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The paper i s concerned with the uniqueness of so lu t i ons 
(belonging to an appropr ia te .Sobolev space) to the f i r s t 
Four ier problem f o r a divergence s t r u c t u r e q u a s i - l i n e a r para -
bol ic system of d i f f e r e n t i a l - f u n c t i o n a l equat ions in a c y l i n -
d r i c domain possibly unbounded. 

The theory of d i f f e r e n t i a l - f u n c t i o n a l equat ions and i n e -
q u a l i t i e s of parabol ic type was o r ig ina ted and developed by 
J . Szarsk i [5-9]• These t o p i c s were a l so t r ea t ed by other 
authors ( e . g . [_1, 11-13]) . 

In a l l the papers quoted above the f u n c t i o n a l s appearing 
i n the equat ions act only on the unknown func t i ons and the 
s o l u t i o n s are meant in the c l a s s i c a l sense . In our paper the 
uniqueness i s proved i n a more genera l f u n c t i o n c l a s s - a So-
bolev space. Moreover, our f u n c t i o n a l s act both on the unknown 
f u n c t i o n s and t h e i r f i r s t order x - d e r i v a t i v e s . Also the sys -
tems t r e a t e d here are more genera l than those of the mentioned 
papers , s ince they are not assumed to be weakly coupled. Even 
in the p a r t i c u l a r case of the d i f f e r e n t i a l systems (not con-
t a i n i n g the f u n c t i o n a l s ) our r e s u l t ia more genera l because 
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2 P. Besala, G. Passaic 

of the same reasons as above ( o f . [ l ° ] )> T h e r e s u l t s concern-
ing such general d i f f e r e n t i a l and d i f f e r e n t i a l - f u n c t i o n a l sy-
stems are however obtained mainly due to an increasing condi-
t ion whioh, apart from the solut ions , i s imposed on the f i r s t 
order x - d e r i v a t i v e s of the solutions as well* 

The method used here i s an adaptation of those applied 

^ [ l ] . BO]. . n A 
Let t e <0 ,T>, X » ( * 1 , . . . , x n ) € H and |xi • ^ x£j . 

Denote by £2 an a r b i t r a r y open set (bounded or not) of the 
space R n . We define -^t % " S x i t . j . t g ) , Qt » Q 0 < t , 

Q = Q * ( 0 , T ) , Q v . C n ( | x i < r ) , Qr = £ > r * ( 0 , T ) , S - S 2 x ( 0 , T ) . 

Further , we define u ( x , t ) = ( u 1 ( x , t ) , . . . , u N ( x , t ) ) -

= ( u k { x t t ) ) J x 1 , uj j ix . t ) = (u* ( x , t ) u ^ ( x , t ) ) , u ^ x . t ) -

= ( u ^ ( x , t ) , . . . , u ^ ( x , t ) ) . Let a vector function u be de-
fined on Q. Then f o r any fixed t e ( 0 , T ) we denote by u ( * , t ) » 
= ( u 1 ( » , t ) , . . . , u H ( « , t ) ) the function u ( * , t ) iQa x — u ( x , t ) e R n . 

The symbols u £ ( * , t ) , (k • and u ^ ' . t ) are defined 
s i m i l a r l y . 

We s h a l l t r e a t of the uniqueness of solutions f o r the 
following Fourier problem 

n 
(1) u k ( x , t ) = ^T A £ ( x , t , u ( x , t ) , u x ( x , t ) , u ( « , t ) , u x ( . , t ) ) + 

i=1 i 

+ B k ( x f t , u ( x , t ) , u x ( x , t ) , u ( * , t ) , u x ( * , t ) J , ( x , t ) ) Q, 

(2) u k ( x , t ) | s = 0 , u k ( x , 0 ) = y £ ( x ) , x e Q , 

for k = where Ak, B k , v J are given f a c t i o n s . 
The boundary of Q i s assumed to be smooth in the sense 

• of the following d e f i n i t i o n 
D e f i n i t i o n 1 ( ~ 2 ] , p .224) . Let ? be an 

open set of H n + 1 . The boundary dF of F w i l l be said to be 
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Differential-functional equations 3 

smooth, if there exist> numbers e >0, M>0, an integer N and 
a sequenoe of open sets suoh that 

1) if xe3F, then the ball B(x, e) with the center at x 
and the radius e belongs to V^ for a oertain i, 

2) no point of R n + 1 belongs to more than N sets V^, 
3) for any i there is a set 

suoh that the function is Lipschitz continuous with the 
Lipschitz constant M ^ M and V^np • v i n ? i . 

