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1. Introduction

Bxponentigl, gamma and Weibull distributions are generally
consldered to be sultable models in life tests, Extensive
works are available under these models such as Evans and Nigm
(4], Klein and Basu [5), Lawless [6], Lingappaiah [7, 8, 9,

10, 11, 12]. Using these models, many forms of life tests have
been discussed suoh as accelerated life tests, DeGroet and

Goel [2], Moshe Shaked [17], Singpurwala and Al-Khayyal [21],
Nelson and Meeker [18]. Another type is, life tests in batches
of items, some batches missing in between, Lingappalah [13],
singls and double censored and truncated life tests, Lingappaiah
[9] , Nelson and Meeker [18]. Also, sequential life tests are of
another kind, disecussed in Chen and Wardrop [1], Lingappaiah
{14]. Generalised life tests based on Weibull model is con-
sidered by Lingappaiah [15]. Nonparametric approach in life
tests is taken up in Padgett and Wei [19]. Lingappaiah [16]
conglders the analysls of shift in shape parameter of a medel
in life tests.

In this peper, another type of 1life test is treated. That
is, a oyclical 1ife test with k c¢ycles each with p-phases,
Average life is taken as the same for all cyclee in each phase.
While different phases have different average lives. Life test
is here based on gamma model, First of all, a very general form
of life test is dealt with,where the test time period for each
cycle and eaoch phase is different. Next as a special case,
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time periods in eaoh phase for all c¢ycles is taken es same,
That is, now, there are only p +time periods compared to

kp time periods before. As a further special case, exponential
model is considered when the analysis becomes simpler., Using
the Bayesian approach, estimates of the average lives are
obtained. Works of Srivastava [22] and Patel and Gajjar [20]
are shown to be particular cases of our analysis here. The
computation of these estimates by the Bayesian method seems
to be straightforward and more exact as compared to ML
approach-used in [22] and [20] which include iterative pro=-
cess, Bstimation procedure here involves only sucocessive sums
along with certain coefficients whose values are extensively
available with the author, Finally, certain recurrence rela-
tions in the means of different cycles and phases are given,
The main idea of this paper is to set up a most general form
of cyclical life test under gamma model with meny phases and
c¢ycles and then use Bayesian approach for the estimation
purpose and also to show that many special cases are possible,
where the computetion becomes much easier,

2. Distribution

Consider a cyclical 1life test with k eycles and p-pha-
ses in each ¢yocls. Let 81{...,8p represent the failure rates
in phases 1,2,...,p, respectively, for all cycles and Tij
repregant the test time period in i-th phase and j=-th cycle.
Then the test periods can be put 19 the form as follows:

Phases
Cyoles 1, 2' seey h, ooy P
cyocle 1 T11 T21 ese Th1 cee Tp1
CyOle 2 T12 T22 ese Th2 XX sz

(0) :

cycle J T

sz LR Thj see ij

13
cyole k T1k Tzk eee Thk ese Tpk
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Cyclical 1life tests 3

Now the probability density function of the variable ¢,
the 1ife of an item in h-th phase and j-th c¢ycls can be written
as

3) -8, (t-T ) ~1
(1) fhﬁt) = [@h o (B [eh(t'T(h-1)j)]a (P(a))-1]x

x [0(8)wl8gpenesby )]s Tip g3 <t <Tpgs

where §= (61,000,9p) and

p J=-1 h=-1
¢(§) = .]T T-T Zil' W(e1ghoo,eh_1) = ZiJ’
i=1 1=1 i=1
=1
=8,V
(1a) ¢ Zyq = Z o T u(@ivil)q (an)=1,
q=0
Vi1 = T117T(aoag1e Vi1 ® TaTp(a-1)0 Tpo™0s Toy=Tp(ga),
\ i=2,3,....p; 1-‘-1.2.0.0,1{.

If a =1, then (1) reduces to

-8, (t=-T ) -
(1b) fhigz - [She BEa~1)3 ¢(§)$(e1,...,eh_1)],

_ -l =8,V h=1 =8.v
where 0(8) = IE‘; h 8 i ilv $(91.----8n-1) = E e i ij'

®(8), 3(8) correspond to first (Jj-1) cycles and w(01,...,6h_1),
$(91,...,9h_1) correspond to j-th oycle only.

