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The paper is concerned with the uniqueness of solutions
{belonging to an appropriate .Sobolev space) to the first
Fourier problea for a divergence structure guasi-linear para=-
bolic system of differential~-functional equations in a cylin-
dric domain possibly unbounded.

The theory of differential-functional equations and ine-
qualities of parabolic type was originated and develaoped by
Je Szarski [5—9]. These topics were also treated by other
authors (e.g. [1, 11-13]).

In all the papers guoted above the functionals appearing
in the equations act only on the unknown functions and the
solutions are meant in the classical sense. In our paper tas
uniqueness is proved in a more general function class - a So=-
bolev space, Moreover, our functionals act both on the unknown
functions and their first order x~derivatives. Also the sys-
tems treated here are more general than those of the mentioned
papers, since they are not assumed to be weakly coupled. Even
in the particular case of the differential systems (not con-
taining the functionals) our result is more general because
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of the same reasons as above (of. [10]). The results concern=-
ing such general differential and differential-functional sy~
stems are however obtained mainly due to an inoreasing ocondi-
tion which, apart from the solutions, is imposed on the first
order x-derivatives of the solutions as well.

The method used here is an adaptation of those applied
in [1], [10]. 1

n a. 2 2
Lot t € CO,IDy X = (Xqy00eyX )€ R and (x| = (;; xi> .
=1
Denote by 2 an arbitrary open set (bounded or not) of the

space RZ. We define.Qt1't2 = Qx(t1,t2), Qg = Qo,t’

Q = Qx(0,1), Q% =Qn{ixi<r), ¥ =2%x(0,T), 5§ =3Qx(0,T).
Further, we define u(x,t) = (u1(x.t),...,uN(x,t)) =

= (a¥(x, 00}, u(x,t) = (.§1(x,t).....u§n(x.m, w (x,t) =
= (u;(x,t),....tg(x,t)). Let a vector function u be de~

fined on Q. Then for any fixed t e (0,T) we denote by u(+,t) =
= (u1(-,t)....,uN(-,t)) the funotion u(O,t)tan-——u(x,t)eRn.

The symbols u:(°,t), (k = 15000,N) and nx(°,t) are defined
similarly.
We shall treat of the uniqueness of solutions for the

following Fourier problem
n

(1) ug(x’t) = Z a——i:Af(xvt!u-(xyt)!ux(xvt)vu("t)9&("t)) +
i=1

+ Bk(x,t,u(x,t),ux(x.t).u(‘.t).ux(’.t)), (XQt)) Q,

{2) uk(x,t)'s = 0, uk(x,o) =wg(x), X e Q2

for kK = 14.40,N, where Ag, Bk, vg are given f»,mctions.

The boundary of ¢ is assumed to be smooth in the sense
‘of the following definition

Defimnition 1 (2], pe224). Let ¥ be an
open set of Hn”. The boundary 3F of F will be sald to Dbe
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Differential~-functional equations 3

smooth, if there exiet: numbere ¢ >0, M>0, an integer N and
a ssquence (Vi):;1 of open sets such that

1) if xc¢3F, then the ball B(x,c) with the center at x
and the radius ¢ belongs to Vi for a certain i,

2) no point of RP*! belongs to more than N sets Vo
3) for any 1 there is a set

Fy -{(g,Q)eRn+1:Q>;oi(§), genn}
such thet the function ¢; is Lipschitz continuous with the
Lipschitz constant Mi M and Viﬂ Fa Viﬂ Fi.