Ve shall denote by V^'1(Qr) the Sobolev space of (soalar) 
functions belonging together with their first order weak de-
rivatives to the spaae L2(Qr). Further V^»°(Qr) will stand 
for the4 Sobolev spaoe of all functions measurable on Qr, 
continuous with respect to t in the norm of ^(Q1*) and 
having the finite norm 

||u|| 1 Q - max ||u(* ,t)|| + ||u_|| 
Vg* (Q ) 0^t«T 2,52 x

 2 > Qr 

The continuity of u with respect to t in the norm L2(Qr) 
means that 

||u(*,t+h) - u(*,t)|| _ — 0 as h — 0 . 
2 ¿r 

The space V^»°(Qr) is the closure of Wg' 1^*) i n t h e n o r n 

of V^»°(Qr) ([3], P.15). 
D e f i n i t i o n 2. Let E2(K,;\|Q) chanote the olass 

of functions u = (u1,...,uH) measurable on Q and such that 

/ £ [(uk)2 + | uift exp(-K^)dxdtcoo , 
Q k-1 ± 

? 2 where 9 = (|xI + 1) . 
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4 P. Beaala, G. Paszek 

D e f i n i t i o n 3. A function <p w i l l be said to 
belong to the c lass <£(Q)t i f 

1° pe wJ'1(Q) t 

2° there ex is ts r (p )>0 such that p = 0 on Q\Qr, 
3° the trace of <p on the plane t = T and on the sur-

face S i s equal to zero* 
D e f i n i t i o n 4. A function u = ( u 1 , . . . , u N ) 

defined on the set Q w i l l be called a weak solution in this 
set to the Fourier problem ( l ) - ( 2 ) f i f uke V^»°(Qr) 
{k=1,... ,N), for any r , and, for an; system of functions 

belonging to$(Q) , the following ident i t i e s are sa-
t i s f i ed 

n 
(3) f [ ~ * k 9 t + y . (Px A ^ ( x , t , u , u x , u ( ' , t ) , u x ( * , t ) j ] d x dt + 

Q i = 1 i 

- J ykpk(x,0)dx = y ^ k B k ( x , t f u , u x , u ( - , t ) , u x ( * , t ) ) d x dt t 
& Q 

We m a k e t h e f o l l o w i n g a s s u m p t i o n s . ¡r 
A s s u m p t i o n H ^ L e t A ^ ( x , t , u , p , v , q ) 

( i = 1 , . . . , n ; k = 1 , . . . , M ) b e m e a s u r a b l e i n ( x , t ) e Q a n d c o n t i -

N n+N n u o u s i n t h e r e m a i n i n g v a r i a b l e s : u e f t , p e R , 

f •? \K / ? \n+K 

v e ( > L £ 0 C ( i ? ) J , ^ e ( , L i 0 C ( i ? ) J • T h e r e e x i s t p o s i t i v e c o n -

s t a n t s ae, B 0 , 3 , C , K^ a n d s u c h t h a t 

n N 
( i ) ¿ L H ( P i - P i ) [ A ^ x . t . u . p . v . q ) - A ^ ( x , t , u , p , v , q ) ] > 

i = 1 k = 1 

n N „ , H 5 

L MO -B n £ - * 
i = l k = 1 v k = l 

• V ¡U* - v * l f ) - B0 ^ ¿ ¿ l i i . i i l l , 

k = 1 1 i = 1 k = 1 1 
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Differential-functional equations 5 

where ||h||K = ̂ / ( h ( x ) ) 2 exp( -K., , 

( i i ) |Ak (x,t,u,p,v,q) - A*(x,t,u,p,v,q ) | s; 

