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In t h i s paper the oonoept of f o l i a t i o n on a Sikorski 
d i f f e r e n t i a l spaoe (see [3] and [2]) with leaves whioh are 
d i f f e r e n t i a l spaoes i s introduced. There i s proved a theorem 
on conoordanoe of the oonoept of f o l i a t i o n in oategory of 
d i f f e r e n t i a l spaoes with the one in category of d i f f e ren t i ab le 
manifolds, when a fo l i a t ed d i f f e r e n t i a l space i s a d i f f e r e n -
t i ab le manifold* The e s sen t i a l ro le in the proof plays the 
theorem (see [8]) whioh says that i f the Cartesian product 
of two d i f f e r e n t i a l spaoes i s a d i f f e r en t i ab l e manifold, so 
they are d i f f e r en t i ab l e manifolds, too. 

1. Introduction 
For any d i f f e r e n t i a l space (d . s . ) M of the form (S,C) the 

set S of a l l points of t h i s d.s« wi l l be denoted by II and i t s 
d i f f e r e n t i a l s t ructure C we w i l l denote by F(M). The weakest 
topology on S such that a l l functions o< e C are continuous wi l l 
be denoted by topM. For any subset A of the set S the d i f f e r e n -
t i a l subspaoe of M with the set A as the set of a l l points wi l l 
be denoted by liA, i . e . UA « (A, CA), where CA i s the set of 
a l l r e a l functions fS defined on A such that f o r any point p 
of A there exist a e C and U e topM f u l f i l l i n g the equali ty 
>Q |A n U =«|Anu. I t i s evident that topM. coincides with the 
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topology induced to A by topM. For the basio facts and defi-
nitions consult [ 2 ] , [3] and [4]. 

The following concept of looal homogenenity of a family 
of d.s. will play an essential part in the considerations 
contained in the paper, A family T of d.s. is said to be 
locally homogeneous (l.h.) iff for any K and L of r and 
any points p and q of K and L, respectively, there exist 
neighbourhoods U and V of points p and q such that the 
d.s. Ky and L^ sre diffeomorphic1A d.s. L ie said to be 
locally homogeneous, (l.h.) iff the family {L} is l.h. We re-
mark that if T is a l.h* family of d.s. suoh that there 
exist K and a non-empty open subset V of K with Ky being k-di-
msnsional differentiable manifold, than every h e ? is a k-di-
nensional differentiable manifold. It is evident that if r 
is l.h* and there exist Key, non-empty open set U and smooth 
vector fields V1(...,Vk on Eg saeh that V1(p),...,V]c(p) con-
stitute a basis of the tangent space IpK for peU, then every 
L e i is of finite dimension k (see [4] and [5]). Similarly, 
if 7 is l.h. for whioh there exist Z e T and the point p in 
K suoh that T„K is k-dimensienal. then T_L is k-dimensional p " 
for any l e ? and any point q in L. 

Let us remark that any family of d.s. whioh are differen-
tiable manifolds ef the same dimension is l.h. and if all d.s. 
belonging to l.h. family are differentiable manifolds, then 
they are ef the same dimension* 

2. Foliations 
Let M be a d.s. and l.h. family ? of disjoined differen-

tial spaoes suoh that M s I J L, ? will be called a foliation Le?-
en M iff the following oonditions are satisfiedt 

(i) L is conneoted and regularly lying in M for Le 7 
(see [6]), 

(ii) for any point p of If there exists a neighbourhood 
V of p in ypt where p is a point of e ? , a d.s. N and 
a diffeomorphism 

Bj a diffeomorphism whioh sends p into q. 
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Foliation of differential spaces 3 

(1) 9 " % - ~ J p v x K 

such that for every L s f any connected in topM component of 
i n u is .of the form 9>"1[Vx{b}] , where beN, U being a neigh-
bourhood of p in Ms 

The elements of ¡F wi l l be oalled leaves of 3= o 
E x a m p l e « let L be a connected l.h. d.s., H be 

a dcSo and M=L*N<> Then the family of a l l differential subs paces 
of M with the sets of- al l points of the form Lx{q} , where q is 
any point of N, constitute a foliation on M„ In particular, 
L may be the set of a l l reals together with the structure 
generated by the set { x k-. cos j n 6Z } l l { xH - s in n ez } 
{see [ l ] ) » This d0s„ is of dimension 1 in-the sense of R. Si-
korski (see [4] and [5] )9 but it -is not a differentlabIs ma-
nifold. 

Concordance of the conoept of foliation in oategory of 
d.s. with the standard concept of foliation of a "differan-
tiable manifold when a d0s. is a differentiable manifold seems 
to be of importance. We recall that a family > of disjoined 
connected immersed submanifolds of a differentiable manifold 
M of C°° class is a foliation of differentiable C°°-submani-
folds of M i f f there exists a natural kWdimM such that 

( i i i ) for any p6int p of M there exists a chart 
x: Dx—'- A.,xA2 on M such that pe Dxf x(p) = 0, A1 is open 

i n A 2 is open in and for any L e F every connected 
component of L n D x is of the form x [A.(x{ c} ] , wher.e c e Ag, 

T h e o r e m . If a d.s. M is a differentiable C°° -ma-
nifold, then any family & of d.s. is a foliation on M if 
and only i f r is a foliation of differentiable C°°-submani-
folds of 1A. 

