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INVARIANT SUBMANIFOLDS OF AN f(3, -1)-MANIFOLD
WITH COMPLEMENTED FRAMES

The f(3,+1)~-manifolds have been studied by Yano [1],Ishi-
hara and Yano [2], Goldberg and Yano (3], [4]) have studied
the f(3,1)-manifolds with complemented frames. Recently, Yano
[5] has obtained certain results on invariant submanifolds
of an £(3,1) manifold with complemented frames. The purpose
of the present paper is to study invariant submanifolds of
an f{3,-1)=-manifold with complemented frames.

In seotion 2 we have defined and studied the normality
of an £(3,~1)=structurs with complemented frames. In section 3
we have proved that such a struocture induces an almost product
structure in the manifold,and in seotion 4 we have studied
the relation between the integrability of this almost product
structure and the normality of the f(3,~-1)=-structure with
complemented frames.

In sections 5 and 6 we have studied invariant submani-
folds of a normal f£(3,-1)-manifold with complemented frames.
In section 7 we have defined the f(3,~1)-structure with me-
tric and complemented frames. We have also established some
results,

1« Preliminaries
In an m-dimensional differentiable manifold M of olass C%,
a tensor field £ (£ # 0, I) of type (1,1) whioh satisfies
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23 -« £ = 0 and is of oonstant rank r, at each point of M, is
called f(3,-1)-structure of rank r and M with an £(3,-1)-
=structure f(3,-1)-manifold.

If we put

(1.1) 1=22 and m=1 - 22,

I being the unit tensor field, Then it can be easily proved
that

(1.2) l1+m=I, 1°=1, w=m 1m=ml = O,

This shows that the tensor fields £2 and I - £2, I being
the unit tensor field, are complementary projection sperators
whioch define two complementary distributions in M correspond-
ing to the projoction = operators ..’.2 and I = f respectively,
The distribition corresponding to f2 is r~dimensional and
that corresponding to I = fz, (m-r)~-dimensional,

Let there exist (m-r) veotor fields U, (a=1,2,ss.,m=2)
spanning the distribution corresponding to I - f2 and (m-r)
1-forms u™ satiafying

[T of
(1.3) 22213 uleUy
o=l
(1.4) £eUy = 0, wof =0, u(Up) = 5;‘.

(s = 1,2,040,m~r), where §> 18 the Kronecker delta.
Then we oall the set f£(3,~1),{U,, u*}an £(3,~1)~structure
with ocomplemented frames and M an f(3,-1)-manifold with come
plemented frames,

Invariant submanifold -

Suppose that an n-dimensional differentiable manifold M
is immersed in a f£(3,-1)-manifold M by the immersion 1:¥ — M,
If the tangent space of 1(M) is invariant by the action of £,
then i(M) is ocalled an invariant submanifold of M,
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Invariant submanifolds 3

In the present paper we aonsider an f£(3,-1)-structure
with complemented frames such that r = m-2,

2, £(3,~1)=-structure with complemented frames

Let M be an m=dinensional differentiable manifold and let
there be given a tensor field f of type (1,1) and of rank
m-2, two vector fields U, V and two 1-forms u,v. If the set
{£(3,~1), U, V, u, v} satiafies

(2.1) fz-I-ueU-voV;
(2.2) fU =0, fV =0, uof =0, Vvof = 0;
(2.3) u(U) =1, v(U) =0, ulv) =0, (V) =1,

then we call {£{3,~1), U, V, u, v} an £(3,~1)=-structure with
complemented frames and X an f£(3,~1)-manifold with complemented
frames.

Let us define a tensor field S of type (1,2) by

(2.4) s(x,Y) = N(X,Y) - (du)(X,Y)U - (dv)(X,Y)V,

where du, dv are 2-forms and N is the Nijenhuis tensor formed
with f, defined by [2]

(2.5) N(X,Y) = [£X,2Y] - £[2X,¥] - 2[X,2Y] + £2[X,Y].

Definition 2.1. If the tensor field S va-
nishes i1dentically, then the structure is said to be normal,
In consequence of (2,2) and (2.5), we have from (2.4)
(2.6) S(X,U) = -£[£X,U] + £2[X,U] = (du)(X,U)U - (dv)(X,U)V.