N 2-* n N 
l u W k ? 2 £ £ Ip j -p j i • 

v 1=1 j-1 1-1 

2-* N n « 

*?2 D ' ^ V ? 2 L L u ' W u J -
1»1 ' j= i 1»1 "1 

i =1 , . . . , n ; k=1,. . . tN. 
> 

A s s u m p t i o n H2. Let B (x ,t ,u,p,v,q ) 
(k=1, . . . ,N) be measurable in (x , t ) and continuous in the 
remaining variables (as in Assumption H^). There exists po-
sitive constants D, K̂  and suoh that 

| Bk (x ,t ,u,p,v,q) - Bk (x,t,u,p fv,q )|s£ 

N A n N 

1=1 i=1 1=1 

+ i i v ^ n v 
1=1 1 i=1 1=1 

k 2 A s s u m p t i o n H^. y Q 6 I^oc 
Now we shal l show that Assumptions H^, Hg ensure the 

measurability of the integrands in ident i t i e s ( 3 ) . 
We denote by M(X,F) the l inear space of functions measu-

rable on X with the range in the space F. 
L e m m a '1 . Let F be a separable metrizable space, 

w -] 
Suppose that a functional f :Q * R * F —-k sa t i s f i e s two 
conditions: 
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( i ) for any uefi11', v e i the function f ( x , t , u , v ) i s 
measurable in ( x , t j , 

( i i ) for almost a l l (x , t ) eQ the function f i s cont i-
nuous in (u ,v ) . 

Then for arbitrary fixed measurable functions ueM(Q,K^~), 
v e ivi (<0,T>, P) the function f : Q —~ R 1 , where f ( x , t ) = 
= f ( x , t , u ( x , t ) , v ( t ) ) , i s measurable. 

P r o o f . Let u (x , t ) be measurable on Q and l e t v e P. 
ihen f ( x , t , u ( x , t ) , v ( t ) ) i s a measurable function. Indeed, 
le t (unJ be a sequence of step functions such that u n ( x , t ) — 
— ~ u ( x , t ; as n—— almost everywhere on Q. By ( i ) , the 
functions f n ( x , t ) = f ( x , t , u n ( x , t ) , v ( t ) ) are measurable on Q. 
fur ther , ( i i ) implies that lim f n ( x , t ) = f ( x , t , u ( x , t ) , v ( t ) I 

n—oo 
almost everywhere on Q. Let yQeM « 0 , T > , P). Then, by virtue 
of the theorem 23g of [4J , there i s a sequence (y f l) of step 
functions belonging to M (<0,T>, P) such that 7 n ( t ) — r y Q ( t ) , 
as n—-00 , in the metric of the space P, for almost a l l 
t e <( By the previous f a c t s the functions g n ( x , t ) = 
= f ( x , t , u ( x , t ) , y n ( t ) ) are measurable on Q. This and ( i i ) 
imply that lim g_ (x , t ) = f ( x , t , u ( x , t ) , y ( t ) ) for almost 
a l l ( x , t ) e Q, and whence, in view of the theorem 23 of [4] 
th9 measurability of the function f ( x , t , u , ( x , t ) , y Q ( t ) ) 
fol lows. The proof of the lemma i s thus completed. 

C o r o l l a r y 1. By Assumptions H1 - H£, Lemma 1 
and Corollary 1 of £4] the functions 

{ * ) A*(x , t ) = A ^ ( x , t , u ( x , t ) , u x ( x , t ) , u( * , t ) , u x ( « , t ) ) , 

( * * ) B k ( x , t ) = B k ( x , t , u ( x , t ) , u ^ x . t ) , u ( * , t ) , u x ( * , t ) ) 

( i = i , . . . , n ; k=1 , . . . ,N ) are measurable on Q. 
T h e o r e m 1. I f Assumptions H1 - H2 are s a t i s f i e d 

and L<3?, where L = BQ £ 9*exp(-K 9 * )dx , then the Fourier 

problem ( l ) - ( 2 ) has at most one solution in the c l a s s 
¿ 2 (K,^ ;Q) with 0 < K < K r 
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R e m a r k 1 . I f i n e q u a t i o n s (1 ) t h e r e appear the 
f u n c t i o n a l s of the form 

