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In this paper the oconcept of follation on a Sikorski
differential space (see [3] and [2]) with leaves which are
differential spaces is introduced. There is proved a theorem
on concordance of the conospt of foliation in category of
differential spaces with the one in category of differentiable
manifolds, when a follated differential space is & differen=-
tiable manifold., The essential role in the proof plays the
theorem (see [8]) which says that if the Cartesian product
of two differential spaces is a differentiable manifold, so
they are differentiable manifolds, too,

1. Introduction

For any differential space (d.s.) M of the form (S,C) the
get S of all points of this d.s. will be denoted by M and its
differential structure C we will denote by F(M). The wsakest
topology on S such that all funotions o ¢ C are continuous will
be denoted by topM. For any subset A of the set S the differen-
tial subspace of M with the set A as the set of all points will
be denoted by M,, i.e. M, = (4, CA)' where C, 1s the set of
all real functions B defined on A such that for any point p
of A there exist e C and Ue topM fulfilling the equality
BlANU =x|ANU, It i8 evident that topM, coincides with the
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topology induced to A by topil, For the basic facts and defi-
nitions consult [2], [3] and [4].

The following oconcept of loocal homogenenity of a family
of dis. will play an essential part in the considerations
contained in the paper, A family ¥ of d.s. ie said to be
locally homogeneons (l.,h.) iff for any K and L of ¥ and
any points p and g of K and L, respeotively, there exist
neighbourhoods U and V of pointe p and § such that the
d.s. Kj and Ly ere diffeomorphic’). 4 dus. L is said to be
looally homogeneous. (l.he) iff the family {L} is l.h. We re-
wark that if ¥ is a l.h. fanmily of d.s. such that there
exist K and a non-empty open subset V of K with K; being k-di-
mensional differentiable manifold, then every Le¥ is a k-di-
mensional differentiable manifold, It is evident that if 7
is 1l,h, and there exist K ¢ ¥, non-empty open set U and smooth
veotor fields W,,...,W, on Ky such that I1(p).....wk(p) coh-
stitute a basis of the tangent space T K for pe U, then every
Le 71ie of finite dimension k (see [4] and [5]). Similarly,
if 7 1is l.h. for whioh there exist Kc7 and the point p 1in
K such that T K is k-dimensional, then TqL is k-dimensional
for any Lec ¥ and any point q 4in L.

Let us remark that any family of d.s, which are differen-
tiable manifolds of the same dimension is 1l,h, and if all d.s,
belonging to l.h. family are differentiasble manifolds, then
they are of the same dimension.

2. Foliations _
Let M be a des, and 1l.,h, family ¥ of disjoined differen-

tial spaces such that M = U Le ¥ will be called a foliation
Le¥

on M iff the following oonditions are satisfieds

(1) L is connected and regularly lying in M for Le ¥
(see [6])}

(41) for any point p of M there exists a neighbourhood
Veof p in ?b. where p 1is-a point of-?pe ¥, a dese N and
a diffeomorphism

1) By a diffeomorphism which sends p into Q.
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(1) Pt My ——FppxN

such that for every L ¢ F any conneocted in topM component of
LNU is .of the form ¢~ '[Vx{b}], where beN, U being a neigh=-
bourhood of p in M,

The elements of ¥ will be called leaves of ¥ .

Example. ILetIL be a connected lohe doBe, H be
a doBo, and M=LxN, Then the family of all differenfial subspaces
of M with the sets of all points of the form Lx{q}, wiers g is
any point of N, constitute a foliation on M., In particular,
L may be the set of all reals together with the structure
generated by the set { x - cos % 3 neZju{xr-sin %;. nez}
{see [1])e This des. is of dimension 1 in the sense of R, Si=
korski (see [4] and [5]), but it dis not a differentieble nma-
ﬁifOldo '

Concordance of the concept of follation in category of
des, with the standard concept of foliation of a differen-
tiable manifold when & de.s. is & differentiable manifold seems
%0 be of importance. We recall that a family ¥ of disjoined
connscted immersed submanifolds of a differentiable manifold
M of C% class is a foliation of differentisble C* ~submani-
folde of M 1ff there exists a natural k <dimM such that

(iii) for any pdint p of M there exists a chart
x: Dy — A4, on M such that pe D, x(p) = 0, 4, is open

ian, 32 is open in Rm'k and for any L € ¥ avery connecfed
component of LND, is of the form x~ [4,x{c}], where ce 4,.

T hﬂe orem, If ades. M is a differentiable C* -ma-
hifold, then any family ¥ of d.s. is a foliation on M if
and only if ¥ 18 a foliation of differentiable C°° -submani-
folds of M.