We shall denote by W; 1(Q ) the Sobolev space of (scalar)
functions belonging together with their first order weak de~
rivatives to the space 12 (QT). Purther V1'°(Q ) will atand

for the Sobolev space of all functions neasurable on Q .
continuous with Tespsct to t in the norm of 12(Q") and
having the finite norm

ICY

= max Ju(*,t)| + lla_l| .
v1:0(Q")  oster R ol Rl
]

The continuity of u with respect to t in the norm L2(Qr)

means that

flu(e,t+h) = u(*,t)} —~0 a8 h—0,

2,0%

The space V1’°(Qr) is the closure of W1'1(Qr) in the norm
2 2

of v3eOe") ([3], p.15).
Definition 2. TLet E2(K,A;Q) denote the class

of functions u = (u1,...,uN) measurable on ¢ and such that
N
2 2
fz C(uf)” + | u:l 1 exp(-K¢*)dxdt<oo ,
Q k=1 1
2 2
where ¢ = (x| + 1) .
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Definition 3. A function ¢ wilil be said to

belong to the class ¢(Q), if
° pe Wz’ (Q)y

2° there exists r(p) >0 such that ¢ = 0 on AN R

3° the trace of ¢ on the plane t = T and on the sur-
face S is equal to zero,

Definition 4, A functionu = (u1,...,uN)
defined on the set Q will be called a weak solution in this
set to the Fourier problem (1}-(2), if uke V;’O(Qr)

{k=1,ee.,N), for any », and, for any sysfem of functions
(¢k)§ belonging to ¢(Q), the following identities are sa-
tigfied

(3)e/°[f“ vy + ¢:15§(x'tou,uxvu('.t).ux(°,€){]dx v +
i=t

f\y k(x,O)dx:f;okBk(x,t,u,ux,u(',t),ux(°,t))dx dat,
Q
k=1,.oo,No
We make the following assumptions.
Assumptlon H,. Let Ag(x,t,u,p,v,q)
{i=1,eeeyn} k=14ee0,N) be measureble in (x,t)e ¢ and conti-

nuous in the remaining variables: ue.HN, pe.&n+N

2 X n+N
e(Lloc(Q)> s 4 e< loc(§”> » There exist positive con-
stants », Bo’ B, C, K and O <) <2 such that

(1) Z. Z 1‘-pl> [Ak(x tyU,y0yV,q) - Ak(xw»N.a.V,’é)]z
i=1 k=1
n N N
I L 2 / 2
222—4 (p§> - B 9’\! Z ('1 - u\) +
i=1 k=1 k=1
N . \ n N . -
. A ok
DI LR & FS S N WM THELH M
k=1 i=1 k=1
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1
2 A 2
mNre|mnKI-<ngﬂx)) exp(-K,Mdx) ,

(11) | aK(x,t,0,p4v,9) = a5(x,8,5,5,7,4)|<

N 2-2 n
sc<9§:|u ~ilj+o 2 Z:Z:I%-%l+
1=1 j=1 1.1
2=-p» n N
2 zilﬂvl-leK +o 2 ZE; 2{:1|9§-5§HK > ’
=1 3=1 1=1 1

131,...’11; k=1,.oo,No

Assumption H,. Let Bk(x,t,u,p,v,q)
(k=1,e¢0,N) be measurable in (x,t) and continuous in the
remaining variables (as in Assumption H1). There exists po=-
sitive constants D, K1 and 0 <2 <2 such that

l Bk(x’tvuopovo‘” - Bk(x,t.ﬁoﬁﬁ.a)K

N 2 n N
co (9 Y It +g2 3 ) [odesdl +
1=1 i=1 1=1
A b N
1.1 2 .
c PNy e, +0® ) 2 lsil } KeTyeee R
1=1 izt 1l=1

Assumption Hj lyg eLioc(Q).

Now we shall show that Assumptions H1, H2 ensure tne
measurability of the integrands in identities (3).

%e denote by M(¥,F) the linear space of functions measu-
rable on X with the range in the space F.