Ak = A k ( x , t , u , u x , u ( ' , t ) ) , 

Bk = B k ( x , t , u , u x , u ( ' , t ) , u x ( - , t ) i , 

then the c o n d i t i o n L o e i n Theorem 1 i s s u p e r f l u o u s . I f , 
moreover, Bk = B k ( x , t , u , u x , u ( • , t ) ) ( k = 1 , . . . , N ) , then the 
problem ( 1 ) - ( 2 ) po s s e s s e s a t most one s o l u t i o n i n the w ide r 
c l a s s 

i ' P K 2 : 
22(K,7>;Q) = u : J ( u k ) exp(-K ) dx dt < • 

I Q k»1 

P r o o f of Theorem 1. Let u, u be any s o l u t i o n s of 
problem ( l ) - ( 2 ) t of c l a s s and l e t w = u - u. 7/e 

k k s h a l l w r i t e A ^ u ) , B (u ) shor t f o r the r i g h t - h a n d s i d e s 
of ( * ) , ( ** ) , r e s p e c t i v e l y . According to the d e f i n i t i o n of 

k N 
a s o l u t i o n , f o r any sys tem of f u n c t i o n s (9? which belong 
to the c l a s s 0(Q) we have the e q u a l i t i e s 

N n H 
(4 ) w k , k dx dt M a ) - A k ( u ) ) dx dt = 

Q k=1 Q i=1 k=1 1 

N 
= 9>k(Bk(u) - B k ( S ) ) d x dt . 

Q k=1 

A f u n c t i o n g d e f i n e d on <i be ing g i ven , we i n t r o d u c e i t s 
a v e r a g e s : 

t+h 
g J l ( x , t ) = -1 J g ( x , r ) d r , 0 < h ^ 5 , | x , t ) e ! < w , 

t 
t 

g h ( x , t ) = I f g ( x , r ) d r , 0 < h<.6 , ( x , t ) e Q ^ r 

t - h 
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8 P . B e e a l a , G. Paszek 

We s h a l l make use o f the f o l l o w i n g p r o p e r t y o f t h e a v e r a g e s 
( [ 3 ] , P. 1 6 7 J . 

I f f u n c t i o n s f , g t o g e t h e r w i t h t h e i r s q u a r e s a r e summable 
i n t h e i n t e r v a l < - < 5 , T > and one o f them v a n i s h e s i n t h e i n t e r -
v a l s < ~ d , 0 > and <( T - < 5 , T \ t h e n 

T T-<5 
J f ( t ) g h ( t ) d t = J f h ( t ) g ( t ) d t . 
0 0 

k h 

As t h e t e s t f u n c t i o n s i n ( 4 ) we t a k e (<p ) ( k = 1 t . . , , N ) , where 
cpk e 0 ( Q _ £ t ) , $ p k ( x , t ) = 0 f o r t < 0 and t > T - < 5 . The f i r s t i n -
t e g r a l i n ( 4 ) i s t r a n s f o r m e d i n a c c o r d a n c e w i t h the mentioned 
proper ty o f the a v e r a g e « a s f o l l o w s 

T h 

- , / / w k [ ( ? k ) J t
 d * d t -

Oi? 
T - 5 T-S 

— S S - /1 <w\t 
O Q 0 Q 

Here we took t h e advantage of t h e f a c t t h a t , i f u e V g ^ i Q 1 " ) , 

t h e n u h e V/] ' 1 ( s e e Lemma 4 . 7 o f [ 3 ] , p. 101) and o f 

the p r o p e r t i e s o f <pk. C o n s e q u e n t l y , ( 4 ) can be r e w r i t t e n a s 

T - 6 N 

( 5 ) S ST + 
0 Q k=1 

+ 7s T T - Ai(S«hdxdt -
0 a k=i i = i x 

T-6 K 
' S S T , S ^ ^ U ) - B k ( u ) ] h d x d t . 

