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0. Introduction 
In 1967 H. Sikorski [6] introduced the con apt of d i f f e -

rential space as a generalization of C00-differentiable ma-
nifold. Independently, S. MaaLane [4] introduced the same 
concept of di f ferential space in hie lectures on modern theo-
-etxeal meohenics. W. Waliszewski in [9] "ntroduced the con-
cept of jet in tho category of di f ferential spaces. The pre-
sent paper contains two other definitions of jets based on 
some concepts of tarfgency of mapDings at a point. There are 
•sxarained 3ome connections among the above definitions. 

1. Terminology and notation 
let C ba any set and let C be a set of real functions 

defined 011 S. Denote by Tq the weakest topology on S such 
shs'̂  a l l functions of C are continuous. Let C^, Ac s', be the 
c:et of a l l real functions a defined on A such that for any 
pe .. -here sxiats a set B erQ with pe B and a fsmction fie C 
-r.i lri'ying the equality a | A ̂  B =/5| A h B. He ss? (ct . ¡"4̂  ) 
.-3'- 'j it i'-*.-.>d with ^Suf-ot tv? lor.ilizatior. L„'f \ -

0 a '«n.-t-j sot of all ! m . - - ; ^ o f . 

- 3C.' -
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S e p H-y{o!.1(p)!o(2(p),...lo(8!p)), 

where e is ax>-» positive integer, a 1 • . « , o r B e C and 
$oe C00 (fl8). Any set Q satisfying scC * C is said to be closed 
with respect to superposition with all real CTO -functions 
(cf. [s]). ior an arbitrary set C of real functions defined 
on S we have t b cq = tq = tq • Moreover for any A c S the to- • 

iS 
pology r r is the restriction of r r to A. 

C is said to be a differential structure on the set 3 
iff C is non-empty and &cC = C = Cg. Any pair (S,C), where S 
is a set and C is a dfiferential structure on S we call a dif-
ferential space. For any set G of real functions defined on £ 
the set (scC)g is the smallest set containing C and closed 
with respect to superposition with all C °°-functions and lo-
calization. If C is non-empty then the pair (Ss(ecC)0) forms 
a differential apace. (scC)g is called the structure generat-
ed by C. By a subspace of a differential space (S,C) we maan 
any differential space of the form (a,Ca), where A is a sube«t 
of S. 

Let us consider a differential space M of the form (S,C i«, 
The sat 5 will ba also denoted by PointsM and called the set 
of all points of M. Similarlys the set C is oalled the set 
of all real smooth functions on M and denoted by F (M). 

A mapping fjPointsM --—FointaN is aaid to be a smooth 
mapping from M to N iff for any fi e F (N) we have fi 0 f e F (M). 
This fact is denoted in ihe form f — ~ N. 

Let us take any point p of M* The union of all seta of 
the shape C^, where ps lit r^, C =F(M), will be denoted by 
/="{M, p) v The set of all derivations (see [ 5 ] , [7]) on F{M,?J 
together "with natural operations of addition and multiplica-
tion by reals is called the tangent 6pace to M at p and 
denoted by T M, 

By [<x , p] , where p is a point of M and « e F(M,P), w6 
denote the germ of « at p, By -m- (M,p) we denote the algebra 
of all germa of functions from F' (¡¿, p), whose values at p 

k • are zero* By -m- l M, 0 , where• k is a ¡'¡osi'tive integer, we 
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Op jets in differential spaces 3 

denote the ideal of w(li,p) generated by all germs of the 
form g1g2...gk» where g1 ,g2t*• • »S^ are elementa ofw(Mtp). 
It is well known (see e.g. [1]) that the mapping defined by 
the formula v «-([cx ,p] »-w2(M,p)>—«-v(a)) is correctly de-
fined isomorphism of TpM onto (w(M,p)/<*2(litp) )*. 

By the tangent bundle to the differential spaoe M (of. [5]) 
we mean the differential space IK which struoture is generat-
ed by the set joe => jtmj <xe F(M)| U {d^a;ote F (M)} of real functions 
defined on the set PointsTM of all pairs (pfv) with p in M 
and v in I K, where jt^ and d Ma are the mappings 
PointsTM ^ (p, v) i—^pePointsM and PointsTM 9{p,v) t—- v(<x)e/? 
respectively* We will identify (p,v)e FointsTM with the vec-
tor v tangent to U at p. 

