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Some years ago I have proved the following theorem ( [ l ] , 

Theorem 2), Let K be an algebraic number f i e l d , . . ,0^, ft 

non-zero elements of K . I f for almost a l l prime ideals p> of K 

the congruenoe 

k x 

l"f « j i = /i (mod;* ) 

J-1 
i s soluble in integers x.= then the equation 

J 
k x 

i s soluble in integers. I have shown by an example that this 

theorem does not extend to systems of congruences of the form 

k x 

(1) [ 7 i M ^ m o d ? ) ( i = 1 , 2 , . . . , h ) 

j » 1 
even f o r h = 2 , k = 3 . 

R e c e n t l y L. Somer [4] h a s c o n s i d e r e d sys tems of the 

form (1) f o r k = i . The s tudy of h i s work has s u g g e s t e d to 

ma t h a t the c o n n e c t i o n between t.-ie l o c a l and the g l o b a l s o l u -
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2 A. S c h i n z e l 

b i l i t y of (1) may hold i f f o r some i ^ h the numbers a ^ a re 
m u l t i p l i c a t i v e l y i ndependen t . The aim of t h i s paper i s t o 
prove t h i s a s s e r t i o n i n the form of the f o l l o w i n g theorem. 

T h e o r e m 1. Let K be an a l g e b r a i c number f i e l d , 
a i 3 ' / 3 i ( i = 1 , 2 , . . . , h j j = 1 , 2 , . . . , k ) non-ze ro e lements of K 
and assume t h a t f o r some i^s h 

k x 

]~J a ^ ^ = 1, x.j e Z i m p l i e s x^ = 0 f o r a l l i $ k . 
d=i 

I f f o r almost a l l prime i d e a l s of K i n the sense of t he 
D i r i c h l e t d e n s i t y the system (1) i s s o l u b l e >in i n t e g e r s x^ 
t hen the system of e q u a t i o n s 

k x 

(2) P f < x ± i i = J 3 ± ( i = l , 2 , . . . , h ) 
3=1 

i s s o l u b l e i n i n t e g e r s . 
The f o l l o w i n g c o r o l l a r y i s almost immediate . 
C o r o l l a r y . I f the system of congruences 

a J s s ^ f m o d ^ ) ( i = 1 , 2 , , . . , h ) 

i s s o l u b l e i n i n t e g e r s x f o r almost a l l prime i d e a l s p> 
of K then the system of equa t i ons 

a * = fi± ( i = 1 , 2 , . . . , h ) 

i s s o l u b l e i n i n t e g e r s . 
Somer [4] has proved the above c o r o l l a r y under the 

assumpt ion t h a t e i t h e r none of the a ^ ' s i s a r o o t of un i ty 
or a l l the a re r o o t s of u n i t y . 

The next theorem shows t h a t Theorem 1 cannot be extended 
f u r t h e r . 

T h e o r e m 2 . For every k > 2 t h e r e e x i s t non-zero 
r a t i o n a l i n t e g e r s ( i = 1 , 2 ; j = 1 , 2 , . . . , k ) such t h a t 
o ^ o , . . . , o u k a r e m u l t i p l i c a t i v e l y i n d e p e n d e n t , the system (1) 
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3 

with h = 2 is soluble for all rational primes j, , but the 
system (2) is unsoluble in integers. 

In the sequel denotes a primitive q th root of unity. 
For a rational matrix M den U denotes the least common 

T 
denominator of the elements of M and It the transpose of M. 

The proofs are based on eight lemmata. 
L e m m a 1. For every rational square matrix A there 

exists a non-singular matrix U whose elements are integers 
in the splitting field of the characteristic polynomial of A 
such that 

(3) U"1AU 

n_ 
with A^ a square matrix of degree 

(4) 
1 

(9=1,2,...,n) 

where the empty plaoes (not the dots) are zeros. 
P r o o f (see [5], § 88). The elements of U can be 

made algebraic integers, since the left hand side of (3) is 
invariant with respect to the multiplication of U by a number. 