Let LU denotes the Lie~differentiation with rospedt
to U, Then we have (see [2])
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-2 [£x,U] + £2 [X,U] = f{f[x;ul - [ex,u]} = £(Ly2)x,

(du)(x,U) = X(u(U)) = U(u(X)) - u([X,U]) =

= -{u(

Similarly, (dv)(X,U)

[x,0]) =[u(x),U]} = =@m)(X),

= '(‘tUV) (X)e

Therefore from (2.6) we have

(2.7) S(X’U) = f(ﬂEUf)x + (IUH)(X)U + ‘IUV)(X)VO

We can also prove that

(2.8)  S(X,V) = £Ry2)X + (Lyul(X)U + Zyv)(X)V.

Also from (2.4), we have in consequence of (2.2), (2.3) and
(2.5)

(2.9) u(S(X,Y)) = u( [£X,£Y]) - (du)(X,Y).

But we have

(du)(£X,£Y) = (£X)u(fY) - (£Y)ul(fX) - u( [£X,£Y]),

which in view of (2.2) implies that

u( [£X,2¥]) = =-(du)(£X,fY).

Thus from (2,9} we obtain

(2,10) u({S(X,Y)) = =(du)(X,Y) = (du)(£X,£Y).

Raplacing X by fX in

(2.11) u(S({(fx,Y))

(]

(2,10} and using (2.1), we get -

=(du)}(£X,Y} = (du) (X~-u(X)U - v(X)V,fY} =
~-(du)(£X,Y) - (du)(X,fY) +

a(X)(du) (U, fY) + v(X)(dul(V,fY).
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But we have

{du}{U,2Y) = U u(fY) - (£¥)u(U) - of{[U,fY]) =

u( [fY,U}) - [u(fY},U] = (qu)(ﬁ)o
Simiiarly,

(au)(V,21) = Wqu)(27),

Hence, we have from (2.11)

(2.12) u(S(£X,Y)j = =(du)(fX,¥) = (du)(X,fY) +
+ u(X)(lUu)(fY) + v(x)(.tvu)(fr).

We can aiso prove that
(2.13) v{S(£X,Y)) = ~(dv)(£X,Y) ~ (dv)(X,2Y) +
+ a{XHZyv) (£7) + v(X)(Lyv)(£Y),

Theorem 2,1, Ifa £{3,~1)=structurs with conm-
plemented frames {f(},-i), U, Vs u, v} is normal, then

(20054) iuf = og OCUu = 0’ I}UV = O;
{2.15) Iyf = 0y Lyu =0, Lyv = 03
(2.16) durt =¢, dvaf =0, [UV] =0,

Proof. Let us assume that the f(3,-1)-ctructure
with complemented frames {f(3,-1), u,v, u,v} is normal. Then
from (2,7) we have

f(IUf)X + (IUu)(X)U + (IUv)(X)V = 0,
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which in view of (2.2) end (2.3) implier that

(2017) qu = 0’ JUV = 0, f(eCUf) = 0.

Applying f to the last equation of (2.17) and using (2.1),
we obtain

Iyt = uollyflel = voll £l oV = 0,
or . »
Iyt + {@yulotjoU + {(Xyv)of}oV = 0.
Hence in view of (2.17) we have
(2.18) Lyt = O,

Similerly, from (2.8) we can prove that

(2.19) Ivu = 0, lvv = 0' Ivf = Oo
Let us put
(2.20) (wr£)(X,Y) = w(fX,Y) + w(X,fY),

for a 2-form w. Then in consequence of {2.17), (2.19) and
(2.20), from (2.12) and (2.13), we have

(dujrt = 0 anc |dv)af = O,
Now, computing JU(fV) = 0, we find
(2.21) fotUV = Q.
Applying f to (2.21) and using (2.1), we get
IyV = alLyVIU - v(ZVV = o,
or

IyV = 0, i.e. [U,V] =0,
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3« Almost product struoture 3
Let us define a tensor field ¢ of type (1,1) by

(3.1) (X = £X + v(X)U + u{X)V,

for an arbitrary vector field X.