We havs tt^sTM — M and for any aeFlil) d̂ orsTM — - R, where 
R denotes the differential space {/?)). 

Let MjlS be two differential spaces and f:M — - N. Then we 
have TfsTM—— TH, where.Tf is the mapping such that for any v 
Tf(v) is of the shsps r(N,f (p) i—-v(/3of) and the follow-
ing condition ̂ o Tf = f ojru i s fulfilled. By I f we mean 
the restriction of Tf to TpM. 

By ̂ (M) we denote the set of all smooth mappings X from 
M intc TM satisfying the condition jt^° X = idjj. Such mappings 
are called ¡smooth vector fields, shortly: vector fields, 
tangent %o M, If Xex(M) aad aeF(M) then by 3 x a w e denote 
the function PointsM a p 1—• X( p) (a) e/?. 

Put T°M = M, 77^ s idM, T°f = f and d̂ or = a , where M is 
a differential apace, f is a 3mooth mapping defined on M 
into a differential space and &eF(M). For any positive inte-
ger k and M,ft a as above put TkM = T(Tk~1M), = 
= Jrj"1« * k..., » Tkf = T(Tk-1f) and dkcx = dTk-1M

(dM"1o<,• L s t 

for p in H (^k)"1(p) and Tkf = (Tkf)|TkM. 
It is eaey to verify the following four propositions. 
1.1, P r o p o s i t i o n . Let M be a differential 

space, aeF(ul) and Xex(M). Then we heve the equality 
bx « , dM,X , 
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A J . «HSblewski 

1 . 2 . P r o p o s i t i o n . I f f ill — - N and ft e F (N) 
It k k then djJ(/3of) « d J j 3 o r f , where k i s any p o s i t i v e i n t e g e r , 

1 . 3 . P r o p o s i t i o n . Let f i M - — N and 
g:N —~P. Thee f o r an? p o s i t i v e i n t e g e r k we have T ( g ° f ) » 
- T k

g o T k f . 
1 . 4 . P r o p o s i t i o n . Par any d i f f e r e n t i a l 

spaoe M,aeF(M) and X ^ Z g * * * * » ^ 6 ^ ^ w e h a T * 

3 2 1
a I 2

, , , 3 X k
0 < " dMcx ° t1C""1x1C ° • - • 

2 . The f i r s t kind of tangenoy of mappings 
The f o l l o w i n g d e f i n i t i o n e x t e n d s t o the c a t e g o r y of d i f f e -

r e n t i a l s p a c e s t h e concept of tangency of smooth mappings of 
d i f f e r e n t i a t e m a n i f o l d s ( see [2] ) . 

2 . 1 . D e f i n i t i o n « Let 

( 2 . 1 ) f :M — H, gtU — - N 

and p be a point of 11. Ve say that f i s tangent t o g 
of o r d e r 1 at p ( i n the f i r s t s e n s e ) , what we wr i t e i n the 
form f = i a i f f •»P 

( 2 . 2 ) f ( p ) « g (p) 

and Tpf = T p g . For any i n t e g e r k > 1 we w r i t e 

( 2 . 3 » k ) ^ k f p g 

i f f ( 2 . 2 ) and f o r v i n TpM Tfs j £ _ 1 y T g . We say t h a t f i s 
t a n g e n t t o g of o r d e r k a t p ( i n the f i r s t s e n s e ) . 

2 . 2 . L e m m a 1 Let us t ake mappings ( 2 . 1 ) and p 
i n M. I f ( 2 . 3 ; k ) h o l d s , where k i s a p o s i t i v e i n t e g e r , t h a n 
f o r any l ^ k ( 2 . 3 ; 1 ) . 

P r o o f . To prove the lemma i t s u f f i c i e s t o c o n s i d e r 
t he ca se 1 = k - 1 . We use the i n d u c t i o n w i t h r e s p e c t t o k . 

