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1. Introduct ion 
Let C be a non-empty se t of r e a l f u n c t i o n s def ined on 

a se t M and rQ - the weakest topology on M such that a l l 
f u n c t i o n s from C are continuous . By scC we denote the family 
of a l l f u n c t i o n s of the form co(a.j ( • ) , . . . , a Q { • ) ) where 

coe C ° ° ( R n ) , . ^ „ „ , ^ 6 0 and n = 1 , 2 , . . . . Next, by CA we 
denote the s e t of f u n c t i o n s def ined as f o l l o w s : f e C ^ i f f 
f tA —— R, AcM and, f o r any point p e A , there e x i s t an open 
s e t U d p i n M as wel l as a func t ion a e C, such that f |A n U = 
= a | AH U. 

R, S i k o r s k i in the paper [6] introduced the concept of 
d i f f e r e n t i a l space (see a l s o [ 4 ] ) . As i s known \\2\ , an 
ordered pa i r (M,C) i s c a l l e d a d i f f e r e n t i a l space i f C= (scC)j 
and then the s e t C i s c a l l e d a d i f f e r e n t i a l s t r u c t u r e on the 
t o p o l o g i c a l space (M,r ) . c 

Analog ica l ly as in the theory of C ° ° -mani fo lds we i n t r o -
duce a concept of a vec tor tangent to (M,C) at a point p 
of M a s an R - l i n e a r mapping vsC —1- d s a t i s f y i n g the condi t ion 
v(a /}) = a ( p) v(y3) + / 3 ( p ) v ( a ) f o r a n y a , / 3 e C . Ihe symbol (I£,C)p 

denotes the tangent space to (M,C) at the point p. 
I f (M,C) i s a d i f f e r e n t i a l space and A a subset of M, 

then (A,C a ) i s s a id to be a d i f f e r e n t i a l subspace of ( i l , C ) . 
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Let (li,C) and (N,D) be differential spaces. Then the map-
ping f:M —1-N is oalled a smooth mapping of the differential 
space (M,C) into the differential space (N,D) if /3°feC for 
an arbitrary ¡i e D. Now if f is a bijeotion and f and 
f"*1 are smooth mappings, then f is called a diffeomorphism. 

In paper 5o] the author introduced the conoept of a dif-
ferential spaces of the class D Q as the largest olass of 
differential spaces, containing the class of all differentiab-
le manifolds, for which the theorem on diffeomorphism is ful-
filled. In that paper it was proved, too, that the differen-
tial space (M,C) is of class D Q iff for any peM, there exist 
an open set U a p in M and a C°° -manifold X such that 

(1) U c X , 
(2) dim X = dimU.-eijy, 
(3) Cjj = {Ceo<X))(J. 

2. Some equivalent conditions in subcartesian spaces 
Let (M,r) be a topological space* A family U of mappings 

is called an atlas on the topological space (M,r) if the 
following conditions are satisfied: 

(1) if (peU than <p is a homeomorphism of a set-D^er 
onto a set $o(B^)cRn (not necessarily open), 

(2) M = U Dep. 
peU Y 

(3) if <p, y e l l , then cp° 6 C°° (y (D^ H J)^), ^(D^)). 
It is known that if 11 is an atlas on the topological 

space (lil,T)t then there exists exactly one maximal atlas U^ 
on (i.i,r) such that Hell 

Nov/, a pair where 11̂ , is a maximal atlas on the 
topological space (ii,r), is called a subcartesian space and 
the maximal atlas Vy - a subcartesian structure on (M,r). 