Theorem 3.1, In order that a menifold M may ad-
mit a f£(3,-1)=-structure with complemented frames {f(3,-1),
U,V, u,v}, it is necessary and sufficient that the manifold
admits an almest product structure { , a vector field U and
8 1-form u such that

u(U) =1 and ullU) = 0,

Proof. Inoonsequence of (2.1), (2.2), (2.3) and
(3.1), we have

(2% = C(tX) = £(£X + V(X)U + w(X)V) +
+ V(EX + v(X)U + u(X)V)U + u(£X + v(X)U + u{X)V)V =
= f2x + w(X)U + v(X)V = X,

Therefore, §2 = 1, Thus { is an slmost product structure.
Also, in view of (2.2}, (2.3) and (3.1), we can easily
verify that

(3.2) (U =V, (V= U;
(3.3) uol=v, vol=u

Conversely, suppose that a manifold M admits an almoet
product structure { , a vector field U and a 1-form u such
that

{3.4) u(u) = 1, u{SU) = 0.

We define a vector field V, av1-form v and a tensor
field f, respectively, by
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(3.5) V = SU,
(306) vV = uo§,
(3.7) f=8l-veU=-unev,

Now, in consequence of (3.4), we have froem (3.5) and
(3.6)

{3.8) u(v) = o, v(U) = 0, v(V}) = 1.

4lso, in view of (3.4), (3.5), (3.6} and (3.8), we have
from (307)
(3.9) fU = 0, v =0, nof =0, vof = 0,

Further, by virtue of (3.6), (3.7) and (3.9), we have

£2X = £(£X) = £{(X - v(X)U - w(X)V} =
= X)) - vICXIU = uX)V = ¢2X - (0od)((X) U +
- {uo ()(X)V = X = u(X)U - v(X)V.

Thus

(3.10) 2 cl-nuelU-ve Ve
Equations (3.8), (3.9) and (3.10) show that M admits
a £(3,-1)=-structure with complemented frames {f(B.-1), U,V,luv}

4. Integrability eondition of ¢

In this seotion, we shall obtain the relation between the
integrability of an almest product structure { and the nor-
mality of the f£(3,-1)-structure with complemented frames,

Let N*(X,Y) be the Nijenhuis tensor formed with { ., Then
we have

(4.1) ¥¥(x,¥) = [¢x, ¢T] = $ [0%,7] =% [x,87] + ¢2[x,1],
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or
(4.2) N (X,Y) = [$X,8Y] = § [$X,Y] ~§ [X,5Y] + [X,¥].

Now from (2.1), (3.1) and (4.2}, we obtain

N*(X,Y) = [£X+v(X)U+u(X)}V, £Y+v(Y)U+u(Y)V] -
- £ [£X+v(X)U+a(X)V,Y] = v([£X+v(X)U+a(X)V,Y])U =
= u( [£X+v(X)U+a(X)V,Y] )V = £[X,fY+v(Y)U+u(Y)V] =
- v{[X, fY+v(Y)U+u(Y)V] U = u([X,2Y+v(Y)U+u(Y)V])V +
+ £2[%,Y) + ul( [X,Y])U + v([X,T])V.

After some caloulations, the aebove expression, in consequence
of (2.3), (2.5) and (2.20), reduces to

(4.3) ¥%(X,Y) = N(X,Y) ~ (du)(X,Y)U ~ (av)X,Y)V +

(dvnf) (X,Y)U + (dunf)(X,Y)V =

+

V(X) (Lyf)Y + (Y (Iy2)X ~

u(X) (L, L)Y + u(Y) (Tyf)X -

{V(X2yvIY = V(D EIX + WD) Lyv)Y -

(T @)X} - (X)L )T - u(Y) (Egu)X +

+

V(XN Lyu)Y = (D) L)X}V - .
- {u(xv(¥) - w(¥)v(n)}[U,V],

Theorem 4.1, If a £(3,-1)=-structure with com~
plemented frames {f(3.-1), u,v, u,v} is normal, then the
almost product structure { defined by (3.1) is integrable,

Proof, Ifa £(3,~1)=structure with complemented
trames {£(3,-1),U,V, u,v} is normal, then from definition
(2.1), we have S = 0.
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Thus by virtue of (2.4), (2.14), (2.15), (2.16) and (4.3},
we obtain
N*X,Y) = O,

Hence the almost product struoture $ defined by (3.1) is
integrable.