P r o o f « , Assume that r is a fo l ia t ion of d i f feren-
tiable C°°-submanifolds of M„ l e t p be any point of K. Then 
we have exactly, one ? r 6 T such "^nt d is a point cf T„. 

. r M 
According to ( i i i ) there exists a ch.«rt x; Dx—- A.jXA„ sac!:' 

that PgD x , x(p) = 0, A1 and AQ are ocen in and Rm " k , 
respectively, and a l l connected components of the parts of 
leaves of sr lying in Dx are of the form x~1 [_A1 x { b ) ] , where 
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b e A«.. We have the immersion id: •?"„—- M. Therefore there 
« P exists a chart y around the point p on ? such that. 

y(p) = 0, the domain D^ of j is a connected subset of r 
and Let H be the natural d.s. of the set Ag. We 
set 

9>(t) = il'̂ 'i P^xft)), pr2x(t)) for t e U, 
where 

(2) U = (prl0 x)~1[y [V]] n {pr2o x)-1[A2], V = D . 
So,, we have the set U'open in/? and the bijectivo mapping 
cpt U—-VxAg. It is easy to check that LJ = x~ 1 [7 [v]x a2j and 
cp"^(z) = x""̂ {y{ pr^z), pr0z) for zeV*Ag* Therefore we have 
the diffeomorphism (1; fulfilling the condition p) = 
= (p, 0). Let ua take any Ler, any connected oomponent C 
of L_n U in topM and any q e 0. Let £. denote the component of 
L n D x connected in topli such that qs S, Then S = x"1 [Â x (b)"] , 
where b6 Aj, We have, by ¡2), u„ So, L H LilUDCao, 
Thus S3C, x [c]c x [S] c Ax {b} s x jcjc x [u]cj [v]xÂ ,-
x[c]cj [v]x{b} , and Ccx"'[y [vjx{b}j . By the assumption, y [V. ] 
is a connected subset of A^. Therefore x"^ [j jVj<" -jb) 1 is also 
connected in topM and x**'1 [_y [V |x{0} j c £ 0 U c i 0 U. This yields 
the inclusion x~1 [y [y]x{b|] c C» Hence it follows chat 
C = x~1[y [v]x{b}j a 9"*1 [V*{b}] s where bel. So, is a folia-
tion of d.s. on M. 

Now, assume that a family ? of d.s. is a foliation on M. 
Taking a point p of M we get £ 7 such that there exist 
a neighbourhood V of p open in y and a d.s. N for which 
7p.y.xN is diffeomorphic to My, where U is a neighbourhood of p 
in. M. Hence it follows {sea [a]) that is a differentiable 
manifold. By l.h.-property of r this yields-that all elements 
of J" are differentiable manifolds of the same dimension, 
say k. Prom (i) it follows that thay are immersed submani-

- 350 -
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f o lds of M. Let pe M. Hence there ex is ts a diffeomorphism ( 1 ) , 
where p e U e topM, <p{ p) s VxN, V 6 top r . Let us set p (p ) = 
= ( P 1 > P 2 ) , where p1 e V, p ^ N . Then there ex ist a chart y 
on around p1 and a chart z on N around p2 such that D̂  
i s connected and included in V, y (p^) = 0 and z ( p 2 ) = 0. 
Let us sat A.j = y [D "] , A2 = z [Dz] and 

(3) x ( t ) = ( y ( p r 1 9 ( t ) ) , z ( p r 2 ? ( t ) ) ) f o r t e Dx, 

where D = cp~1 [D_xD_l. We have then the open in M set D„ and A j i»-1 X 
the sets A1 and A2 open in and ff31""^, respect i ve ly , m=dimM, 
such that 

(4) x " 1 ( u ) = 95~1 (y"1 (pr1u), z~ 1 (p r 2 u) } f o r u e A ^ J i j . 

Therefore x i s a chart on M around p. with x (p j = 0. Now, 

take any l e f and any connected component C of i n D^, We have 

D x cU . There ex is ts a connected component S of the set Lf!U 

such that C c S ; We have then E = $o"1 [Vx{b|] , where b e H. Con-

sequently, p [ c ] c ip[s]c Vx {b } , © [ c j c i p r . o (p) [ c ] x { b [ , 

( pr1 o cp) [c] c ( pr1 o cp) [D^] = D yc V, <p [ c ] c D *̂ { b } , and 

C c p " 1 [D x {b }J . The sot y>~1 [D x {b}J i s connected. So, 
v J 

<p~' [Oy* {b } ] c S c L , For some p Qc G wa have 9>(p0) = (P 0 »k ) and 

<p{ p 0 ) e <p\px] = DyxDz. This y i e lds b e D ^ So [D.v* { b } ] c 

e 50"1 [Dyx DzJ " DX* T h u s V9""1 [r 'yx 1 b'J c L n Dx. Hence i t fo l lows 

that C = [DyX{b}j , and we get C <p'1 \ z " 1 [ {c} ]J , 

where c = z (b ) e Using (4 ) f i t i s easy to check that 

C = x " 1 [A x { c } ] . The condition ( i i i ) i s then f u l f i l l e d . Q.E.I). 
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