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In the present paper the oconcept of analytical premani-
£01d (a.p.) 18 examined. This concept being related to Si-
korski®s concept [3] (of. [1]) of differential space (see [4])
and to Postnikov®s concept of premanifold [2] was introduced
by W. Walissewski [6]. The present paper contains construo-
tions related to the ones in Waliszewski’s paper [5] of the
8epe induced by a set of mappings, the coinduced one, and
the universal characterizations of them,

O. Generating of a.p., and restricted mappings

We adopt all concspts and denotations as in [6]. There is
proved there that for any set G of real functions the set
{an G)Q is the smallest among all a.p. containing G. This
asps is called the a.p. generated by G, We have Top G =
= Top((an G)g).

Proposition 1. If ¥ and N are a.p. and N
is generated by a set G of real functiona then for any func-
tion f which maps the set M into N we have smooth mapping

(1) f: M— XN

if and only if Bo-.fe M for Be G,
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_ (For any fanctions g and f without restriction for
domain D, of g we have well defined the composition gof
on the set f 1[1)] of all points pe D, such that £(p)e D
by the, usual formula (g f)(p) = g(£(pl)).

Proof, Assume that BofeM for B¢ G, First, we
remark that we have a continuous mapping f£f: Top M —= Top G,
Let Be Top G and pe £ [B]e Then there exist sets ByseeesB
open in R and By,eeespg € G such that f(p)e/:)?[’_Bﬂ... N

=1 [BS]CB; Hence, pe (B4° £)~1 [By1N eee N(Bgo £)"1 [Bgl=
< £71[B], where B, #yeeesf o £e Mo S0, £71[B]e Top M. Lot
be a real analytic function on an open subset of R® and
/51,.-.,ﬁn.e G, We have then q’(ﬁ.‘.oo-’ﬁn)" t =¢(ﬁ1°f,ooo’ﬁn°f)
€ an M = M, Now, let € N, Set «x = 3o f, Let pe D, Thus, we
have f(ple 7« Therefore, there exist Ac an G and a set Ve Top G
such that Vc Dg, f(ple Ve Dy and 7|V =3[V, Setting U =
= £~1[v] we have Ue Top ¥, Uc£™1[Dg] = Dpogs PEUC Dy and
«|U =B o f|Us So, &My = M. Q.E.Ds

Proposition 2., For any smooth mapping (1)
and any sets A and B such that f.[A]'c BC N we have the smooth
mapping f|A: M,—=Ng.

Proof. First, we assume that A = M, Let S¢ Ny and
pc M. We have f{p)e B, Thus, there exist e N and a set
Ve Top N such that Vc D,, pe VI BCDg and BlVﬂB = «|VN B,

So, po 2|21 [VNB] = wo2|£~ [¥NB]. From the inclusion

£[A]c B 1t follows that £1[VNB] = £7'[V]. Therefore,

Botlt VN V] p x ot [V], x ofe M, £V [V]e Top M and

pe £~ 1[v]c Dgoge Thus, Bofely = M, Now, remsrk that for

ACM we have a smooth mapping id,: M, —= M, So,f|A =

= £oid,: M, — N, Henoe it follows that f|A: M, —— Nz, Q.E.D.
Proposition 3. If £:M— N, N is any a.pe,

Q< Top M covers the set M, and for each AeQ we have a smooth
mapping f]as M, —N, 80 we have a smooth mapping (1).
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Proof. Take any pe N and set 7 = » of, For any
Ae ( we have Foid, = poflhe M,. Let pe Dye Then, pe A for
some A€ Q. Setting B= 7 oid, we have Pe M,. So, there exist
Ve Top M and € M such that VC Do, peVN AC Dy and BlVN 4 =
ax|VNA, Taking U = VN A we have then Ue Top M, Uc D,
peUC Dy and 7|U = o|Us Therefore, y <M. QeEeD.

