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1. Introduction

In this note we shall prove that all thozs (and only
those) congruence relations on BCK-algebras are convex which
keep their factor algebras being again BCK-algebras, and that
any convex congruence class V of BCK~-algebras has congruehce
extension property if and only if S(V) is agsin a convex
congruence classi in particular each variety of BCK~algebrae
doss have ocongruence extension property.

An algebra 4 = (43 », 0) of type (2,0) is said to be a
BCK~algebra (see e.g. K. Iseki [4]) provided, for all x,y,z
in A (we put dot only to avoid first-order brackets and use
Juxtaposition in other cases):

BCK1.e (xyexz)ezy = 0, BCK2. ({xexyly = 0,

ECK3. xx = 0, BCK4, 0x = O,

BCKS5., xy = 0 = yx 1implies x = y.

The underlying set A is partially ordered by the relation
x<y if and only if xy = O. If the set {xeA: xasb} has a
largest element, for some a,be€ A, it is denoted by a+b and
called a sum. If the sum a+b exists for z11 -,% in 4, we
say that the BCK-algebrs & has a sum {ses e. . XK. Isexi, (5!},
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The following notaticn will be useful in the sequel

xyo = X and xy“+1 = xyn-y for n=0,1,ses

where x,y ave in a BCK-algebra,

2. Convex congruence relations of BCK-algebras

The notion of convex congruence relation is a useful
tool in stodying partially ordered algebraic systems (sese
@.ge Lo Fuchs, [1], p.18).

Definition , Let A = {&; F) be an algebra
with a partial ordering relation defined on the set A,
A congruence relation & on A is said to be convex, if for
all a,b,¢ in & the following implication holds

A
<

(1) a<b<o and a~c¢(8) imply a~b{(8).

A is called a convex congruence slgebra provided each
congruence relation on A is convex. 4 ciass W of algebras
is callsd convex congruencs provided each member of W is s
convex congrusnce algabra.

Of course, svery lattice is a convex congruence algebra,
ﬁowever gongruence ralations on BCK-~-algebras may not be hne-
cessarily convex, Non~-convex congruence relations have bewn
used in order to show that neither the class of all BCK-slge~
bras nor even the class of BCK-algebras with & sum is a va-
riety (eee A, Wrodski [7] end D. Higgs [3]).

Lenmas 1o For overy BCK-algebra 4, x,yc 4, and for
all positive integers m,n, we have

(2) [3(xy)®{yx)®< [x(xy )2 yx) 2 < [y (xy) ™ (yx) 21,

Proof. These inequalities follow, by induction,
from the well known fact that in svery RCK=-algebra A

(3) yeyx<x for all =x,y€ A.
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Theorem 1. Let & be . a congrusnce relation on
a BCK-algebra A = (A} *, O). Then the following conditions
are equivalent:

(4) 6 is convex;

(5) xy ~0(6) and yx~0(8) together imply x~y(6),
for all x,y¢ A; ’

(6) A/6 is a BCK-algebra.

Proof. Conditions (5) and (6) were proved to be
equivalent by H. Yutani (see [9], Proposition 3). Now let (4)
hold and suppose that xy~ 0(8) and yx~0(6). Then, obviously,

(yoxy)eyx~yexy~y(0).
Therefors, by the convexity of 8 , we get from (2} (for
m=1, n=1) that

(yoxy)eyx~ xexy(6), 1.0. x~y(8),

Conversely, let (5) hold, and let a<b<o and a~c(8) for
any a,b,0 in A. Then ba~bc(6) and be = 0, Hence ba~0(8),
Since also ab ~0(8), we get a~b{8) by (5}, and then (4)
follows,

Corollary 1e If V 18 8 quasi-variety of
BCK—algebras, which is determined by a set of equations to-
gether with the guasi-equation BCK5, then V is a variety if
and only if it is a convex congruence class,

Corollary 24 Every variety of BCK-algebras
is a subclass of the class K of all convex congruence BCK-al~-
gebras,

Theoren 2. A subolass VS K has the congruence
extension property if and only if S(V)S K.

Proof. Let B be a subalgebra of an algebra &4 in V,
Let us suppose that S(V)S K and let & be a congruence rela-
tion on B. Let A stand for the idesl of 4, which is ge~
nerated by the equivalence class [O]C)' and take ¢ to be
the uniquely determined congruence relation on A such that
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A= [0]g (see Ho Yutani, [9], Theorem 3). Then, again by
Yutani’s Theorem 3, the intersection ¢ B2 is equsl to the
unique congruence relation & on B such that [0]g = ANB,
i.8. ¢ is an extension of 9 .

Conversely, if V has the congrusnce extension property
then for every congruence relation & on B there is a con-
gruence relation ¢ on A such that 6 = qSﬂBz. Sinoce ¢ is
convex, so is &, whioh proves that S(V)< K,

Aes Wronski and J.K. Kabsidski proved in [8] that there
is no greatest variety of BCK-algebras. Therefore the class K
i8 not a variety. So the following problem arises.

Problem, Prove or disprove that the class K has the
congrusnce extension property.

An application, Tho definition of a convex congruence re=-
lation, as given by the formula (1), makes sense in a more ge~-
neral case when A is an algebra with a guasi~ordering rela-
tien<. For example, let V be a variety of algebras of type
{2,0) which is based by the following identities:

(7) Xy*2y = X2°y2,
(8) xx = 0,
(9) x0 = x,
(10) ZX*y = ZY°*Xe

A gquasi-ordering relation is imposed by setting

x<y if and only if xy = C.

It is easy to check that identities (7), (8), (9), (10)
imply BCK1, BCK2, BCK3, BCK4, and that conditions {4), (5),
(6) of Theorem 1 remain pairwise equivalent for every 4 in V.
Furthermore, the following relation & on A

x~y({8) if and onmly if xy = 0 = yx

is o convex congruence relation. An easy proocf that 8 is a
congruence relation one can find in B.Bosbach paper o,
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Ps445; convexity follows from (7). The factor algebra 4/¢
is a BCK-algebra.

Acknowledgment, We wish to thank the referee who suggest-
ed some valuable improvements of this paper,

REFERENCES

f1]L. Fuchs: Partially ordered algebraic systems.
Oxford, 1963,

[2]6G. Gratzer s Universal algebra. New York, Heidel-
berg, Beriin, 1979.

[3]Ds H.iggs: Dually residuated commutative monoids

with ideniity alement do not form an equational class,

Math, ~Japua. 19 (1984), 69-75.

[4]K. Ieei1: On bounded BCK-algebras, Math. Sem,.

Notes, XKoba Unive 3 (1975) III
51K. I eek i A special class of BCK-algebras, these

NCTBS, 5 (1977} 191-198.
£ K. Isexi, S. Tanakast: An introduction to
tiis thesry of RCK-algebres, Math. Japon., 23 (1978) 1-26.
7}A. Wr o iskils: BCK-algebras do not form a variety,
Math, Japca., 28 (1983) 211-213,

(8]4 Wronski, JK: Kabzidskis There
is no largsst variety of BCK-algebras, submitted to Math.
Japon.

JHe Yutanis Guasi-commutative BCK-slgebras and

congrusnce relations, Math, Sem. Notes, Kobe Univ. 5

(1977) 469-480.

B Bosbaoh: Residuation groupoids and lattices,

Studia Sc. Math. Hungarioca 13 (1978) 433-451.

=
A
-

o

-
o

{
-

INSTIIUTE OF HATHEMATICS, TECHNICAL UNIVERSITY OF WARSAW,
UG-€61 WARSZAWA
deceivsd cugust 30, 1984,

- 323 -