0 52 k=1 

E q u a l i t y ( 5 ) h o l d s f o r a r b i t r a r y f u n c t i o n s cp T ) such 
t h a t pk(x,t) = 0 f o r t ^ O and t > T - S . 
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Differential-functional equations 9 

We shall construct special test functions for (5). To k this end we extend functions u and u in the following way 

u ( x j t ) = 
u (x,2T-t), te<T,T+6>, 
uk(x,t) , te<0,T>, 
uk(x,-t) , te<-5,0>, 

u^ix^T-t), te<TtT+S>, 
uk(x,t) = j uk(x,t) , te<0,T>, 

uk(x,-t) , t&<-(?,0>. 

Note that since uk, u k e V2,°(Q-<5tT+(5) f o r a 1 1 r t h e r e f o r e 

(w k) h= (uk - ^ ^ h e f o r a 1 1 r > P u r t h e r» suppose 
£;(x,t) is a non-negative smooth function defined on the zone 
Rn*(0,T) with bounded support while 

Js(t) = 

fO 

st 

1 

s(t rt) 

0 

t «0, 

t 

with t ^ T - 5 . Notice also that (w ) h| = 0. 
' * I a 

Now it is easy to see that functions 

(6) 9k(x,t) = (wk)h 5 J8(t), (x ,t)€ (k-1 K) 

have all the properties required from the test functions 
for (5). Let us substitute functions (6) into (5) and let 
S — o o • Hence, by Assumptions H 1, H2,we obtain for any 

T-<5 
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( 7 ) I I L ( w k ) h t ( w k ) h ? d X d t + 

0 Q k=1 

n H 
+ / / £ Z L [ ( W K ) H D X , [ > I < * > - A I < S > L d * d t -

0 £ i=1 k=1 1 n 

V 

• / / E . ( " V K B k ( u ) - d x d t -
0 Q k=1 

Now we transform tha f i r s t integral in (7) in the following 
way 

N «1 -

I S H ( w k ) h t ( w V d * d t = 1 / / £ { [ ( w k ) J j ^ dxdt 
0 Q k=1 0 <3 k=1 ' 

N 2 *1 *1 H 2 

= 2 / L [ < W K , H ] - U / L [ < » K > H ] u D X D T -
si k=i 0 Q k=1 

From Assumptions H^, H2 and Lemma 4 .7 of [3] , p.101, i t 

follows that (w k ) h —~w k in the norm of the space V 2 , 0 ( Q r ) , 

[ A J ( U ) - A I ( Q ) J H — ~ A K ( U ) - I K ( £ ) in the norm of L 2 ( Q r ) , 

[Bk(a) - Bk{ u)~| Bk(u) - Bk(u) in the norm of L 2(Q r) with 
L h 
any r . Therefore in (7) one can take the l imit as h — 
Thus, for t 1 e (0 ,T- <5> we g e t * 

N 11 N 2 

( e ) i f I I y i x . v j ^ u . v d * - i f f <**> d x d t 

O k=1 0 Q k=1 
t 1 J L b- r h- dxdt = + / I L L <«kVx. [AJ ( U ) - A k ( u ) } 
0 Q i - 1 k= 1 x 

- 362 -



Dif f erent ia l - func t iona l aquations 11 

*1 N 
' S f X L - Bk(u)]dxdt. 

o a k«i 

Equality (8) also holds f o r t 1 e(O tT>. To t h i s purpose i t i s 
s u f f i c i e n t to extend, in (4)» the functions u and u onto 
the in terva l <0,T+ 6)> in the same way as i t was done in the 
oonstruotion of the t e s t functions Having extended funo-

A
 A k k 

t ions u and u we then extend funotions Â  and B onto 
<0, T+<5>. Reasoning as before leads to (8) with t 1 e (0,T>. 

Let us define U x , t ) = ^(x) G(x , t ) , G(x,t) -
« exp(-K e1"*), where K<K<K1 and y{x) i s of c l a s s C2(Rn) 
such that ar(x) = 1 for | x l < r , <r(x) • 0 for 
| x | > r + 1 , |<rx(x)|i£ x0* ? 0 being a constant independent of 

Denote K„ 

r . 