L e m m a 2. Let L^L^.M^e Z[t1t...,tr] (3=1,2,...,k) 
be homogeneous linear forms and M. (j=1,2,...,k) linearly J indépendant« If the system of congruences 

( V ,...,tr) = L0(t1,...,tr)(mod m) 
¿ = 1 
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4 A. Schinzel 

(52) XjMj(t1..>tI>) s O(mod m) 
3-1 

is soluble In x.j for all moduli m and all integer veotors 
tlien Lo " r 

P, r o o f . Let L^ « EL ljBtB (O^J^k), Mj -
r 

= X L nijB
t
8 Taking if necessary « » 0 

for s>k we can assume that r>k. Sinoe M^'e are linearly 
independent we can assume also that the matrix 

is non-singular. Put 

M * fm, 1 

M*-[>U • 
k<s«r 

hJ-u 
k<s¿r 

lo " [lo1',,,»lok]' lo = ^lok+1*,,,»lor]' 

Let K be the splitting field of the characteristic polyno-
- 1 

mial of LM . In virtue of Lemma 1 there exists a matrix U 
wiiose elements are integers of KQ such that 

(6) U~1LM"1U = 

n _ 

where Av of degree is given by (3) (v = 1,2,...,n). 
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Systems of exponential congruences 5 

We proceed to show that I = 0 and = 0. Let us write 

¿0iT1U = [ i v . . . , i k ] . 

Suppose that ¿Q i 0 hence lQM D |i 0 and let the least ae^k 
for which l j 0 satisfy 

(7) 

(8) 6* - H P,a< * « H • 

Let p be a prime which factorizes in KQ into distinct prime 
,-1 ideals of degree one which divide neither den 

numerators of 1£ and of ^ and l k for k>ae. 
Take the modulus m = and let t := [ t 1 . . A e Z 

satisfy the congruence 

nor the 

T , „k 

(9) U"1M t = 

0 
1 
P 

P 
0 

(mod p > ) , 

where ¿t i s a prime ideal factor of p in KQ. Since p> is 
unrati f ied of degree one and does not divide den M""'' the con-
gruence is soluble in rat ional integers. Take further 

(10) 

Setting y L7i»"*t?k. 
systsa (5) in the fore 

x. 1U we can rewrite th 
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A. Schinzel 

y {U"1LM"1U)(U"1M^) • Z0ii'1U(U"1Mr)(mod 

/(iT^Mf) s 0(mod pP») f 

henoe by (6) - (10) 

, 4 JH ( a - < y 1 
( 1 V 2 ( v + p 

j-e^+1 

2 13P (mod^?*), 
d- V 1 

fy+ i . j-e-,-1 
(112> > '• = 0(mod > . 

3- ffy+1 

The le f t hand side of (11^) is congruent mod ¿»P" to the le f t 
hand side of (112) multiplied by (A^+p). Since A^1 ^ O(mod^) 
it follows that 

, I jP = 0(mod ¿>?v)t 

henoe O(mod^) contrary to the choice of ? » 
Therefore lQ - 0 and it remains to prove that ¿* = 0 . 

Assume without loss of generality that 

l o r * 0. 

Choose a rational integer A 4 A-p (v = 1 ,2 , . . , ,n) and take 

(12) m = 2|lor| den(L-^M)"1 >0 , 

T 
f*= [ p , . . . ,0,den(L-W;)~1] . 
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Systems of exponentiel congruences 7 

With this choice of t* we can find a te Z such that 

(L-M)t = AM*t* - 1ft* 

and then the system (5) gives for * = [x.j,.... , x k ] 

xMMf+• M*>*) = l o r den(L-¡\M)~1(mod m), 

hence 

x (Li t + M*f*) = 0(mod m), 

1 den(L-*M)~1 O(mod m). 

The obtained contradiction with (12) completes the proof. 
L e m m a 3. For every rational square matrix A there 

exists a non-singular integral matrix U such that (3) holds 
with Av a square matrix of degree ç>v ( in general not the 
same as in Lemma 2) , 

(13) A, = 

V1 1 

- a V 2 

9v 
9»to3 x is a power of a poly-. h « W Q x » ' • £ 

3 0 = 1 J 

nomial irreducible over Q. 
F r o o f (see [5 ] , § 88). The form of the matrix A has-

been changed by applying central symmetry (matrices symmetric 
to each other with respect to. the common centre are s imilar ) . 
U can be made integral via multiplication by a suitable in-
teger. 