Let k = 2 . I f ( 2 . 3 } 2 ) t hen a c c o r d i n g t o D e f i n i t i o n 2 .1 
f o r any v i n TpM we have Tf= 1 y T g , which i m p l i e s l^Tf = 
= T Tg. Hence f o r any w i n TyTM we have 
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On Jete in d i f ferent ia l spaces 5 

T f ( v ) = Tf (^T M (w)) « ^ ( T T f f w ) ) -

= ^TN (TvTf (w) ) » ^T N (T vTg{w) ) = Tg(v ) . 

Henoe Tpf «= Tpg, whioh gives (2.3|1). 
Now l e t be such integer that for any mappings (2.1) 

and p in » the condition (2.3;k) implies (2 .3 ;k- l ) . Prom 
(2,3jk+l) by Definition 2.1 i t follows that 

(2.4{k) T f ê k , v T g 

for v in TpM, what, as we have assumed, implies (2.4{k-1) 
for v in TpM. Then (2.3}k) . QBD. 

2.3* T h e o r e m . For any mappings (2.1) and any 
positive integer k the condition (2.3;k) is equivalent to 
the formula 

(2.5;k) T^f = T^g. 

P r o o f . For k = 1 the proof by a direct ve r i f i ca -
tion. 

X>«t k be such positive integer that (2.3{k) is equiva-
lent to (2.5;k) for any M, N, f , g, p as above. For any v 
in TpM the condition (2.3»k+1) implies (2.4;k) , which is by 
the induction hypothesis equivalent to the condition 

(2.6) TkTf = T^Tg. 

Since TkTf is the restr ict ion TkTf|TkTM = Tk+1f|TkTM and 

U{TkTM;v e Tpiaj = Tk+1M we get xk+1f|T^+lK = Tk+1g|ïk+1M, 

which gives the formula (2.5;k+1). Thus we have proved that 
(2.3;k+l) implies (2.5;k+1). To complete the proof of the theo-
rem i t suf f ic iee to prove the inverse statement. 

Assume that f , g , p sa t i s fy ( 2 . 5 ; k + l ) . For any v in 
Tplki we have ( 2 .6 ) , Hence ( 2 . 4 j k ) . Moreover 

¿k+1 0 T*+1 f ( Tk+1M) = M o = 
iv p p ft P 

« = { f ( p ) } . 
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6 J. Wroblewski 

Similarly, setting g instead of f , from (2.5;k+1) we get 
(2 .2) . Now, by Definition 2.1 we have (2.3}k+1). 

3. The second kind of tangency of mappings 
3.1. D e f i n i t i o n (see Let as take any 

mappings (2.1) , p in M, and let k be a positive integer. 
We 6ay that f is tangent to g of order k at the point p 
(in the second sense), what we write in the form 

(3.1) f = k t p g , 

i f f (2.2) holds and for any dif ferential space L, fie F (N), 
cp: L —— M, X1,X2,...,Xjc€ 3f (L ) , te Points! such t h a t ^ ( t ) = p 
and for any positive integer l ^ k 

(3.2) 3X1 3X2 , , < 3X1 (^3 ° f ° 9 ) ( t ) = a x i 3 X 2 * , * 3 X 1 ^ ° g ° 9 ' , ( t J * 

3.2. T h e o r e m , For any mappings (2.1) , any point 
p of M and positive integer k, satisfying (2.3;k) we have 
(3 .1 ) . 

P r o o f . Let us suppose the condition (2.3,1c). By 
Definition 2.1 we have (2.2) . Moreover, by Theorem 2.3, we 
have (2.5;k) . Let L,y3 , <p , X1 .Xg, . . . ,Xk, t , 1 be as in Defi -
nition 3.1. We have to prove the condition (3.2) . By lemma 2.2 
and Theorem 2.3 we have (2.5}1) . Moreover, by Proposition 1.4, 
we have 

^ X 1 3 X 2 , • • ^ X 1 ^ o f o ^ ( t l , = dJiiBofo^JoT1-^^ . . .oT 1 X 2 °X l ( t ) , 

which is equal to 

(3.3) djp ° TXf ° T1^ o T 1 - ^ . . . °T1X2 o X ^ t ) . 

