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1. Introduction

Let C be a non-empty set of real functiocns defined on
a set M and Tg = the weakest topology on M such that all
functions from C are continuous, By scC we denote the family
of all functions of the form w(q1('),...,an(°)) where

o>eC‘”(Rn),vd1....,ane:C and o = 1,2,s.. « Next, by C, we
denote the set of funoctions defined as follows: fe Cy iff
ftA — R, ACM and, for any point pe A, there exist an open
get Uap in M as well as a function e C, such that £/ANU =
= | ANU,

Re Sikorski in the paper [6] introduced the concept of
differential space (see also [4]). 4s is known [12], an
ordered pair (M,C) is called a differential space if C= (8cC)y
and then the set C is called a differential structure on the
topological space (M,té).

Analogloally as in the theory of C*® -manifolds we intro=-
duce a concept of a vector tangent to (i,C) at a point p
of M as an R-linear mapping v:C — r satisfying the condition
viap) = a{p)v(p) + B{p)v(x) for any o, AeC., The symbol (M.c)p
denotes the tangent space to (M,C) at the point p.

If (M,C) is a differential space and & a subset of i,
then (A,CA) is said to be a differential subspace of (M,C),
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Let (M,C) and (N,D) be differential spaces. Then the map~
ping f:M —— N is called a smooth mapping of the differential
space {M,C) into the differentiasl space (N,D) if Bofe C for
an arbitrary BAebD, Now if f is a bijection and f and
£=1 are smooth mappings, then £ 1s called a diffeomorphism,

In paper [10] the author introduced the concept of a dif-
ferential spaces of the class D as the largest olass of
differential spaces, containing the class of all differentiab-
le manifolds, for which the theorem on diffeomorphism is ful-
filled, In that paper it was proved, too, that the differen-
tial space (M,C) is of class Do iff for any pe M, there exist
an open set Us p in ¥ and a C® -manifold X suoch that

(1) Uck,

(2) dim X = dim(M,eiﬁq

2. Some equivalent conditlons in subcartesian spaces

Let (M,7) be a topological space., 4 family U of mappings
is called an atlas on the topological spaeé (M,7) if the
following conditions are satisfied:

(1) if @e U than ¢ is a homeomorphism of a set-Dq, €T
onto a set ¢(D¢)CRD (not necessarily open),

(2) w = ) p,

peU

(3) if p,yelU, then @o y=le ¢ (w(D(.pﬂDw), p(Dy) ).

It is known that if U is an atlas on the topological
space (li,T), then there exists exactly one maximal atlas uM
on (ii,7) such that UC Uye

Kow, a pair (&, U s where U, is a maximal atlas on the
topolecgical spasce (i,T), is called a subcartesian space and
the meximal atlas Uy ~ a subcartesian structure on (k,T).

The definition of & subcartesian space accepted here
differs from the corresponding definition introduced in [5]
in that our cefinition does not demand the topological space
w.,T) to be Hausdorff, Let us observe that from our defini-
ticn it results, however, that any subcartesisn svace is

ot o=~
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a T1-space and looally completely regular one (T31), which

means that any finite subset of M is a closed set?
Example 1. Leti:{xeR:0<x<1},a1,'a2¢i,
end a, # ase Let us put M = 1 U{a1,32} and let now

Py 3 iU{ai}————iU{ﬂ

for 1 = 1,2 be mappings such that goili = id;; moreover, let
<pi(ai) =1 for i = 1,2, In the set M we introduce the weakest
topology with which Py i=1,2, are homeomorphisms of the
sets Dy, = U {ai}, i = 1,2, open in M onto the set I U {1},

It is olear that M is not a Hausdorff topologlical space
because the points a4 and 8, have no disjoint and open neigh-
bourhoods., Of course M is a subcartesian space determined by
the atlas U = {@1,¢2}.

Example 2, LetB, = ixiv{(o,00}, B, =

= Ixiuix{o} and i = B,U B,. Let nowy, = 1dp for 1= 1,2,

Next, we introduce the weakest topology on M such that map-
pings Yir Vo will be homsomorphisms of the open sets DlJJi = By,
i1=1,2, onto Bi‘
Now, of course, M is a Hausdorff topologioal space, but
it is not regular because the point (0,0) and the closed set
Ix {0} in M have no disjoint open neighbourhoods, M is evi-
dently a subcartesian space determined by the atlas U ={\y1,w2_}
Let M be a subcartesian space and let U be an atlas on M,
that is UCZIM where uM is 8 subcartesian structure on k. Put

o0

(1) C® (M) :={f: M——R |Vpel fop™te ™ (p(Dy))} .