L e m m a 4. Let L0,L^,M^e Z [ t ^ , . . . , t r ] ( j = 1,2 , . . . ,k) 
be homogeneous linear forms, l i . ' s l inearly independent. Let u 
a , a . , b . e Z ( j =1 ,2 , . . . , k ) and w be a f ixed positive integer. u j j 
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8 A. Schlnzel 

I f for a l l moduli m = O(mod w) and for a l l inieger vec-
tors [t-j»• • • »"tp] the system of congruences 

k 
{ 1 V ZL x j ( L o ( t 1 » * , * » t r , + a 3 ^ s L o { t 1 » * " ' V + a o w { m o d m ) ' 

3-1 
k 

(14 2 ) ^ i j l M j l ^ t f ) + bj J ) = 0(mod m) 
3=1 

i s soluble in integers x^ then LQ = 0 and aQ = 0(mod w). 
P r o o f . When m runs through a l l positive integers 

divis ib le by w, m/\n runs through a l l positive integers , hence 
applying Lemma 2 we in fer that LQ = 0 . In order to show 
a s 0 mod w we adopt the meaning of L, L*, M, M* from the 
proof of Lemma 2. 

In virtue of Lemma 3 there e x i s t s a non-singular integral 
matrix U such that 

(15) U"1LM~1U 

n 

where A » of degree <?v i s given by (13) . We can assume without 
loss of generality that aV ( ? v = 0 , > 9 v f o r v«nQ and 

o<i,?v i 0 for V > nQ (nQ may be 0 ) . I t follows from the condi-
9v 

t ion on x 

( 1 6 ) 

+ ZL a . 
9y-3 

3=i n that 

Av = 
1 

(1 v*sn 0 ) , 

where the empty places are zeros as before. Now put 

- 384 -



S y s t e m s of e x p o n e n t i a l c o n g r u e n c e « 

( 1 7 ) t - 1 

" a r v " V 
• • 

i T 1 
• • 

« = • • i T 1 • = • 

• • • • 

_ a k . _ a n . A . . V 

w h e r e f o r v> = 1 , 2 , . . . f n 

(18) 

Take 

( 1 9 ) 

and put 

(20) 

( 2 1 ) 

w h e r e 

(22) 

l v1 

• V 

V1 

m a w den d e n U~1 l . c . m . den A~1 

n 0 < v * n 

V 1 
ffl = mo , 

t = 

" V " u r " W 
• 
• = M~1U 

• 
• , t * . 

• 
• = 0 , 

• • • 

V _ * r . 

1 mo 
uv = A  av w — U < v < n ) 

and f o r u ^ i e a v e c t o r w i t h componen t s and t h e j - t h 

c o o r d i n a t e 

9v 
u . = — y -" m 

» j w o 
i - j 

9-,-i+G 
( a v i - m o b v i ) ( 1 < j < 9 V ) . 
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10 A. Schinzel 

Since by (19) u ys0 mod den M"1 ( l ^ v ^ n ) the vector t 
defined by (21) is integral. Moreover by (16), (18) and above 
we have 

m f m ' \ 
(23) A V u 9 + a v — ^ — - m0 I u „ + J 

Setting 

LX1 xk]D " L*1 »• * * ,xnJ • 

where xf is a vector with components and using (15), 
(17)» (20) and (21) we can rewrite the system (14) in the 

f 0 r m „ <?1+1 V ?1+1 

Vs- ( mo \ mn / <?1+1\ 
X» (AV u» + - H - J 5 S0 - V " (m0d V J » 

=1 \ 

n 

ZL (+ -̂hr- W (*°d 

V =1 \ ' 

In virtue of (22) this gives 
m9, m ' +1 

( 2 4 i ) T . a » 0 w ) s a o 0 w fm°d m!1 ) ' 
V = 1 

no , ?1+1 \ ?1+1 

(242) Y L 
— m 

I t/i) + b, ° _ » ^ «»•«• w 
r=i 

55 ) *v> ( iv 1 ~ Ap) ° w (mod m( 
»=nQ+1 

In virtue of (23) the l e f t hand side of (241) equals the l e f t 
hand side of (242) multiplied by mQ. Henoe 
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11 

91+1 

W s mo I * » V A v " bv) lm o d m0 ) ' 
" - V 1 

Since by (19) the vectors (A"1 Op - 6v) ^ are integral we 
get 

9 I+1 
1 

w = 0 I mod oQ j, a = 0(mod w), 

which completes the proof. 
L e m m a 5. For every integral matrix A with a l l 

the k rows linearly independent there exist unimodular 
integral matrices B and C suoh that 

(251 B"1A C 

'1 

where the elements outside the principal diagonal are zeros, 
ek 4 0 and e ±|e i + 1 ( 1 ^ i < k ) . 

P r o o f . Without the condition ek 4 0 the lemma is 
proved in [ 5 ] , §85. The condition e^ i 0 follows from t h # 
linear independence of the rows of A. 