Proof., Assume that # is & foliation of differen~
tiable C°° -submanifolds of M. Let p be any point of k., Then
We have exactly, one F_ € F such *hat o is & peint of 7,
According to (iii) there exists a chert x: == a,xA, suct ;

1
that pe By, x(p) = 0? A1 and AQ are oren in RS and Rm'k,

respectively, and all connected compenents of the perts of
leaves of # 1ying in D, are of the form x~1 [_.R.lx{b]} y whare
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be AZ' We have the immersion id: F_ —= M, Therefore thers
exists a chart y around the point p on F_ such that
y{p) = 0, the domein D, of y is a connected subset of ¥
and y[D ] CA. Let N be the natural d.s. of the set A,. We
set

pl(t) = (:7"1'(p1‘1x(t)), prox(t)) for tel,

where

(2) U= (pryo x)" iy V] 0 (e e ) 4], V = Dy

So, we have the set U opern in I?k and the bijectlve mapping
@: U—=Vxhye It is easy %o check that U = x™'[y{V]ra,] and

(/)':1(2) = x"’(y(pr.]z),pz'gz:? for z e V¥h,. Therefors we have
the diffeomorphism (1} fulfiliing the condifion ¢(p) =

= (p, O)o Let us take any Le , any connecied oomponent G
of LNU in topM and any ge C. Let & dancte the componsnt of
LN Dx connected in topl sunch that g

where be d,e We have, by {2), DOU« B0y LNDDENUDC26.

Thus $DC, x[C]cx[_S:}cﬁ-‘a.,x{b}; xiticz[U]ey [V]xa,,

¢ S. Then § = x~ 1 [ax b}
T M5 - da = A i 1 iL‘J »

x[c]cy[v]x{p}, and cc «Hylvix{vil. By the assumption, 3 [V]
is a connected siubset of &,. Therefore Pl '{3 vlx [a}] is waleo
connected in topH and x”'[y[vix{vli= SN LCLNU, This yields
the inclusion x~ [y [V]x{b]] < C, Hence 1t follows taut

C = x"1i~_y [}/’]x{b}:l =-.<;c>"1 (vx{b}], where be N, So, & is a folia=

tion of d.s. on M, _
Now, assume that a family ¥ of d.s. is a folistion on M.

Taking a point p of M we get ?pe? such that there exist

a neighbourhood V of p open in ?p and a d.s. N for which

:«fpVXN is diffeomorphic to MU, where U is a neighbourhood of p

in M. Hence it follows (see [8]) that ¥ v 18 a differentiable

manifold., By l.h.=-property of # this yields.that all elements

of ¥ are differentiable manifolds of the sume dimension,

say k. PFrom {i) it follows that they are immersed submani-
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folds of M. Let pe M. Hence there exists a diffeomorphism (1),
where peUe topM, ¢(p)e VxN, Ve top :rp. Let us set ¢(p) =
= (p1,p2}, where p,¢ V, p,e N, Then there exist a chart y
on fp around P4 and a chart z on N around Py such that Dy
is connected and includod in V, y(p;) = 0 and z(p,) = 0.
Let us set 4, =;y[] -z[Dz] and

(3) x(t) = (y(pryp(t)), 2(prop(t))) for te D,

where D = 99'1 [DyXDz]. We have then the open in M set D, and

the sets A, and A2 open in Rk and Rm'k, respectively, m=dimH,
such that

(4) =~V ='@'1(y'1(pr1u}. 2"1{pr2ul} for ue & xhs.

Therefore x 1is a chart on M around p. with x(p) = 0. Now,
take any Le ¥ and any connected component C of LI Dx‘ We have
D,=U. There exists a connected component S of the set LNU

such that CC S. We have then S = o~ [Vx{b}], where be N. Con-
sequently, ¢[clc¢[slcvx{p}, olclc(pr o ¢ ) [c]x{v},
(pr,o g;)[cjc(pr1oggj o] = DyC v, ¢lc]lc Dyx{b}, and
cho" ['_Dyx{b}_]. The set @ 1[Dyx{b}__1 is connected. So,
¢~1[Dyx{b}]c ScL. For some p ¢ C we have p(p ) = (py,b) and

1

plpy) e ¢[Dy] = DyxD,« This yields beD,. So 93'1 LDyx{b}_';C
o [D:YXDz] 1|—D3-‘fﬁb“ < LMD, Hence it follows
that € = @~ [Dyx{b}_] , and we get C = :p”"';;'TiA,Jx 271 {c} 1],

Dx. Thus @

where ¢ = z(b) e Ase Usiﬁg (4), it i easy to check that

=

C = x"'[ax{c}]. The condition (iii)

LAy : then fulfilled. GaEaDs
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