Lemma 1. Let F be a separable metrizable space,
Suppoes that a functional f:Q x RNx K ——-R1
conditions:

satisfies +two
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[o2Y

{i1) for any ue RN, veF the function f(x,t,u,v) is
measurable in (x,t),

(ii) for almost =21l (x,t)e ¢ the function f is conti-
nuous in (,v),

Then for erbitrary fixed measurable functions ucsM(Q,RN),
ve (<0,v>, F) the function f : Q-*-R1, where f(x,t) =
= f(x,t,u{x,t), v(t)), is measurable.

rProof. Let u(x,t)} be measurable on Q and let vePF,
fhen r(x,t,u(x,t),v(t)) is a measurable function., Indeed,
let (u,) be a sequence of step functions such that un(x,t)—*-
—~—u{x,t) as nH—=co almost everywhere on Q. By (i), the
functions £ {x,t) = £(x,t,u (x,t),v(t)) are measurable on G.
Further, (ii) implies that 1lim f(x,t}) = flx,t,u(x,t),v(t}))

—

almost everywhere on Q. Let %O:M (0,17>, F). Then, by virtue
of the theorem 23, of [4], there is a sequence (3,) of step
functions belonging to M (<0,T>, F) such that Iult) —73,(%),
as n—=oo , in the metric of the space ¥, for almost all

t e <0,1Ds By the previous facts the functions gn(x,t) =

= f(x,t,ulx,t}, yn(t)) are measurable on (. This and (ii)
imply that 1lim gn(x,t) = f(x,t,u{x,t), yo(t)) for almost

n—=co

all (x,t)e Q, and whence, in view of the theorem 23 of [4]
the measurability of the function f(x,t,u,(x,t), yo(t))
follows. The proof of the lemma is thus completed.

Corollary Te By Assumptions H1 - H2, Lemma 1
and Corollary 1 of [4] the functions

"

{*) Kg(x,t) Ag(x,t,u(x,t), ux(x,t), u(*,%), ux(',t)),

(* ) §k(x,t) Bk(x,t,u(x,t), ux(x;t), u(e,t), ux(',t))

L]

(i=1,¢0040; k=1,0..,) are measurable on &.
Theorenm 1e If Assumptions H1 - H2 are satisfied
and L <®, where L = B g° o* exp(-K ¢”)dx, then the Fourier

problem (1)-{2) has at most one solution in the class
8,(K,23G) with 0<K<K,.

-~ 358 -



Differential~functional eguations I

Remark 1. If in equations (1) there appear the
functionals of the form

k

Ay = Af(x,t,u,ux,u(°,t)),

k

B = Bk(xstou’uxou(.'t)o ux('vt))’

then the condition L <2 in Theorem 1 is superfluous. If,
moreover, BK = Bk(x,t,u,ux,u(',t)) (k=1,¢e4,N), then the
problem (1)-(2) possesses at most one solution in the wider
class

S .
E‘Z(K,%;Q) ={u fZ (u.k)2 exp(—KQA) dx dt<°°j’.
Q k=t

Proof of Theorem 1. Let u, i be any solutions of
problem (1)~ (2), of class u2(K 23Q) and let w = u - . We
shall write Ai(u), B (u) short for the right-hand sides
of (*), (*x) respectively. According to the definition of
a solution, for any system of functions (cpk)h which belong
to the class ¢(Q) we have the equalities

IZ“’% d”“fZZsox k(u)-ua)) dx dt =

| k=1

N
- J'Z q,k(Bk(u) - Bk(ﬁ)>dx dt.
¢ k=1

A function g defined on ¢ being given,we introduce its
averages:

t+h
gy(x,t) = ¢ [ s(x,7)dr, 0<h<s, (x,1)etq_g
t
t
h 1f ey .
t) = — T)}d7T G<h<é X)€@ .
8 (X, ) n g, g(x, ) y S . VX, ) Qd’rl\
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We shall meke uss of the following property of the averages
([3]9 pe167).

If functions f, g together with their sguares are summable
in the interval {=6,T) and one of them vanishes in the inter-
vals (~6,0> and<{ 7=5,1>, tken

T -5
ff(t)gh(t)dt - J £, (t)g(t)dt.
0 0

As the test functions in (4} we take ((pk)h (k=1,.04,N}, where
(p e¢(Q_6T), (x t) = O for t<0 and t> T-6. The first in-
tegral in (4) is transformed in accordance with the mentioned
property of the averages as follows

z h
-J.f WK [(65) 1y dxdt =
0Q

- Te
- ifsf (w¥) pkaxat = pr (wE),, pFaxat.
0Q 0 Q

Here we took the advantage of the fact that, if ueVé’O(Qr),
then uhe\vg'1(Qg_5) (see Lemma 4.7 of [3], p.101) and of
the properties of ¢ . Consequently, (4) can be rewritten as

-5 &

(5) f IZ (wE), gotaxdt +
Q —

. ff!

f Z o B (u) - B¥(@)], dxdt.