L e m m a 6. let L ^ e z [ t 1 , . . . , t r ] ( 1 « i « h , 0 < j « k) 
be homogeneous linear forma and suppose L ^ ( 1 - < j ^k ) linearly 
independent. Let l ^ e Z ( K i ^ J i , I f the system of 
congruences * 

( 2 6 ) L x j ( L i o ( t i V + ^ 
0=1 

- L i o ( t l « * " » t r ) + 1 i o w" ( m o d m) . ( ^ « i ^ i » ) 

is soluble for a l l moduli m s O(mod w) and for a l l integer 
vectors [t •)>••• » ^ J t h e n t^sre exist integers ( l ^ j ^ k ) 
such that 
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12 A. Sohinael 

(27) 

and 

(28) 

j -1 

L ^ 1 « " i i o ( B o d w ) -

P r o of— Let 
r 

( 2 9 ) L13 " L "3«*- A -
8=1 l i s s r . 

In virtue of Lemma 5 there exist unimodular integral matri-
ces B, C suoh that (25) holds. Let 

(30) B - 1 
"V "V _t1" _ti" 
• 
• « 

• 
• . c-1 • 

• -
• 
• 

• • • • 

_V .V 

[ a o 1 , . . . , a o r ] C = [ o 1 t . . . , o p J . 

Setting [ y y k ] - [ x 1 t . . . , x k j B we get from (25), (26) 
and (30) 

( 3 1 ) £ + w) - £ «8*8 + ^10 W <»od 
8=1 

Assuming that c„ are not a l l zero for s>k and that 6 i s 
the least index > k suoh that cff i 0 we take m » 2w ek|ce|, 
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Systems of exponential congruenoes 13 

t : 

- £ f o r s é k t e j w 

1 f o r 6 

and get from (31) 

O for s > k, s 

OQ * 0 mod 2|og|» 

a contradiction. Therefore cf l • 0 fo r a l l s>k and taking 
b i m m « 2wek, tjj « ~ g V f o r w e ®et fI>om (31 ) 

i - 1 3 

henoe 

(32) l 1 t ) » ^ - ^ ( m o d w+). 

Finally taking o • we^ and fo r a fixed J*gk 

m «Ir O 8 , iC . « . 
W 8 *Í 

w e 
8 

0 

i f 8 ^ J , e é è ; 

i f s > k, 

we get ftom (31) and (32) 

j j e k == c j ek y ' eJ ^mod ek'» 

Cj/e^eZ. 
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A. Sohinzel 

Integers ^ defined by 

[ ^ • • • • » ^ I c ] * [ o 1 / e 1 , . . . f o J t / e j £ ] B " 1 

s a t i s f y (27) and (28) for i = 1 in virtue of (25) , (29) , (30) 
and (32) . Take now and consider the Bystem of two con-
gruenoes: 

k 

Y L x d ( L i j ( t 1 * P , + 1 i j $ s L i o ( t 1 » - ' " V + liow W " 

> 1 

k 

- V l a o d a ) 0=1 
and 

k 

L ^ W - — V + - l 1 J 5 ) - 0 ( « o d m). 

3 = 1 

If [ x ° , . . . , x ° ] i s a solution of the system (26), the above 

system has the solution [ x ® - ^ , . . . » henoe i t i s soluble 
for a l l moduli m and a l l integer vectors [ t 1 , . . . , t r ] , Since 
L ^ are l inearly independent we have in virtue of Lemma 4 

k k̂  
L i o " E ^ o L i j = 0 a n d Ho - H K^ii s ° < m o d w ) » 

„ J-1 3=1 
thus (27) and (28) hold for a l l i 4 h . 

L e m m a 7. In any algebraic number f i e ld K there 
e x i s t s a multiplicative bas i s , i . e . such a sequence 
t h a t any non-zero element of K i s repres-entea uniquely a s 

r x 
^ l~~f j , wnere x, are r a t i o n a l i n t e g e r s and 5 i s a r o o t 

6= 1 
of u n i t y . 