Definition (1) is correct because it does not depend on
the choice of the atlas U on M [11]. It is not difficult
to show that C* (M) is a linear ring over R of continuous
functions on M, closed with respsct to the localization and
superposition with smooth functions on R®, n = 1,2,..., that
is C* (M) = (scC™ (M))ye
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Now, let us denote by T the weakest topology on M

such that all funotions from C* (M) are continuous. Of course,

there is an inclusion r - )c T, where v is the taqpology
C (M
of the suboartesian space M,

4s 1s known, a suboartesian space M is said to be a
€~ (M)-regular if, for anmy point pe M and for an arbitrary
closed set Pc M, p¢F, there exists fe C°° (M) such that
f(p) = 0 and £(q) = 1 for any qe F,

Now we shall prove the following

Proposition 1. If M is a suboartesian space,
then the following conditions are equivalent:

(a)

T =T,
c™ (M)

(b) M is a C*(M)=-regular topological space,

{c) M is a completely regular topologioal space,

(d) M is a regular topological space.

Proof. (a)=(b). Let P, be an arbitrary point
of M, and F an arbitrary closed set of M and Py € P, Then M\ F

is an open set in M and Po€ M~F., Since T - () =T, there
C” (M

exist: a sequence of functions f,...,f € €% (M) and £ 0,
such that

Py € V(po,f1,...,fk; £,)C MN\F,

where V(p,,fiyeeesfyscy) 1= {xe M| 8 | £40k)-2;(p )| < €.}
is an open set in M. Consider a mapping

9 (x) = (f1(x),-oo.fk(X))

for x M. Let o be a metric on R defined as follows

o lusr) = |z A3 = Mqls

where 7\= (21"..’7\1()’ /U= ({U1,.oo,{uk) and )\,,,UeRk. Of COU.I‘SG,
the gcet 4 := {xeﬂkzqﬁx ,@(po))zao} is a closed set in RX
830¢(DOJ¢AQ
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So, there exists a function w e c” (Rk) such that
Wo(¢(py)) = 0 andw (2} = 1 for any Ae4.

Now, putting £ = w,o¢, we have f e c” (M), and £,(py) =0

and fo(x) = 1 for any xe F, Hence M is a C (M)=-regular topo-
logical space, _

The implications: (b) = (c¢) and (¢) =>'(d) are trivial,
So, it remains to prove the implication (d) => (a). To this
effect, it is sufficient to prove that if V is an arbitrary
open set in M and Py € V, then there exist a sequence of func-

tions fiyeea,fye C™ (M) and ¢, >0, such that p e V(p jf qeee
coosyd 5°)C Ve

Of course, there exists pely such that pye WCV where
W= D(p'. Since the subcartesian space M is, by assumption,
a regular topological space, there exist open neighbourhoods
U, and U, such that p e U, and MN\WCU,, and Uoﬂ Uy = ¢ . Next,
W is a subspace of the subcartesian space M and, besides, it
is at the same time a C* (W)-regular subcartesian space D1].
Then there exists a function ge C™ (W) such that g(po) =0
and g(x) = 1 for any xe WU . Let us put

g{x) for =xeW
f(x) = ‘
1 for xel™W,
Now we shall show that the function f thus defined,
belongs to C™ (M), In fact, there exists an atlas U on M
such that if el , then D(pcw or D, U1. So, if Dgpcw, then

fop™t = gop™teC™ (p(Dy)) since ge € (W), Now, if DpC U,

then fo¢'1 = const., and, consequently, fo ¢-1-e c” (go(L'y,)).
Henoce fe C™ (M) and the sought-for neighbourhood is then of
the form V(po;f;ﬂ. QeElDs

Corcllarcry 1. If a subcartesiar space M sa-
tisfies any of the equivalent conditions of proposition 1,

then it is a differential space with the differential struc-
ture C (M) defined in (1),
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From Proposition 1 and from the fact that any subcartesian
space is a locally completely regular there results

Corollary 2. Any subocartesian space M is a
locally differential‘apace, i.,e. for any point p M, there
exists an open set Us p in M such that (U,C *°(U)) ims a dif=
ferentianl space.

In paper [10] it was proved that, for any subset ACRD,
D= 152,000 (A,(C°°(Rn))A) is a differential epace of
class Do'

So, we obtain

Corollary 3. Any subcartesian space M is lo~
cally a differential snace of the class Dye

Corollary 4. If a subcartesian space M sa=-
tisfies any of the equivalent conditions of Proposition 1,
then it is a differential space of class Do‘

Moreover, the following proposition is true,

Proposiltion 2e Let M and N be subcartesian
spaces and let £ : M —— N be a smooth mapping, pe M. If the
mapping T £ s+ M ——*—Nf(p) is an isomorphism, then there exists
an open neighbourhood of the point p 1in M such that the
mapping fIU st U— £f(U) is a diffeomorphism,

Proof. It is sufficient to observe that the theorem
on diffeomorphism wears a loocal complexion and that any sub-
cartesian space is locally a differentisl space of class

o, (9]
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