By an easy verification we get

Proposition 4, If M is a.ps 8nd AC N, then
for any x € M such that D,C A we have « eMA. If A€ Top N,
then MAC M,

1. The a.ps induced by a set of mappings

Let N be a.ps 8nd F be & set of funotions with values
in N, For any functions B and f we set £*(8) = Bof, Then
for any fe F we have the set £*[N] of real functions. Denots
by F*N the a.p. generated by the union of all sets £*[N],
where fe F, F'N will be called the a.p. induced from N by
the set F of mappings., The following theorem gives a charac-
terization of F*N,

Theorem 1, The a.p. induced from N by the set F
of functions with values in N is the exactly one a.p. M sa-
tisfying the following oonditions:

(i) £ MDf—>N for fe F;

(i1) M = fL) Dy and Top M is the induced topology to
eF

the set M from Top N by all the functions fe¢ F, i.e. Top M
coincides with the smallest topology on M containing all
sets £ [A], where Ac Top N and fe F;

{(iii) for any s.p. L and any continuous function ¢ from
Top L into Top M we have the smooth mapping ¢: L— M if and
only if we have smooth mappings

_._N

(2) foes L .4
¢ [Dg]
for fe F.
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Proof . Let us take fe ¥F. We hava then

D = £71[§] = f"1[LJ D@} = U= U Due

BeN BeX ae£*[N]

So, Dge Top F*N. For any BeN we have fofe £*[N]c F*N.
By Proposition 4 we get pAofe (F"N)Df. So,

(3) f: (.F*N)Dr—-n for febP.

To prove that (ii) is aatis*.fied for M = F*N remark that for
any £e F and AeTop N, by (3), we have £ 1['_A]e1‘op(F*N)D .

So, £=1[4] € Top F*N. Let we U £*[N] and B be open in 7.
We have then « = B of, where ﬁeN. fe P, andx 1[3] =
£=3=1[B]] = £~V[a], where 4 ¢ Top N. So, Top F*N =
= Top fL)F £*[N] colncides with the induced topology to the
€

gset F'N from Top N by all funotions fe F.
Assume that a continuous mapping a1 Top L —~Top £'N
gives smooth mappings (2) for fe F, Taking any Be N and feF

we have, by Proposition 4, Bofooel 1[ ]cL. Hence, by

Proposition 1, it follows that f

(4) R4 L_“Fx-N.
Fow, assuming (4), by Proposition 2, we obtain

ele"[D]: L _, —(F*W)_ for feP.
c [Df] b ¢
So, by (3), we get (2).
To complete the proof of Theorem 1 take any a.p. M Ba=
tisfying (i) - (iii). By (ii) we have Top M = Top F'N, Setting
L=Mand ¢ = id! from {(iii) we conolude that f: MDf——N for

feP. So £*[N]cMy c M for feF. Thus, F'NCM, On the other
£
hand, (3) yields (2) for fe F where ¢ = idy and L = F*N, From

(1i1) it follows that idys F*N—= M. So, MCF'Ne QuEeDs
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2, The a.p. coinduced by s set of mappings
Let M be a.p. and F be any set of functions defined on M,
The a.p. generated by the set of sll real functions A3 with

domains contained in lJ f[M] and such that BofeM for fcF

will be called the a.p. ooinduced from M by the set F of
mappings and denoted by FM, The following theorem gives the
oharacterization of FM.

Theorem 2, The a.pe coinduoced from M by the set
of functions defined on M is the exaotly one a.p. N satisfying
the following oonditions:

(iv) f£3s M—N for feF;

(v) XN= }Z£ £[M];

{vi) for any a.p. P and any function g: N — P we have
the smooth mapping g: N—=P if and only if

(5) gofs M—=P for fecPF,

Proofe. ForN=TF(v) directly follows from the
definition of FM, For N = M (iv) follows from Proposi-
tion 1.

Let ns take g: FM —= P such that (5) holds., Taking any
7€P we have yFogofeM for feF, Thus, yo0ge FM, So,
g1 FM—P,

To end the proof assume that N ie any &.p. fulfilling
(iv) - (vi). Taking g = idy and P = N, by (vi), we get (5).
Hence it follows that 1de FM — N, Thus, NC FM, From the
fact that f31 M—FM for fc¢ F it follows that

idNO ft+ M—FM for fekF.

This yields 1de N — FM, Therefore, FMc N. Q.B.D.
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