Let o
h 3)
(20 o3 = 2, )<t <fyg) = !a fhit) at =
T(h=1)3

o1
-8,V
= [1 - Z e h_hj(ehvhj)q(ql)'” 0(§)’«P(91n-009h_1)'

=0
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So (2) is of the form Qu(j) = (1= ) dypand can be rewritten as

(3) QI(IJ) ®(§) [W(e1you-peh_1) - W(919~0'9@h)] =

Now the distribution corresponding to (1) is

] LA el N Lol K (3)
(4) Fhit) YD I LD S CL [ IR I T
i=1 1=1 1=1 T(h-1) 4

= (1-8qq) + {299209%00) + (294221724124253) + <o

+<TE|' T ><E|:F 2,4 - T]' Zi;)> ; fjmdcz

1=1 L(b=1)3

' . (3)
=1 - 0(Q)w(8),0500,8, 4) + [ £,(%) at
T(a=1)3
for T(h-1);) <t <Thj and with

(4a) w(Qy) = 1o
Now, using (1) in (4), we get

=1
(4b) ph§23 =1 -S> o ul*

(B3 o (40 41} (1) 1}"
9=0

x ¢(§)W(e1’°"09h..1)°

So (4b) is of the form

Fhi'ﬂ =1 = Zoy.
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Special case (a). Now, in (0) if

i
(5) Tyg o= (3=1T + D Ty,
1=1
whers T = '1‘1 + oos + Tp, then
(5&) vil = Ti for all l = 1,2,00.,k’ i = 1,2'.o-'p;

" Now the distribution function (4b) is

x=1 _g [t-t(h
2 o h[ €(h,J)]

)
) =1 =1

q=0

(6) th [eh{t-e(h,j)}]q (q!)-1 x

j=1
x[¢°(§)] w°(81,...,8h_1), e(h,j) <t <elh+1,3).
So (6) is of the form
j=1
(6a) thgg °(6°)° 70

where £° is ¥ in (4b) under special case (a).
In (6) we have

( p hai
0°(g) = TT 20, elb,d) = (3=1T + > Tys
i=1 i=1
h-1
(6b) < w°(91’ooo’gh-1) = T-l. Zg’
. o
=1 -8, T
23 = 5" o e, (q1)7.
q=0

Special case (b). Suppose o = 1 in speoial case (a), then
(6) reduces %o
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h-1
(7) th%;= 1-exp{-6, [t=e(n,§)]}exp {51002+ 3 eiTi] )
i=1

p h
= 1maxp (=8, t+(3=1) D (8,~6;)T, + O (sh-ei)TJ,
i=1 i=1 i

E(h.J) <t < 5(h+193))

Where 8T = 91T1 + see + @pr.

Now, (7) is exactly the same as in Patel and Gajjar [20].
If p = 2, in special case (b), then {7) reduces to

J -8,%+(j=1)(8,~6,)T
F1$t; = 1 =0 1 12 2’ 8(193) <t<€(2oj)’

(8)
-eat-j(e1-92)w1

3]
F2{t) =1 =-@ ’ 5(2’:]) <t.<E(3,j)=d(T1+T2).

Again (8) corresponds to those in Srivastava [22].

3. Bayesian estimates

Now, consider epecial case (a); from (1), the probability
of a failure in the Jj-th cycle and h-th phase can be written
as

€(h+1,J) -8 t-E(h, ) )
(9) Byy= 0,0 b ] [0, {t=e(n, 3)}] V[P (x)] "ats

L e(h,)
J=1
[0%01] " " [8°(6400008, 1)) =

OL-1 -8 T
= [1 =S e B Be,m )%(a)™Y| [0%(0)] 371 [0, seneisy, o))
q=0
Consored above and below. Let r items fail before the
(m+1)=th oycle and s items survive after (m+k) cycles, then,
by (4),the likelihood function can be written as
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m+k
(10) L(Q,E)BC[Fgm)(mT):I ['ﬂ' T Pi }[1-?&"‘*“’{(-m+k)w}]°
i=1 j=m+1

where ny items fail in the j=-th cycle and i-th s:hase and
T = (T1,...,T ), C 18 a constant. Two terms

