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1. Introdaction 
In t h i s note we s h a l l prove that a l l thois-3 (and only 

those) congruence r e l a t i o n s on BCK-algebras are convex which 
keep the i r f a c t o r a lgebras being again BCK-algebras, and that 
any convex congruence c l a s s V of BCK-algebras has congruence 
extension property i f and only i f S(V) i s again a convex 
congruenoe c l a s s 5 in par t i cu la r each var iety of BCK-algebras 
does have congruenoe extension property. 

An algebra A = (A; • , 0J of type (2 ,0) i s said to be a 
BCK-algebra (see e . g . K. I s e k i [4]) provided, for a l l x , y , z 
in A (we put dot only to avoid f i r s t - o r d e r brackets and use 
jux tapos i t ion in other c a s e s ) : 

BCK1. ( x y x z ) . z y = 0, BCK2. (x»xy)y = 0 , 
BCK3. xx = 0 , BCK4. Ox = 0 , 

BCK5. xy = 0 = yx implies x = y . 
The underlying se t A i s p a r t i a l l y ordered by the r e l a t i o n 

x«,y i f and only i f xy = 0. I f the set j x e A : xa=£b} has a 
l a rge s t element, fo r some a ,b e A, i t i s denoted by a+b and 
ca l led a sum. I f the sum a+b a x i s t s for a l l in A, we 
say that the BCK-algebra A. has a sua (sea 9,. K. I s e k i , ! 5 j ) . 

- 3 1 9 



2 T. Traczyk, TA'. Zargbski 

Tha following notation will be useful in the sequel 

xy° = x and xy n + 1 = xyn»y for n=0,1,... 
where x ,y are in a BCK-algebra. 

2 . Convex congruence relatione of BCK-algebras 
The notion of convex congruence relation is a useful 

tool in studying partially ordered algebraic systems (see 
e .g . L. Fuchs, [ l ] , p.18) . 

D e f i n i t i o n , Let A = (A; P) be ar. algebra 
with a partial ordering relation ^ defined on the set A, 
A congruence relation 9 on A is said to be convex, i f for 
a l l a ,b,c in A the following implication holds 

(1) a=£bi;o and a ~ c ( 9 ) imply a ~ b ( S ) . 

Â  i s called a convex congruence algebra provided each 
congruence relation on A. i s convex. A class W of algebras 
i s called convex congruence provided each member of V7 is a 
convex congruence algebra. 

Of course, every l a t t i c e i s a convex congruence algebra. 
However congruence relations on BCK-algebras may not be ne-
cessarily convex. Non-convex congruence relations have bean 
used in order to show that neither the class of a l l BCK-alge-
bras nor even the class of BCK-algebras with a sum is a va-
r iety (see A. Wroneki [7] and D. Higga [ 3 ] ) . 

L e m m a 1. For every BCK-algebra A, x,y £ A, and for 
a l l positive integers m,n, we have 

(2) [y(xy)mJ{yx)n^[x{xy)m](yx}n-1^[y(xy) I I l-1](yx)n-1 . 

? r 0 0 f • These inequalities follow, by induction, 
from the well known fact that in every BCK-algebra A. 

(3) y«yx<;x for a l l xvy e A. 
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T h e o r e m 1. Let 0 be a congruence relation on 
a BCK-algebra A. * (Aj * , 0 ) . Then the following conditions 
are equivalent! 

(4) © i s oonvex; 

(5) xy~O{0 ) and yx~0 (8 ) together imply x - y ( 8 ) , 
for a l l x,y e A; 

(6) A/S i s a BCK-algebra. 

P r o o f . Conditions (5) and (6) were proved to be 
equivalent by H. Yutani (see [ 9 ] , Proposition 3 ) . Now let (A) 
hold and suppose that xy~O(0 ) and yx~O (0 ) . Then, obviously, 

( y x y ) * y x ~ y x y ~ y ( 8 ) . 

Therefore, by the convexity of 0 , we get from (2) ( f o r 
m=l, n=l) that 

(y*xy )»yx ~ x»xy(8 ) , i . e . x ~ y ( 8 ) . 

Conversely, let (5) hold, and let a«;b4go and a ~ c ( 9 ) f o r 
any a,b,o in A. Then ba~bc (9 ) and be = 0. Hence b a ~ 0 ( 9 ) . 
Since also a b ~ 0 ( 8 ) , we get a ~ b ( 0 ) by ( 5 ) , and then (4) 
fol lows. 

C o r o l l a r y 1. I f V i s a quasi-variety of 
BCK-algebras, which is determined by a set of equations to -
gether with the quasi-equation BCK5, then 7 i s a variety i f 
and only i f i t is a convex congrueno* olass. 

C o r o l l a r y 2. Every variety of BCK-algebras 
i s a subclass of the class K of a l l convex congruence BCK-al-
gebras. 

T h e o r e m 2. A subclass VCK has the congruence 
extension property i f and only i f S (V )QK. 

P r o o f . Let B be a subalgebra of an algebra Â  in V. 
Let us suppose that S (V )£K and let 8 be a congruence r e l a -
tion on B. Let A stand for the ideal of Â  which i s ge-
nerated by the equivalence class M Q t and take § to be 
the unique-ly determined congruence relation on A such that 
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A - [o]<5 (see H. Yutani, [9 ] , The ore» 3). Then, again toy 
» 2 

Yutani e The ore» 3, the intersection $fiB is equal to the 
unique oongruenoe relation 6 on B Buoh that [p]@ » A HB, 
i .e . $ is an extension of S • 

Conversely, i f V has the oongruenoe extension property 
then for every congruenoe relation 8 on B there is a con-
gruenoe relation $ on A such that 0 « £(~IB . Sinoe § is 
convex, so is 0 , whioh proves that S(V)SK. 

A. Wroûski and J.K. Kabaiûski proved in [ô] that there 
is no greatest variety of BCK-algebras. Therefore the class K 
is not a variety. So the following problem arises. 

Problem. Prove or disprove that the class K has the 
congruence extension property. 

An application. The definition of a convex congruence re -
lation» as given by the formula (1), makes sense in a more ge-
neral case when A is an algebra with a quasi-ordering rela-
t ions . For example, let V be a variety of algebras of type 
(2,0) which is based by the following identities: 

(7) xyzy » xz*yz, 

(8) xx = 0, 

(9) xO = x, 

(10) zx*y = zyx . 
A quasi-ordering relation is imposed by setting 

x sy i f and only i f xy = 0. 

It is easy to check that identities (7), (8 ) , (9) , (10) 
imply BCK1, BCK2, BCK3, BCK4, and that conditions (4), (5), 
(6) of Theorem 1 remain pairwise equivalent for every A in V. 
Furthermore, the following relation Q on A 

x~y(6 ) i f and only if xy = 0 = yx 

i s a convex congruence re lat ion. An easy proof that 8 i s a 
congruence relation one can find in B.Bosbach paper ¡JO]' , 
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p.445; convexity follows from (7). The factor algebra_A/S 
is a BCK-algebra. 

Acknowledgment. We wish to thank the referee who suggest-
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