.he definition of a subcartesian space accepted here 
differs from the corresponding definition introduced in [5] 
in xhat our definition does not demand the topological space 
(i..,r) to be Hausdorff. Let us observe that from our defini-
tion it results, however, that any subcartesian space is 
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a T . - s p a o e and l o c a l l y comple te l y r e g u l a r one (T 1 ) , which 
1 i— •'2 

means t h a t any f i n i t e subse t of M i s a c l o s e d s e t ; 
E x a m p l e 1 . Let i = { x e R : 0 < x < l } , a 1 f a 2 ^ i » 

and a^ i a 2 , Let us put M = i u { a . j , a 2 } and l e t now 

9 ± : IU { S i } — IU {1} 

f o r i «= 1 , 2 be mappings such t h a t |I = i d j ; moreover, l e t 
cp±(a±) = 1 f o r i •= 1 , 2 . In the s e t M we i n t r o d u c e the weakes t 
topology w i t h which i = 1 , 2 , a r e homeomorphisfos of the 
s e t s D<p̂  = i u {a^J , i = 1 , 2 , open i n U onto the s e t X U {l} • 

I t i s c l e a r t h a t M i s not a Hausdorff t o p o l o g i c a l space 
because the p o i n t s a^ and a 2 have no d i s j o i n t and open n e i g h -
bourhoods, Of course M i s a s u b c a r t e s i a n space determined by 
the a t l a s U = {g^,^}. 

E x a m p l e 2 . Let B., = i * I U { ( 0 , 0 ) } , Bg = 
= i x i u i x {o} and M = B.|U B 2 . Let now ^ = id^ f o r i = 1 , 2 . 

Next , we i n t roduce the weakest topology on M such t h a t map-
p ings vf^, y £ w i l l be homeomorphisms of the open s e t s D^ = B.̂  
i = 1 , 2 , onto B^. i 

Now, of c o a r s e , M i s a Hausdorff t o p o l o g i c a l s p a c e , but 
i t i s not r e g u l a r because the point ( 0 , 0 ) and the c lo s ed s e t 
i x {o} i n M have no d i s j o i n t open ne ighbourhoods , M i s e v i -
d e n t l y a s u b c a r t e s i a n space determined by the a t l a s 11 ={y-|»V2. 

Let M be a s u b c a r t e s i a n spaoe and l e t U be an a t l a s on M 
t h a t i s where U^ i s a s u b c a r t e s i a n s t r u c t u r e on M. Put 

(1 ) C°° (M) := { f : M—— R f o p " 1 e C 00 ( 9 { D^))} . 

D e f i n i t i o n (1 ) i s c o r r e c t because i t does not depend on 
the cho i ce of the a t l a s U on M Q l ] . I t i s not d i f f i c u l t 
to show t h a t C°°(M) i s a l i n e a r r i n g over R of cont inuous 
f u n c t i o n s on M, c lo s ed w i t h r e s p e o t to the l o c a l i z a t i o n and 
s u p e r p o s i t i o n w i t h smooth f u n c t i o n s on R n , n = 1 , 2 , . . . , t h a t 
i s C°°(M) = ( s c C ~ ( M ) ) M . 
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Now, let us denote by r the weakest topology on M 
C~ (M) 

such that a l l funotions from C°° (M) are continuous* Of course, 
there is an inclusion r c r , where r is the topology 

C°°(M) 
of the suboartesian space M. 

As is known, a subcartesian space M is said to be a 
C00 (M)-regular i f , f o r any point pel l and fo r an arbitrary 
closed set PcM, p 4 F, there exists f e C ° ° ( U ) such that 
f ( p ) = 0 and f ( q ) » 1 for any q e F, 

Now we shall prove the following 
P r o p o s i t i o n 1. I f M i s a suboartesian space, 

then the following conditions are equivalent 1 
(a ) r = r , C (M) 
(b) M is a C0 0 (M)-regular topological space, 
(0) II i s a completely regular topological space, 
(d) M is a regular topological space. 
P r o o f . (a ) = s » ( b ) . Let pQ be an arbitrary point 

of M, and F an arbitrary closed Bet of M and pQ e P. Then M\P 
is an open set in M and p„e M\P. Sinoe T =T , there 