[1-1?&'“'""){(m+1:)T}]s in (10} can be written, using (6b), as

r p .|y+s+u
(11) >0 () (-1)“[]’]’ 2$

u=0 i1 J
where
(11a) y = (m+tk=1)s+(m=1)u.

i

Let Ai(oc,n) denote the coefficient of t~ in the expansion

o=1 .12
of ( P I—!) o« Then the Ai(oc,n) satisfy the following recurren-
i=0
ce relation as given in Lingappaiah [8]
=1
(12) hyleyn) = 37 Ay slon=1)(31)7"
3=0

and, from this recurrence relation, tables of values of the
Ai(a,n) are generated for various values of o (integer)

and n. These extensive tables are available with the author.
Entire computation of the results of this paper depends mainly
on these coefficient and, as such, these tables are essential
for thie result. Now (11) can be exprassed as

by p (o=-1)(s+usy) v
(13) Z (E) (-1)" {:TT Z Avi(o"5+u+7)(eiTi) i

u=0 1 0

y [e-(ST)(s+u+y)] ,
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n
where 8T = @1T1 + oee + 8 T 3 the part involving Pigj in

PP
{(10) car be written as

p m+k n rp By
(a) TT TT 23 - lTT (1-z§)] .
i=1 j=m+1 i=1
p _k o (m+3=1)n4 (5,40 LI =1
<1 TT TT {e°e)} N TT {6P(040eee09y 9} |,
i=1 j=1 i=1
where
k
n; = ;g; B4 N = Dytesetny, né = By tecetng
{14a)

j/= m+j’ Ni = n1+o-o+ni, N = N' N = n;+...+nf:,

p

(N is the total number of observations from (m+1)-th to
{m+k)-th cycles). Eq. (14a) can be put as follows:
Cycle

! 1
m+1 n1(m+1) coe ni(m+1) soe np(m+1) n(m+1)=n1

oo

m+j n1(m_+j) XX ni(m+,j) coe np(mj) n'(m+j)=n:_]

mtk By(m+k) oo Bi(mek) *°° np(m+k) B(n+k) =Pk

n1 es e ni cee np/ =N

Now in (14) the middle square braocket term is

( 0 Z(m+j-1)n’j
o+j=1)0, 27
(15) TTTT [oorgy] ™70 . & (29)° -
13 i=1
P w P [(a=1)W r
= TT (Zg) = T]' Z Ari(a,W)(eiTi) 1 . e-(eTw),
i=1 i=1 ri=0

k
where W = N(m~1) + X j(né).
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The first squars braoket term in (14) is

P R

i
(16) T 123 7 =
i=1
P [ g 1, el 2. -@iTili]
1
’ﬂ'! -1) Z Azi(a,li)o(eiTi) e |
i=1 Lli=0 z4=0

The last sguare bracket term in (14) is

p [ i-1 B N-Ny P
(i ] {TI— (zs)} =TT (z9) = “"[' Z eiTi(N'Ni)]x

i=1 L v=1 i=1 =

(a -1) (N"'Ni)

p t.
x TT [ > Ati(oc,N-Ni)(eiTi) 1}.

i= 1 L ti=0

Note in (17), for 1 = p, it reduces to 1.

Now, by (13), (15), (16), (17), eq. {10) can be written
asg

d T u 3 By li
(18) L(8,2) =c > (PU=-n* T[> (li)(-n .

u=0 i=1 li

p
-5 8,T.H
My - O171fy
? Avi?; Ar_tZAtizZ Azi(ei'l‘i) Hei1 J’

i

i i i i
where Hy = [(N-Ni)+(a+u+v)+l.+w] Mi = r-+zi+t.+vi, tp = 0,
Np = N, and sums are read asZ A, (Gi’l‘ ) Vi Z A i(eiT ) Fi