Mz

n
Z ® i[ (u) - Ai(u)]h dxdt =

k i=1

[}
-
[N

=2

Equality (5) holds for arbitrary functions ¢ e¢(Q -5, o) such
that ¢ (x.t) 0 for t<0 and t>T-6,
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Differential-functional equations 9

We shall construct special test functions for (5). To
this end we extend functions uk and ﬁk in the following way

WE(x,27-t), te{T,T+65),
ﬁk(x,t) = uk(x,t) , 1 <0,T,
L(x,=t) , te (=6,0D,
i*(x,20-t), te (T,T+&,
W (x,t) = WE(x,8)  , te<0,TD,
i(x,=t) , te=6,0
Note that since ut, W e V;'O(QfG'T+6) for all r therefore

(Wk)th (G - Kk)hGEW%’1(QfG3T) for all r, Further, suppose
E(x,t) is a non-negative smooth function defined on the zone

R™x(0,T) with bounded support while

st , o<t<l,
1 1
1 —<t<t, - =
Js(t) iy ' s 1 s ?
1
s(t1-t), t1 --s—étét1,
LO ’ t;>t1,

with t,<T-5, Notice also that @, = o
s s

Now it is easy to see that functions
(6) K(x,t) = (#5) E 3_(t), (x,t)eqQ (k=1,0ee,X)
§Ds ’ = h 8 ? ’ _G’T pecey
have all the properties required from the test functions
for (5). Let us substitute funotions (6) into (5) and let

8—= oo o Hence, by Assumptions H1, Hz,we obtain for any
t1$T-6
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1 N
(7) IZ (wk)ht(wk)hgdxdt +
0 Q k=1
4 n ¥
* f Z. Z. [(wk)hﬂ [Ai(u) - Ai(“)] dxdt =
0Q i=1 k=1
t N
=S ) et [BRw) - 35@)] ), axat
0 Q k=1

Now we transform the first integral in {(7) in the following
way

b N 'y x
ff Z (wk)ht(wk)hgdxdt = ;—f Z {[(wk) } p dxdt =
09 kei 05
N ¢ . x
%IZ[ N “tax “%IIZ[("’ £y dxdt.
k=1 © 0 & k=1

From Assumptions H,, H, and Lemma 4.7 of [3], p.101, it

follows that (w'{)h—--wk in the norm of the space V;’O('Qr),

[A}i((u) - Al;(ﬁ)}h Af(u) - Ali((ﬁ) in the norm of L2(Qr),

[Bk(u) - Bk(a)]h———Bk(u) - BY(&) in the norm of L2(QT) with

any r. Therafore in (7) one can take the 1imi: as h — 0,
Thus, for t, e{0,T=6>we got @

N
(8) %bszl‘[wk(X,t1):l ZE(XQt“)dX - ;—
=9

N 2
f Z (wk) gt dxdt +
2 k=1
v n X
+f f Z (w“g)xi [A‘{(u) - A‘i‘(ﬁﬂdxdt =
k=1

0 Q i=1

b

1

C\
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Yy ¥
=J‘ f Z wkg[Bk(u) - Bk(ﬁ)]dxdt.