0 C°° (M) 
exists a sequence of functions f 1 , . . . , f j £ e C°° (M) and £ Q > 0 , 
such that 

P0€ V ( p 0 , f 1 f . . . , f k } £ 0 ) c M \ P , 

where V (p 0 , f 1 f kJ £0) : = { x e M | max | f ^ k j - f ^ pQ)| < eQ) 

i s an open set in M. Consider a mapping 

4>(x) = ( f 1 ( x ) , . . . , f k ( x ) ) 
jr 

for x M. Let 9 be a metric on R defined as follows 

?(/J,A) = max | A. -
-Uisk 1 1 

I» 
where /\ = ( ̂ , . . . j , /u= . j , . . . k ) and . Of course, 

f k 1 M the set A := j A e A : ,<£( dq ) ) > £Q f is a c losed set in R* 
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oo k 
So, there e x i s t s a function u 0 « C (H ) such that 

w0(#(p0)J • 0 and6j0(?i) = 1 for any e A. 
Now, putting f Q » coQo $ , ve have f Q e C°°(M), and f 0 ( p 0 ) =0 

and f Q ( x ) = 1 for any x e P , Hence M i s a C00 (M)-regular topo-
l o g i c a l space. 

The implications: (b) => (c) and (c) =^>'(d) are t r i v i a l . 
So, i t remains to prove the implication (d) = > ( a ) . To thiB 
e f f e c t , i t i s su f f i c i ent to prove that i f V i s an arbitrary 
open set in M and pQe V, then there ex is t a sequence of func-
t ions f 1 , . . . , f j £ 6 C°° (M) and t Q > 0 , such that pQe V(pQ j f 1 . . 
. . . , f k » £ 0 ) c V. 

Of course, there e x i s t s (p 6 U^ such that po&WcV where 
W = Dp, Since the subcartesian spaoe M i s , by assumption, 
a regular topological space, there ex is t open neighbourhoods 
UQ and U1 such that p0&UQ and MXWcU.,, and U ^ ^ = 0 . Next, 
W i s a subspace of the subcartesian space M and, besides, i t 
i s at the same time a C00 (W)-regular subcartesian space [ j l ] . 
Then there e x i s t s a function g€C°°(W) s.uch that g(pQ) = 0 
and g(x) = 1 for any xeW\UQ . Let us put 

f g(x) for x e W 
f (x) = 

| 1 for xeM\W. 

Now we shal l show that the function f thus defined, 
belongs to C°°(M). In f a c t , there e x i s t s an a t las U on M 
such that i f cpeli , then D^cW or D^cU^ So, i f D^cW, then 

f o p - 1 = g o ^ " 1 £ C M ( ( p ( D j , ) ) since geC°°(W). Now, i f D^cU.,, 

then f o p - 1 = const, and, consequently, f o C°° (^(L^)) . 

Hence feC°°(M) and the sought-for neighbourhood i s then of 
the form V { p Q j f > . Q.fi.D. 

C o r o l l a r y 1. I f a subcartesian epace M sa-
t i s f i e s any of the equivalent conditions of proposition 1, 
then i t i s a d i f f e r e n t i a l space with the d i f f e r e n t i a l s t ruc-
ture C°°(M) defined in ( 1 ) . 
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From P r o p o s i t i o n 1 and from the f a c t t h a t any s u b c a r t e s i a n 
space i s a l o c a l l y complete ly r e g u l a r t h e r e r e s u l t s 

C o r o l l a r y 2 . Any s u b c a r t e s i a n space M i s a 
l o c a l l y d i f f e r e n t i a l s p a c e , i . e . f o r any point p M, t h e r e 
e x i s t s an open s e t Us p i n M such t h a t (U,C°° (U) ) i s a d i f -
f e r e n t i a l s p a c e . 