5¢ Invariant submanifolds

Let M be an n-dimensional differentiable menifold
(1< n<m) and suppose that M is immersed in M by the immer=-
sion i: M — M, Let us denote by B the differential di of
the immersion i, Let us assume that the veoctor field U is
tangent to i(M). Therefors we have

(5.1) U = BU,
for a vector field U of M,

(5.2) v(BX) = 0,
for any vector field X of M and
(5.3) £(BX) = BfX,

for a tensor field f of M and an arbitrary veotor field X
of 'fﬁ'. For oconvenience, we call such a submanifold an invariant
submanifold with respect to U and v. Similarly, we can define
an invariant submanifold with respect to V and u,.

Theorem 5.1, 4An invariant submanifold with res-
pect to U and v of a manifold with f(3,-1)=-structure and
complemented frames {f(3,-1),U,V, u,v} admits a (?,ﬁ,ﬁ)-struc-
ture.

Proof. Let M be an invariant submanifold with res~
pect to U and v of a manifold M with £(3,=-1)=-structure and
complemsnted frames {f(3,-1),U,V, u,v}.

Now, applying f to (5.1) and using (2.2) and (5.3), we
obtain

0 = £U = £(8U) = BfU,
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whioh gives
(504) £ = 0.

Applying f to (5.3) and using (2.1) and (5.3), we get

(5.5) BY - u(8X)U - v(BX)v = BF3%,
Let us put
(5.6) aUX) = _u(Bi').

Then, in view of (5.1), (5.2) and (5.6), equation (5.5)
yields

(5.7) 2% = X - W,
Also from (5.3) we have

u(£(BX)) = u(BFX),
which in view of (2.2) and (5.6) gives
(5.8) §£X) = o,
Further from (5.,1) we have

a(U) = u(BU),

whioh in view of (2.3) and (5.6) yields

(509) a(ﬁ) = 1-
Combining (5.4), (5.7), (5.8) and (5.9), we have

?2 =l -uw® ﬁ;
(5.10) U = 0, G0F = 0;
&U) = 1.

Structure satisfying (5.10) is called (f,U,uq)-structure.

Theorem 5,2. 4n invariant submanifold with res-
pect to V and u of a manifold with f(3,-1)-structure and
complemented frames {f£(3,-1), U,V, u,v} admits a (f,V,V)-struc-
ture,
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Proof. The proof follows from the pattern of the
proof of Theorem 5.1,

6o Invariant submanifolds of a normal f{3,-1)-manifold
with complemented frames ‘
Now we shall compute the expression S(Bi,BT) for an in=-
variant submanifold with respect to U and v.
In consequence of (2.4}, (2.5) and (5.3), we have

~

s(8%,BY) = [£BX,fBY] - £[£BX,BY] - £[BX,£BY¥] +
+ £2[BX,B¥] - (du)(BX,BY)U - (av)(BX,BY)V =
= [B¥X,BfY] - £[BFX,BY] - £[BX,BF¥] +
+ £2[B%,B%] - (du) (BX,BY)U - (av)(BX,BY)V.

But in view of (5.1), (5.2) and (5.6}, we have

~NAy  mary

(au) (BX,BY) = (dad)(X,¥), (av)(BX,BY) =

Therefore

(6.1) S(BX,BY) = B[fX,#¥] - £B[£X,¥] - £B[X,fY] +
+ £28(%,%] - (ad)(%,3)0.
Hence, by virtue of (5.1), equation (6.1) yields

(6.2) sS(B,3%) = B{[#X,8¥] - F[F%,¥] - £[X,%Y] +
+ £2[%,%] - (du)(x,Y)U}.

Theorem 6.1, An invariant submanifold with res-
pect to U and v of a manifold with normal f(3,=-1)-struoture
and complemented frames {f(}.-1), u,v, u,v} admits a normal
(f,U,0)-structure.

Proof. Ifaf(3,-1)=structure with complemented
frames {f(3,-1), u,v, u,v} is normal, then S = 0. Therefors
from (6.2} we have
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(6.3) (8%, 2¥] - £[£%,¥] - £[X, Y] +
+ $2[%,%) - (au)(X,7)0 = 0.

Thus by virtue of (6,3) and Theorem 5.1, the result follows.
Theorem 6,2, An invariant submanifold with res=
pect to V and u of a manifold having normal f(3,=-1)=-struoture
and complemented frames {1’(3,-1], U,V, u,v} admits a normal
(f,V,7¥)=structure. '
Proof . The proof is similar to that of Theorem 6.1.