F r o o f : see [ 3 ] . 
L e m m a 3, Let A be an a l g e b r a i c number f i e l d , 

w the number of r o o t s of unity conta ined in K, w = 0 .nod 4 , 
r. 1 p o s i t i v e i n t G g e r , 
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Systeme of exponential congruences 15 

er « (w,n, l.c.m. QK{ ̂  ) xKj). 
q | nfq prime H 

If 

(33) - n s O mod(w,n)l.c.m. [&($_):K] 

q|ntq prime H 

and a 1 , . . . , a r t K have the property that 

x r x (34) 5 w° f7 aaB*Va/<S, r^K implies x^s x2 = . . . = x r = O(modn/e) e=1 

then for any integers o 1 , « . . , c r = 0 mod 6 and any oQ there 
exists a set of prime ideals <f. of K($n ) of a posit ive Di-
riehlet density such that 

( t ) „ = 5»S 

P r o o f . This is a special case { ^ e K) of Theo-
rem 4 of [2 ] . In this theorem only the existence of in f in i -
tely many prime ideals with property (35) is asserted, 
but the existence of a set of a positive Dirichlet density 

V 

is immediately clear from the proof based on the Ce'ootarev 
density theorem. 

P r o o f of Theorem 1. Without loss of generality 
we may assume that e K and that ( j = 1 ,2 , . . . ,k ) are 
multiplicatively independent. Let us set 

<36) « i 3 = i w i 3 0 ! > s i 3 e . h f [ " s 1 8 . 
8=1 3=1 

where w i3 the number of roots of unity contained in K 
and jts are elements of the xu l t ip l i ca t i ve basis described 
in Lemma 7. lake en arbitrary modules m = 0(mod w) and set 
in Lemma 8 

h = c a . , where m.. = l . c .m, (p-1 ) 
o<?, p prime 
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16 A. Sohinzel 

and P i s the greatest prime factor of m. Since every prime 
factor q of n s a t i s f i e s q^P the number n s a t i s f i e s (33). 
The condition (34) i s olearly sat i s f ied b j o 0 « jt0 ( l ^ s ^ r ) . 8 B 
Henoe for any integers o 1 t . . « ( o r = 0 mod w there exists 
p-^et S of prime ideals cy. of K($fl) of positive Diriohlet 
density suoh that 

(37) 

The ideals j> of K divisible by at least one tyeS form a set 
of positive Diriohlet density, henoe by the assumption there 
exist integers x^ sat isfying 

PI " id* 3 - ("°d ( i « 1 , 2 , . . . , h ) 
3=1 

for at least one a. e S. It follows from (36) and (37) that 

L X d ( L W a + a i d o f ) s 

>1 vs»1 ' 

r 

8=1 

Now take o s «= wn^g (1«£s«£r), 

r 

- w YL "ii"*« 
S»1 

r 
(38) 

L io = 
So 1 

It follows that for a l l moduli m b 0 mod w and a l l integer 
vectors [_*•)»•• "^e system of congruences 
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Systems of exponential congruences 17 

k 

> 1 

i s soluble in i n t ege r s x^. Since the numbers oc^ are mul t i -
p l i c a t i v e l y independent the l i n e a r forms L ^ are l i n e a r l y 
independent Kenoe by Lemma 6 there e x i s t i n t ege r s 
§1 »•••»£]£ such tha t 

k k 
H ^ L i j = L i o a n d H ^ a i j o s b i o ( m o d w ) 

I t fol lows from (36) and (38) tha t s a t i s f y the sy-
stem ( 2 ) . 

P r o o f of Corol lary . In view of Theorem 1 i t remains 
to consider the case when f o r each i«»h the number oĉ  i s 
a root of uni ty . But then e i t h e r there e x i s t s a pos i t ive i n -
teger such tha t 

of * = d ^ i ^ h ) 

or the system of congruenoes 

« l * - / 8 ! ( m o d / > (1 < i =sh) 

i s soluble only f o r prime i d e a l s g> dividing 
w 

r r g . c . d . (a * - / 3 ) . 

P r o o f of Theorem 2* Since here K = Q we wr i te p 
ins tead of p, and denote by p^ the j t h prime. We take 

a 11 = " 1* a i j = Pj-1 y31 « -1 , 

«21 = 2* a 2 j = 1 ( 2 < J < k ) , ) 8 2 - 1 . 
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18 A. Schinzel 

For p = 2 (1) has the solution x^ = 0 For p>2 
we consider the index of 2, ind 2 with respect to a fixed {pri-
mitive root of p. If ( i n ( j P 2 1 p- i ) i B o d d» ( 1 ) has a solution 
determined by 

^ ( indP2%-1) *8 e v e n » (U ^as a s o l ü t i o n determined by 

x1 = 0, x 2 i n d 2 = (mod p-1) , x^ = 0 ( 3 « 3 « k ) . 

On the other hand (2) i s c l ea r l y unsoluble. 
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