0 2 k=1

Equality (8) also holds for % ¢ (0,T>. To this purpose it is
sufficlent to extend, in (4), the funotions u and i onto
the interval {0,T+5) in the same way as it was done in the

construotion of the test functions gol;. Having extended funo-

tions O and 4 we then extend functions A{ and B¥ onto

{0, T+5>. Reasoning as before leads to (8) with tye (0,
Let us define t(x,t) = 2#{x) G({x,t), G(x,t) =

= exp{-K ¢? e”t), where K <K< K, and 7{(x) is of class Cz(Rn)

such that O<y(x)<1, 7(x) = 1 for Ixl<>r, 7(x) = O for

1 x|> 1+l Ia*x(x)|s 7o ¥, being a constant independent of 1.
Denote

X
T in —, T)o
K

IS

Rjer

1-min(

By the inequalities

2
(a) ab <t a? +:_e s £>0,

(b) exp(-K1 97‘) <G(x,t)<exp(=KoM, te (0,2[‘1>,

and Assumptions H,, H,, the third and fourth integrals in (8)
can be estimated as follows

13>zf1f 3 ;‘ <':1>2 dx dt -
t
- B, f gg) Zl‘wk (° ,t)HK dxdt +
09 i,k

«Z:f 59 [Z (w€)2 ZHw (-.t)HK }dxdt +
- ”Zf‘\: %] 15, [f\:l oE v |+
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2=)
+?lell 49?2 Z”"l(’oﬂux +
1 1 1
2=)
+po 2 :;1, “wij(-.t)uxj dxdt >
1
%
2—;-— (42+L){Efa~ G 1Z‘,k (':1,2 dxdt +
$ .
- % (2243L) f1f G Z (w: )'2 dxdt -
02 ix 1
t
SFPNENEY
t.' 2
-NCIIQG Z |qxi| (w¥)" dxdt -
ik
t : t1
l.l{f 3'G 97‘2 (wk)2 dxdt +f f G Z (wk)2 dxdt +
k 0Q k

0 Q

t
1
2
+ f Z‘ [xxi| 92'3 G(wk) dxdt],

0o 1,k

where the positive constant 1(1 depends on ¥, Bo’ B, C, n,
N, 2 and K., Then we have

t
! 2
09 K 1 =
kN
+ 97‘; llwl(-,t)[1K1 + 9221 “wii(.'t)HKJ dxdt <
1,
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t t
suz{ff 76 9‘2 (w")2 dxdt +f1f GZ (w")2 dxdt} +
0 Q K 0Q X
t
+%(2-L)[{1;! g‘Gik(wi\f dxdt +
b4
t, . \
+. f G (w: dxdt_l .
0 1T,x 1 J

M2 being a positive constant depeading on =, Bo, Dy n, Ny A
and XK, Taking into consideration the estimates of I3 and 14
we obtain from (3), for ty e (0,T1>,

(9) % Z[wk(x,t1)}23(x)G(x,$1)dx +
2 k
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t

- 2
+ (M +X¥ )[f a“G SQL (wk) dxdt +
k

0@
t

+.Jz1f GZ(wk)2 dxdt +ff Z; ITxI 92 Aa(wk) dxdt}
k ’

0Q
Notigce that for a sufficiently large My WO have
1
2{My+My5) - 5 K, <04

Moreover, since weEz(K,MQ), for any £¢>0 there exista r
80 large that

T N 2
(m1+u2){f f 6 o) (wk) axdt +
0

QT+ T k=1
To N
+J f GZ(wk) dxdt]<z,
0 et k=1

T
0
2
2= k (3
+ (l1+l(2)f f G 9 E I'gvxil (w?) dxdt<y,
0 or+l\gr 1,k

T (3z+21) f f (w:i>2 axdt <¢ ,

(0] Q\Qr i=1

a N

Z Z G Ig'xil <w§3>2 axdt<—§"- .

Qr+1\ .331 k=1

c%e
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Differential-functional aquations 15

K
. 1

where T = min (uo v 4 1ln F T> . Consequently, from (9)
we obtain

N 2

k —_
ZE: (w') Gax| _<¢ for %e(0,T)) and any .
t=t
of k=1

N 2
This means that J’E:: (w*) G dx = 0 in (0,2,). We have thus
& k=1

shown that u = i on 52x(0,T°). If T, = T the proof is com-
plete. In case T°<-T the proof is obtained after a finite
number of repetitions.
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