fBY] + 

+ f2[BX,BY] - (du)(BX,BY)U - (dv)(BX,BY)V = 

= [BfX.BfY] - f[BfX,BY] - f[BX,BfY] + 

+ f2[BX,BY] - (du)(BX,BY)U - (dv)(BX,BY)V. 

But in view of (5 .1) , (5.2) and (5 .6) , we have 

(du)(BX,BY) « (du)(X,Y), (dv)(BX,BY) = 0. 

Therefore 
. ^ r j »si . r r+»**>> -t r I rts> f i (6.1) S(BX,BY) = B [fX,fYj - fB[fX,Y J - fB[x,fY] + 

+ f2B[x,Y] - (du)(X,Y)U, 

Hence, toy virtue of (5 .1) , equation (6.1) yields 
„ r » r o r ^ r o . f r c w N » r v N ] rsi rr-»<~ r*> -i N r N N N - i 

(6.2) S(BX,BY) a B{[fX,fYj - f [fX.Yj - f [x , fY j + 

+ f
2[x,Y] - (du)(X,Y)u}. 

T h e o r e m 6.1. An invariant sufcmanifold with res-
pect to U and v of a manifold with normal f(3,-1)-struoture 
and complemented frames ( f ( 3 , - 1 ) , U,V, u,v} admits a normal 
(f,U,u)-struo t ure. 

P r o o f . If a f(3,-1)-structure with complemented 
frames { f ( 3 , -1 ) , U,V, u,v} i s normal, then S = 0. Therefore 
from (6.2) we have 
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(6.3) 
r/M«v N r N w /V T eo r ro **** 
[fxffy] - f [fx,i] - f[x,fr] + 

+ f2[x,Y] - (du)(X,Y)U « 0 

Thns by virtue of (6.3) and Theorem 5.1, the result follows. 
T h e o r e m 6.2. An invariant submanifold with res-

peot to V and u of a manifold having normal f(3,-1)-struoture 
and complemented frames {f(3,-T), U,V, u,v} admits a normal 
(f, V, v)-str uo t ure. 

P r o o f . The proof is similar to that of Theorem 6.1. 

7. f(3,-1)-struoture with metric and complemented frames 
Let M be an m-dimensional differentiable manifold with 

f(3,-1)-structure and with complemented frames {f(3,-1) ,U,V, u,v}. 
Let there exist on M a Riemannian metric g satisfying 

(7.1) g(fX,fY) = g(X,Y) - u(X)u(Y) - v(X)v(Y)j 

for arbitrary vector fields X and Y. Then we call the structu-
re {f(3,-U, U,V, u,v} a f(3,-1)-structure with me trio and 
complemented frames. Let us denote it by {f(3,-1),g,u,v}. 

T h e o r e m 7.1. If a f(3,-1)-structure with metrio 
and complemented frames {f(3,-1),g,u,v} is normal. Then the 
almost product structure t, defined by (3*1) is integrable 
and the manifold M defined by (<j,g) is an almost produot ma-
nifold. 

P r o o f . Suppose that M admits a {f (3,-1) ,g,u,v}-
-structure. In section 3 we have proved that the tensor 
field t, of type (1,1) defined by (3.1) is an almost product 
structure. 

Also, in consequence of (2.2), (2.3), (3.1) and (7.2), 
we have 

g(<;xt$Y) *= g(fX + v(X)U + u(X)V, fY + v(Y)U + u(Y)V) = 
= g(fX,fY) + v(X)v(Y) + u(X)u(Y). 

(7.2) u(X) - +g(U,X), v(X) = +g(V,X) 
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Henoe, in view of ( 7 * 1 ) t w® have 

(7 .3 ) g ( W Y ) = g(X,Y). 

Thus (^,g) defines an almost produot manifold. The r e -
maining part of the theorem follows from theorem ( 4 . 1 ) . 

T h e o r e m 7 . 2 . An invariant submanifold with r e s -
pect to U and v of a manifold having f ( 3 , - 1 ) - s t r u o t u r e with 
metrio and complemented frames { f ( 3 » - 1 ) , g , u , v } admits a 
( f ,U,u)-s tructure with a metric. 

P r o o f . Let i(M) be an invariant submanifold with 
respect to U and v of a manifold M having a f ( 3 , - 1 ) - s t r u o t u r e 
with metrio and complemented frames. The manifold M being 

ro 

a Riemannian manifold with metric tensor g, and i(M) i s also 
a Riemannian manifold with metric tensor g defined by 

(7 .4 ) g(X,Y) = g(BX,BY). 

Replacing X by BX and Y by BY in ( 7 . 1 ) , we obtain 

g ( f BX,fBY) = g(BX,BY) - u(BX)u(BY) - v(BX)v(BY). 

But i(M) being invariant , so using (5 .2) and (5 .3) in the 
above equation, we have 

rvAt , ro ro <-» ^ 

g(BfX,BfY) = g(BX,BY) - u(BX)u(BY), 

which in view of (5 .6) and (7 .4) yields 

(7 .5 ) g(fX,fY) = g(X,Y) - u(X)u(Y). 

Prom the f i r s t equation of ( 7 . 2 ) , we have 

u(BX) = g(U,BX), 
or 

u(BX) = g(BU,BX), 

in consequence of ( 5 . 1 ) . This in view of (5 .6) and (7 .4 ) yields 

(7 .6) u(X) = g(U,X). 

- 480 -



Invariant submanifolds 15 

Also from (7.2) we have 

v(BX) = g(V,BX), 

which in view of (5.2) reduces to 

(7.7) 0 = g(V,BX). 

This shows that V i s a unit normal to the submanifold 
i(M). Now the theorem follows by virtue of the equations 
(7 .5)» ( 7 . 6 ) , (7.7) and Theorem 5.1. 

T h e o r e m 7 .3 . An invariant submanifold with r e s -
pect to V and u of a manifold having f (3 , -1 ) - s t rueture with 
metrio and complemented frames { f ( 3 , - 1 ) , g , u , v } admits a 
( f ,V,v)-s tructure with a metric. 

P r o o f . The proof follows from the pattern of the 
proof of Theorem 7.2. 

T h e o r e m 7.4. An invariant submanifold with r e s -
pect to U and v of a manifold having normal f (3 , -1 ) - s t ruc ture 
with metric and complemented frames { f ( 3 » - 1 ) , g , u , v } admits 
a normal ( f ,U,u)-structure with a metrio. 

P r o o f . The proof of the theorem follows from 
Theorems 6.1 and 7.2. 

T h e o r e m 7.5. An invariant submanifold with re s -
pect to V and u of a manifold having normal f (3 , -1 ) - s t ructure 
with metrio and complemented frames { f ( 3 , - 1 ) t g » u , v } admits 
a normal ( f ,V,v)-s tructure with a metrio. 

P r o o f . The proof of the theorem follows from Theo-
rems 6.2 and 7.3. 
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