7o £(3,-1)=structure with metric and complemented frames

Let M be an m-dimensional differentiable manifold with
£(3,~1)=s8tructure and with complemented frames {£(3,=1),U,V, wvl
Let there exist on M a Riemannian metric g satisfying

(741} g(fX,fY) = g(X,Y) = u(X)u(Y) = v(X)v(Y);

(7-2) u(x) = 'I-G(U,X), V(X} = ﬂ(vsx]!

for arbitrary veotor fields X and Y. Then we call the structu-
re {£(3,=1), U,V, u,v} a £(3,-1)-structure with metric and
complemented frames. Let us denote it by {£(3,-1),8,u,v}.

Theorem 7.1 If a f(3,-1)=structure with metric
and complemented frames {f(3,-1),8,u,v} is normal, Then the
almost produot structure ¢ defined by (3.1) is-integrable
and the manifold M defined by (,g) is an almost product ma=
nifold.

Proof. Suppose that M admits a {f(3,-1),8,u,v}~
=gtructure. In section 3 we have proved that the tensor
field § of type (1,1) defined by (3.1) is an almost product
structure.

Also, in consequence of (2.2), (2.3), (3.1) and (7.2),
we have

e($X,8Y) = g(fX + v(X)U + u(X)V, £Y + v(Y)U + u(Y)V) =
= g(£fX,fY) + v(X)v(Y) + u(X)ul(Y).

- 479 -



14 M¢D. Upadhyey, V.C. Gupta

Hence, in view of (7.1), we have

(703) B(Qig§Y) = B(XQY)O

Thus ({,g8) defines an almost produot manifold. The re=-
maining part of the theorem follows from theorsm (4.1).

Theorem 7.2 An invariant submanifold with res=-
pect to U and v of a manifold having f(3,-1)~structure with
metric and complemented frames {f(3.-1),g,u v} admits a
(f U,N)-structure with a metriec.

Proof. Let i(M) be an invariant submanifold with
respect to U and v of a manifold M having a £(3,=-1)=structure
with metric and complemented frames, The manifold M being
a8 Riemannian manifold with metric tensor g, and i(ﬁ) is also
a Riemannian manifold with metric tensor g defined by

(7.4) 8(X,Y) = g(BX%,BY).
Replacing X by BX and Y by BY in (7.1), we obtain

g(£BX,fBY) = a(BX,BY) - u(BX)u(BY) - v(BX)v(BY).

But i(M) being invariant, so using (5.2) and (5.3) in the
above equation, we have

g(BfX,BFY) = g(BX,BY) - u(BX)u(BY),

which in view of (5.5) and (7.4) yields

~

(7.5) E(f%,17) = E(%,7) - ADIRT).
From the first equation of (7.2), we have

u(BX) = g(U,BX),

or
u(Bi) = g(B’E’I,Bi)’

in conseguence of (5.1). This in view of (5.6) and (7.4) yields

(7.6) ﬁ(i) = 8(E,X)o
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Also from (7.2) we have
v{BX) = g(v,BX),
which in view of (5.2) reduces to
(7.7) 0 = g(V,BX),

This shows that V is a unit normal to the submanifold
i(M), Now the theorem follows by virtue of the equations

(7e5)y (7e6), (7.7) and Theorem 5.1.

Theorem 7.3, An invariant submanifold with res~-
pact to V and u-of a manifold having f(3,~1)=-structure with
metrio and complemented frames {f(3,-1),g,u,v} admits a
(£,V,V¥)=structure with a metric.

Proof, The proof follows from the pattern of the
proof of Theorem 7.2,

Theorem 7.4, An invariant submanifold with res-
pect to U and v of a manifold having normal f(3,~-1)}=-structurs
with metric and complemented frames {f(3,~1),g,u,v} admits
a normal (f,U,d)-structure with a metria.

Prooft,. The proof of the thsorem follows from

Theorems 6.1 and 7.2,
Theoren 7250 An invariant submanifold with res-

pect to V and u of a manifold having normal f(3,~-1)-structure
with metrig End complemented frames {f(3,-1),g,u,v} admits
a normal (f,V,V)~structure with a metria,

Proof. The proof of the theorem follows from Theo-

rems 6.2 and T.3.
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