Vi T
and so on. Limits of the sums in (18) are given in (13), (15},

(16) and {17). If x= 1 in (18), (special case {b)), then
Tys Vio 4, z3 all vanish and we hava
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(18a) L(§,T) = c[n..,-m(T@))r e-s(m—k)(T@)]x
P - i - -16 T L (m+d=1)ny4|;
AT (1_e °1T1) R CRICE Al R 13
i=1

5§— log L = 0 in (18a) gives 81 of Patel and Gajjar [20].
i
Taking the priors for (01,...,ep) as

p

-8; 8y~1 -1
(19) a(8) = [T [e 1 Gii [rley)] ]
1=1

we get the Bayesian estimate 6h as

(o, L(8,Ta(g)dg
fi(e,T)a(s)ae ’

D>

(20)

h=

where d§ = d8, ... 46, and f 1is p-fold.
From (18), (19) and {20), we get

_ ™
p|,5 o LPM. +g +8) T '{1~6~(g- -1)}
r e u . 1 ~ 1 ) 1 [} ] [} 1
%—-‘ (u) (-1) .T=T1 (;’_I Zlu)(li) =) i )M'. + 8i v g
(21 §=— - MR
! eh [ TMI MM ) |
D 5 . v g
u n: [T ]
%; (L)(4) J]; (;[E Zn)(li')(-ﬂI M; + g;
i (1+Ti Hi)

if 41 =h
where & ={‘ ed T , T ,L ,Z , L are
1"]0 if i#h 1w Tart Byt Byt Ty
s, &, ¥, Z, T, respectively, in (18). If «= 1,
1i vy Ty ti 24

(special case (b)), then all Vyy Ty, %4, 24 Vvanish and we
have (21) as
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gmmw{

T g G g

1=111; 1 (141,H,) *

p ng 1, {148 (51-1 )}
;TT iv-‘ (11) (-1) { . gi+61
=1 1 (14T,H, )

(22) - Sh =

4. Recurrence relations. Prom (1), whena=1, we get the
r-th moment in j-th oycle and h-th phase as

E(h+1.d) -8 t- (h, )
(23) pfd) = | 61T e a[t-¢ ”o(h.a) dt =
e(h,J)

r
- Q(h.J) Z (i) [E(hpd)]r-i (1 ) ¢
1=0 °b

i
=8, T

q=0
where
h~1
(23a) Q(h,J) = exp H(GT)(J-H + ) '.rie,_H.
i=1

From (23) we get with r = 1

(24) yéd) = Q(h,J) He(h.;i) + T+ %I} (1_g-9hTh> - Th}

which implies the follewing recurrence relations (for j> 1)

B(h,3)
(25) vt(f” = H(;ﬂ ‘°x9<‘9h-1Th-1) B(h-1,J) °*
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where

-9, T,
wTh ; 1
B(h,j) = (1 - : A log.
(25a) (h,3) (1 e ) {sh + (321)T + GhJ T,

For § = 1, use (24) and S, = Ty + eee + Ty, 8, =T, h=1,2,.00,p.

Similarly from (24}, we get

P

(26) pid) = p{3-1) @O0 [5(h 5y B(n, 5210, 35 1.

For J = 1, use again (24).

5. Commente: a) There is quite a large number of perame-
ters such a8 8;,00458,5 Tyseee,T g (Tij' 121,000 9Py Julyeee,k
in the general case), 51,...,gp,m,r,s,a,p,k,niJ', 1=1,0004p,
J=1,250009ke This shows that a large number .of tables ocan
be generated by varying any twe parameters and holding the
remaining fixed.

b) Instead of independent priors for the 84, one can take
dependent prior as

(27) g(g) = e'eP, 0<8y<By< 000 <Sp<o<>o
But now evaluation of integrals in (20) to integrate out
the 8y will be slightly complex.

o) Similar to (21), if the 8, are known, one can get the
estimates of the T, with proper priors for the T,;, in terms
of known 8 -

d) Computer programme for (22) is available for p = 2.
Prom this 8, and 8, are tabulated for different T,, T, and
other parameters. Because of the length of the paper, tables
are not included here., But they are available with the author,:
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