In paper [jo] it was proved t h a t , f o r any subset A c R n , 
n = 1 , 2 , . . . , ( A , ( C ° ° ( R n ) ) A ) i s a d i f f e r e n t i a l space o f 
c l a s s XL. o 

So , we o b t a i n 
C o r o l l a r y 3 . Any s u b c a r t e s i a n space M i s l o -

c a l l y a d i f f e r e n t i a l space of the c l a s s DQ. 
C o r o l l a r y 4 . I f a s u b c a r t e s i a n space M s a -

t i s f i e s any of the e q u i v a l e n t c o n d i t i o n s of P r o p o s i t i o n 1, 
then i t i s a d i f f e r e n t i a l space of c l a s s DQ. 

Moreover, the f o l l o w i n g p r o p o s i t i o n i s t r u e . 
P r o p o s i t i o n 2 . Let M and N be s u b o a r t e s i a n 

spaces and l e t f s M — - N be a smooth mapping, p e M. I f the 
mapping Tpf : Mp -—— N ^ p j i s an isomorphism, then t h e r e e x i s t s 
an open neighbourhood of the point p i n M such t h a t the 
mapping f | y : U — - f ( U ) i s a dif feomorphism. 

P r o o f . I t i s s u f f i c i e n t t o observe t h a t the theorem 
on diffeomorphism wears a l o c a l complexion and t h a t any sub-
c a r t e s i a n space i s l o c a l l y a d i f f e r e n t i a l spaoe o f c l a s s 

REFERENCES 

[ l ] N . A r o n s z a j n , P . S z e p t y c k i : Theory 
of B e s s e l p o t e n t i a l s , part IV , Ann. I n s t . F o u r i e r , 25 
(1975 ) 2 7 - 6 9 . 

\_2 ] R . E n g e l k i n g : General topology , PWN, Warsaw 
(1976) i n P o l i s h . 

[ 3 ] S . K o b a y a s h i , K. N o m i z u : Foundations 
o f d i f f e r e n t i a l geometry, I n t e r s c i e n o e , Hew York ( 1 9 6 3 ) . 

- 374 -



Conditions in suboartesian spaces 7 

[ 4 ] S. U a o L a n e s Differentiated spaces, Notes for 
Geometrical Mechanics, Winter (1970), p.1-9 (unpublished) 

[ 5 ] C.Ch. M a r s h a l l t Calculus on subcartesian spa-
ces, J. Diff. Geom., 10 (1975) 551-574. 

[ 6]R. S i k o r s k i t Abstract co variant derivative, 
Colloq. Math., 18 (1967) 251-272. 

[ 7 ] R . S i k o r s k i t Differential modules, Colloq. 
Math., 24 (1971) 45-79. 

[ 8 ] R. S i k o r s k i t An introduction to differential 
geometry. Warsaw, (1972) (in Polish). 

[ 9] P.G. W a l o z a k t A theorem on diffeomorphism in 
the category of differential spaoes, Bull. Aoad. Polon. 
Sei., Ser. Soi. Math. ABtronom. Phys. I, 21 (1973) 
325-329. 

[10] P.G. W a l o z a k t On a class of differential spaces 
satisfying the theorem on diffeomorphism, Bull. Acad. 
Polon. Sei., Ser. Sei. Math. Astronom. Phys. I, 22 (1975) 
804-814. 

[11] A. T r a f n y , Z. ¿ e f c a n o w s k i t 0 rowno-
wa±no£oi kategorii przestrzeni subkartezjanskich i kate-
gorii przestrzeni roäniczkowyoh klasy DQ, Zeszyty Nauk. 
Wyi, Szkoiy Ped. Kielce (to appear). 

[12] W. W a l i s z e w s k i : Regular and ooregular map-
pings of differential spaces, Ann. Polon. Math., 30 
(1975) 263-281. 

INSTITUTE OP MATHEMATICS, UNIVERSITY OF LÔDÎ, 90-238 LÔDÎ 
INSTITUTE OP MATHEMATICS, TECHNICAL UNIVERSITY OP WARSAW, 
00-661 WARSZAWA 
Reoeived October 20, 1984. 

- 375 -