L1 • i " ( i A 1» "H 

By the inequa l i t i e s 
9 h 2 

(a) ab^£a £ + - j j , e > 0 , 

(b) exp(-K. ,9*)<G(x,t )<exp(-K9*) f t e < 0 , T 1 > , 

and Assumptions H.,, Hg, the third and fourth in tegra l s in (8) 
can be estimated as fo l lows 

t„ 

I 3 > * 

0 S3 
E 
i t k 

dx dt -

- B. 

0 Q 

- / ' J V 
0 Q 

- J V e 
0 Q i , k 

i , k 

mi i j 
dxdt + 

•d . i 

2-* 
2 
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+ 9 z i | w l 1 + ? 2 X j ^ - ^ k + 

2 - a 
+ 9 2 X I R < - . * > | 

U 
dxdt 

> i u * + u / / a- G X L ( w ï < , 2 d x d t + 

0 Q i , k 1 

- i ( 2 * + 3 L ) / / G X , -
0 £ i , k x 

- / / X L i ^ x j K - i ) 2 « « -/S 4 4 Ì, 1 J 

t 

- NC 
O fi i , k 

- m., 

O fi i , k x 

*1 ' 2 *1 2 
/ / y G 9 X X , ( w k j 2 d x d t + / / G X ( * k ) 2 d x d t + 

O fi k 

O Q i , k 1 J 

where the p o s i t i v e cons tan t M^ depends on ae, BQ , B, C, n , 
N, Ä and K. Then we have 

| w k | k X l w l ' + + 

- - - L i i , i 1 O S3 k 

+ l lw^C-•*) i lK + Ç 2 X L l l ' x . i - ' ^ l l 
1 1 i , l 1 K1 

d x d t « 
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1 

L 0 Q 
J S (" k ) 2 d x d t +JS G H ( w k , z d x d t 

0 Q 

+ f (*-L) J V ^ E , « ) d X d t + 
0 Q i,k 

+ J I d x d t 
0 £2 i,k 

M2 being a positive oonstant depending on x, BQ, D, d, N, A 
and K. Taking into consideration the estimates of and 
we obtain from (8), foi> t1 6 (0,T.,>, 

(9) j / y [^(x.t^j^ixiGix^Jdx + a k 
2 

+ jJ JY, X G K 9*e/it* M d x d t + 

Ofi k 
t. 

+ f (3*+2D / / ar a Z L ( < 
Ofi i,k x 

dxdt iS 

/ / c 
0<2 i,j,k 

3"xJ G(wi.) d x d t + 

+ 1 <3*+2L)// G 2 1 ( W ^ ) 2 d X d t 

0 Q i,k 

'1 2 
+ N C J 7 ? G L !3V! <*k> tadt 

O Q i,k i 
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14 P. Besala, G. Faezek 
r t. 

+ (M1+M2) 
,1 

L 0 Q J j ^ y ( w k ) d x d t + 

' 1 2 1 2 +//GE(wk) dxdt +//L\Txj 
0 ¿2 k 0 Q i,k 1 J 

Notice that for a sufficiently large fx we have 
2(M1+M2) - \ 

Moreover, sinoe weS2(K,^;Q), for any &>0 there exists r 
so large that 

T-
(M1+M2 / / g X L ( w k ) dxdt + 

O Qr +l Wr k-1 
N 2 J J G dxdt 

0 k-1 
< 4 

N n 
n c / / ^ E L i s i 1 " " 1 dxdt + 

T0 

+ (V M2> / / G H I^J (wk)2 d x d t <4 » 
0 Qr+1\s2r i»k 

a N / \ 2 
y (3*+2L)/ / G £ L « J . 

0 i-1 k-1 

To n K 
I I H L ^ i - x j wï T dxd* < J » 
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where T » min t ~~ ln-=A- F T) . Consequently, from (9) 

we obtain 

" 2 
1 L "k| 0 dx 

p r k«1 
_ < & f o r U ( 0 , I ) and any r . «• + 0 t=t 

k , 2 
This means tha t f YZ (w ) G dx » 0 in (0,T ) . We have thus 

Q k«1 
shown tha t u = u on Qx(O t T Q ) , I f TQ « T the proof i s com-
p l e t e . In oase T 0 < T the proof i s obtained a f t e r a f i n i t e 
number of r e p e t i t i o n s . 
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