Sines 

° T1^ ° T l"1X lo . . . o T ^ o ^ f t ) = 

= cp O oT-'-^XjO . . . oT1X2° X ^ t ) = 9 ( t ) = p 
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On j e t s i n d i f f e r e n t i a l spaces 7 

we have I ^ o T 1 " 1 ! ^ . . . °T 1 X 2 ° Z ^ t j e TpM. Henoe TAf may be 

replaced i n (3 .3) by Tpf , which i s equal to T^g. Now we obta in 
( 3 . 2 ) . 

The fo l lowing example shows t h a t the inverse, of Theo-
rem 3.2 i s not t r u e . 

3 . 3 . E»x a m p l e . Let U be the d i f f e r e n t i a l sub-
space of R suoh t h a t PointsM = j l /n$ne /v} U { o } . Put f o r 
x 6 Points!! f ( x ) = 0 and g(x) » x . I t i s easy to v e r i f y t h a t 
f:M —— R and g:M — R. 

Because v ( f ) = 0 4 1 • v ( g ) , where v(h) * l im n.(h(l/n)-h(0)) 
n—oo 

f o r h £ F (M,0), we remark t h a t ' f = 1 Qg i s not f u l f i l l e d . 
We w i l l show t h a t f= 1 0 g . I t s u f f i c e s to show tha t f o r 

any d i f f e r e n t i a l space L, ye F ( R ) , <p sL —- M, X6*(L) and t 
i n I such t ha t cp(t) = 0 we have 3 x ( f o g o ^ K t ) = 0 . Let 
L,<r,<p,X,t be as above. We have 3X(<T ° g ° 9>)'(t) = 
= (dRar o Tgo T950 X) ( t J = (d R Jo Tg) ({T50 o X ) ( t ) ) . We s h a l l prove 
t h a t 

( 3 . 4 ) (T<jp o x ) ( t ) = 0 . 

Let us suppose t h a t (T9>°x)(t)E TQM\{O}. We have dMge F(TM) 
and (dMg)~1 (R\{O} ) = T J M \ { O } . Henoe, TJM \ { 0 } i s open in 
TM. Let us take neighbourhood U of t i n L such t h a t 
(TpoX)(x )E TQM \ {0} f o r x e U . Hence <p(x) .= 0 f o r x e U . This 
impl ies T t 9= 0 , which ends the proof of ( 3 . 4 ) . 

4. k - d e r l v a t i o n s 
4 . 1 . D e f i n i t i o n . B y a k - d e r i v a t i o n (k e/V) 

on a d i f f e r e n t i a l space M a t a point p of M we mean any 
mapping PiF(M,p) — R suoh t ha t f o r any a , o < 2 , . . . 
. . . , a l c + 1 e F(M,p) and ae /? we have 

(4 .1) F(«+>3) = P(a) + F(/3), F(aa) = aP(a ) , 

- 309 -



J. Wr6bleweki 

(4.2) F ( o f i * ° ' 2 * " » * 0 < k + i ) 

where A/j£+1 = |l , 2 , . . . ,k+l| and # A stands for the cardinal 
number of the set A. 

According to above definition by 1-derivations on M at p 
we ca l l vectors tangent to M at p, because for k » 1 (4,2) 
can be written as Ffa.j.o^) = F(o<1 ).a2 (p) + P(cx2 )*a1 (p). 

4*2. R e m a r k . Let P be a k-derivation on M at p. 
Per any a e F(M,p) equal to 0 on a neighbourhood U of p we 
have P(a) = 0. 

To prove the remark i t suf f ices to put in (4.2) o^ = a 
and otg = = . . . »= ^ » 

Denote by F0 (M,p) the set {cx e F(M,p) j « { p ) » o } . 
4.3. i1 h e o r e m . let the mapping P:F(M,p) — R sa-

t i s fy the oondition (4.1) for atj3 e F(M,p) , a 6 R . Then P 
i s a k-derivation on M at p i f f * ( l p o i n t s M ) * 0 and fo r any 
a1 »«2»*• • ,0fk+1 e P^cx10<2*,*0(k+1^ B 

Proof by an easy ver i f icat ion. 
4.4. C o r o l l a r y . I f k < l and F i s a k-deriva-

tion on M at p then P is an 1-derivation on U at p. 
The set of k-derivations on M at p i s a linear space 

with respect to addition and multiplication defined as f o l -
lows (P+G)(or) a P(a) + G(a ) , ( aP ) ( a ) = a (P ( a ) ) for oceF{M,p) 
and a e R . This space we w i l l denote by D^M. According to 
Remark 4.2 and Theorem 4.3 D^U is canonically isomorphic to 

I . i <i ^ 

. The isomorphism is given by the formula 

? • — ( [ « ,p]+JM , 1 {M,p) i—-P(of) ) . 
Then, i t is related to the ooncept of k - jets used in the 

theory of singularit ies of smooth mappings (see e.g . [10] ) . 
4.5. D e f i n i t i o n . Let f jM —- li and k be 

a positive integer. By D^f we denote the linear mapping of 
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On j e t s in d i f fe rent i a l spaces 

Dpli into Df(p)N defined by the following formula Dpf(F)(/3) = 

= P{y3 o f ) for P in DpM and JS e F(N,f(p)) . 

5. The third kind of tangency of mappings 
5.1. D e f i n i t i o n . Let us take any mappings 

(2 .1 ) , a point p in U and a positive integer k. We say 
that f i s tangent to g of order k at p ( in the third 
sense), what we write in the form 

(5.1) U k.p«' 

i f f (2.2) holds and Dpf = Dpg. 
5.2. C o r o l l a r y . We have T_M = D̂M and 

1 " P 
Tpf « Dpf. Thus tangency of order 1 ( in the f i r s t Benee) i s 
equivalent -o iangancy of order 1 ( in the third sense). 

5.3. P r o p o s i t i o n . For any [a ,p] in-wt-^iM.p), 
where k;s2, ar I any v in TpM the germ [djjO<,v] i s an e l e -
ment of wk~1(TM,v), 

F of by en easy ver i f i ca t ion . 
5.4. C o r o l l a r y . Let p be a point of a d i f -

fe rent i a l epaca M and k be a positive integer. For any v 
k — in TpM ths mapping viF(M,p) —- R defined by the formula 

k 
v(« ) = dMa(v) i s a k-derivation on M at p. 

5*5. L e m a a . Let U be a d i f f e ren t i a l spaoe, which 
structure i s generated by a set C c fl?0*0*®*, Then we have 

(5«2) F(TM) = (ec({dMcx,a6C}u{o( ojrM, « 6F(M)} ) ) p o i n t 8 T M . 

I f , moreover, k i s a positive integer then 

(5.3) F(TkM) « (BO({dJa|oc6 C}U 

k-1 r 

I J i ^ T i ^ i « , J cx e F (T^M)l)) k . T̂Q I T M I K > PointsT M 
U 
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10 J . Wroblewski 

Proof of ( 5 . 2 ) by an easy v e r i f i c a t i o n . ( 5 . 3 ) we o b t a i n 
f rom ( 5 . 2 ) by i n d u c t i o n . 

5 . 6 . P r o p o s i t i o n . Le t M be a d i f f e r e n t i a l 
s p a o e , which s t r u c t u r e i s g e n e r a t e d by a s e t C c 
For any p i n H and any v,w i n TpM such t h a t v(<x) - « ( « ) 
f o r cx e C we have v = w. 

Proof by an easy v e r i f i c a t i o n . 
5 .7* T h e o r e m . Let f , g be mappings ( 2 . 1 ) and p 

b e ' a p o i n t of M. For any p o s i t i v e i n t e g e r k t h e c o n d i t i o n 
( 5 . 1 ) i m p l i e s ( 2 . 3 j k ) . 

P r o o f . Theorem h o l d s f o r k « 1 by C o r o l l a r y , 5 . 2 . 
Let us t a k e any i n t e g e r k > 1 and suppose t h a t theorem h o l d s 
f o r k - 1. For any v i n i e I 0 , 1 , 2 , . . . , k - 2 } and . p 1 ' 
fis F (T N) we have 

T ^ v j f d ^ - ^ / J o T T )) „ T ^ V ) ^ : 2 - 1 ^ - 2 - 1 , , ± ) » 
V T If TTT / \ TTl T H ' 

- v f d ^ - ^ o T ^ 2 - 1 ^ 4 o T
k - 1 f 

V I I T x » 

v f d ^ - ^ o l ^ - i f , , o T i + 1 f j \ 
\ O V T H ' ' I S N T H 

- v f d ^ y S o T ^ ^ f o k . ) V T K I I I ' 

- v f d ^ - ^ o T ^ f o T ^ - V , 
\ T H I I I 

The l a s t e q u a l i t y f o l l o w s f rom the i n d u c t i o n h y p o t h e s i s 
Tp" 1 f = T p " 1 6 . I f moreover ( 5 . 1 ) h o l d s , we have f o r J l e F i N ) 

T k f ( v ) ( d J " 1 / 3 ) « d k / (T k f (v ) ) - d B V l k f ( v ) = dk( /3o f ) ( v ) = 

« v ( y S o f ) = Dkf (v) (^ ) » Dkg(v)(/3) = T k g ( v ) ( d k " 1 ^ ) . Moreover , 
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On j e t s In d i f f e r e n t i a l spaces 11 

T k f (v ) i s an element of T , . Tk~1N t which i s equal 
T p 1 f W v ) ) 

to I t . Tk"1N. Mow, by Lemma 5.5 and Proposi t ion 5 .6 
T k " 1 g M v ) ) 

k k V 
we have T f ( v ) = T g ( v ) f o r v in Tpd, whioh ends the proof 
of ( 2 . 3 ; k ) . For k«1, by Corollary 5 .2 , the inverse of 
Theorem 5.7 holds . The fol lowing example shows tha t f o r k-2 
the inverse of Theorem 5.7 i s not t r u e . 

5 .8 . E x a m p l e . Let U, f and v be suoh as in 
Example 3.3» Define the ma-pping hill —-R by the formula 
h(x) - x 2 . Ve have Tf = Th. Henoe T^f « T^h whioh y i e l d s 

However we have f # 2 Q h, because 

D^f (F j ( id^) = P{f) » 0 ^ 1 « P(h) = D 2 h(P)( id^) , 

where F(g) - lim n 2 (g (1 /n ) -g (0 ) -v (g ) ) f o r g e F(M,0). 

6. The case where TpM i s smooth of f i n i t e dimension 
6 .1 . P r o p o s i t i o n . Let V be a l i n e a r spaoe 

of f i n i t e dimension and l e t V be a subspace of W. Let 
e 1 ( e 2 , . . . » e n be a bas i s of V and l e t f.j , f 2 , . . . t f m such 
elements of W tha t f ^ V . f g + V , . . . , f 0 + V form a bas i s of W/V. 
Then the elements e^ . « g , . . . »« n»f 1»'2***' »*m f o r m a b a e i s of W. 

Proof by a d i r e c t v e r i f i c a t i o n . 
6 .2 . P r o p o s i t i o n . Let p be a point of 

a d i f f e r e n t i a l space M and k be a pos i t ive i n t e g e r . Let Z 
be such se t of elements o f « ( M , P ) , tha t the se t [ x+*£(M,p) ;x<=z] 
genera tes t*(M,p)/m2(M,p). Then the se t | x 1x 2 . . .x j £+* l c + 1 (M,p); 
x 1 , x 2 , . . . , x k 6 z} generates ™k(M,p)/wk+1{M,p). 

Proof by an easy v e r i f i c a t i o n . 
6 .3 . D e f i n i t i o n . By a smooth bas i s of t a n -

gent space to a d i f f e r e n t i a l space M at a point p we mean 
any system of veotor f i e l d s on neighbourhoods of p, suoh 
tha t t h e i r values at p form a bas i s of T M. We say t h a t 
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12 J. Wr<5blewski 

IpM is smoothly of f in i te dimension i f f i t has a smooth f i -
nite basis. 

6.4» L e m m a . Let ,X2 , . .• b® a s»ooth ba-
sis of TpM and let k>1. Consider the set of mappings 

1 2 " * k i 1 * i 2 i k 

where 1,,-ss . . .s£i , ,^n. Then the mappings L , 4 i t * J>2» •»J-jj 
are k-derivations on U at p and the elements X. 4 * 

i1 l2* * * k 
+ Dp~1M, i ±2^ form a basis of the speoe 

P r o o f . I t is easy to veri fy that JL * 4 is 
1 2' * ' 1c 

a k-derivation on M at p. 
k k—1 The space CpM/D* is oanonically isomorphic to 

(wlc(II,p)/«f.ic+1(M,p))*. The isomorphism is given by J;he formula 

F+Dp"1!!»— (a +Jt+1(M.,p) •—-?{« ) ) . We may identify those spa-
ces without anxiety of misunderstanding. 

By assumption, X 1 ( p ) , X 2 ( p ) . . , X n ( p } form a basis of 

DpM. Let ( « ^ ^ ( M . p ) ; i « 1 , 2 , . . . , n ) be the dual basis in 

w(M,p)/(»2(M,p)» Then, by Proposition 6.2, the set 

B = j ^ i « i ...o<i^+'Wk+1(M,p)} l i i i ^ . . . <: ik-< n| generates 

*»k(M,p)/«k+1(M,p). Moreover, for 1-s. i . , « i2-< . . . n and 
. . . n we have 

X., * . (ot, oc. ...Of. ) = 
1 2 ' * k «>1 J2 3k 

% % — ' 1 % - , , c v p ) n K % ( 1 ) ( p ) 
11 X2 Xk 1 i K OeS,, 1=1 X1 

0 for ( i 1 t i 2 , . . . , i k ) 4 

i = i n i ( H ^ v - i ) ) 5 

1.J12<•.lk 1=1 x 

for i ^J^ , i 2 = j 2 , . . . , i k = j k , - 314 -
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Thus, so ( l i i V . ; i i f • Dj-M, K i ^ y i s a 

where Sk denotes the set of a l l permutations of the set N .̂ 
Henoe the elements of B are linearly independent and B is 
a basis of -hi ,p). Its dual basis is 

( X i 1 i 2 . . . i k ^ i 1 i 2 . . . i k + Dp'lM» . . . < i k < » ) -

k 
baeie of DkM/Dk"1M. 

P P 
Applying Proposition 6,1 to Lemma 6.4 we get 
6.5. C o r o l l a r y . The mappings X., 4 . • x < j * • i 

= ( a h - » 3 i 3X «(pj) , 1 « . l « k , 
i 1 i 2 k i l 

form a basis of D*M. 
6.6. T h e o r e m . Consider mappings (2.1) and let 

us suppose that p i8 such point of M that TpM is smoothly 
of f in i te dimension. For any positive integer k the condi-
tion (3.1) implies (5 .1) . 

P r o o f . Let (X^,X2,...,Xn) be a smooth basis of 
TpM. Assume (3.1) . By Definition 3.1, for any positive inte-
ger k , « ! « ! ^ i2«s . . . s c i ^ n, and ft e A/(N) we have 

aX 3X. ••• 3x. ^ ° f , ( p ) = 9X 3x. 3 x. S^pi* 
i i i 2 i i i i h ± i 

Hence we have D^ffx. i , ) = D^gfx, , , ) when 
P ^ Y j " 1' P 1i 12** 1' 

k k . . . ^ s i -^ n. The mappings Dpf and Dpg are equal on 
k k 

the bas i s l i s t e d i n Corol lary t t .5 . Hence we have D f = D g , 
which ends the proof , 

The hypothesis in Theorem P. 6 that T M i s smooth of 
f i n i t e dimension i s s a t i s f i e d In the case where bl i s of f i -
n i te dimension (se-i The example of A. Kowalczyk (see [3]) 
i n d i c a t e s that there e x i s t s a r a t h e r wide c l a s s of d i f f e r e n -
t i a l spaces of f i n i t e dimension which are not d i f f e r e n t i a t e 
r . n r i f o l d s . Then, by TJteerem 6. P. the three concepts of tangency 
of mappings at the po int f o r s p a c e s of f i n i t e d imens ion a r e 
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e q u i v a l e n t . Of course , each d i f f e r e n t i a b l e C°° -manifold i a 
a d i f f e r e n t i a l spaoe of f i n i t e dimension, too* 
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