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Th& ciaihoc of f inite elements generally is used for the 
boundary value problems* In some papers conoerned with i ts 
application to technical problems this method is also used 
far in i t ia l v&lua problems but without an; theoretioal expla-
nations of »he convergence of the approximative solutions to 
the exact one (see e.g. [2 ] , [3 ] ) * To this aim the latter 
problem wi l l be studied in this paper. The results of this 
work generalise to the nonlinear case the results of [4 ] , [5]. 

1_. Lei i > 0 be a fixed constant and f : < 0 , T > x R 2 — - R 
be a Lipsohita continuous function, i . e . there exists some 
L > 0, auch that for any t 1 t t 2 e <0,T> and for any 

(1) I f i t ^ x ^ v ^ - f ( t 2 , x 2 , y 2 ) | ^ L( |t l -t2| + |x1-x2|+|y1-y2| ) . 

Por a&y - R us consider the Cauchy problem ( for 
i € < Ot'(;>l { 
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(2) x = f ( t , x , x ) 

and 

(3) x(0) » xQ , ¿ (0) = x r 

By assumptions nada on the function f problem (2) , (3) 
has exactly one solution existing on <0 ,T> . 

2. L e m m a . For any t e < 0 , T > and any R such that 
t+ jre<0,T> the solution x of ( 2 ) , (3) s a t i s f i e s 

(4) x(t+?) « x ( t ) +arx(t) + i j 2 i ( t ) + o(a-3), 

P r o o f . The solution x of the (2 ) , (3) i s of the 
olass C 2 « 0 , T > ) . Thus the functions i and x are bounded 
on<0,T>. Let 

K.. « max |x(t)| , ICj « max |x(t)| . 
1 <0,T> ^ <OfT> 

By Taylor's rule 

(5) x(t+ 3r) =, x ( t ) + y x ( t ) + j 3r2x(t+8ar) 

for some 8 e ( 0 , 1 ) . For the solution x we have (for ¿ « S j ) 
by (2) and (1) 

|x(t+<5) - x( t )| = | f(t+<5, x ( t+6 ) , x( t+6)) - f ( t , x ( t ) , x ( t ) ) k 

*SL( 161 + | x( t+<5) - x(t)| + | x(t+<5) - i ( t ) | ) » 

= L(151 +|x(t+91<5)||«5| + | x(t+826)| I <5 | 

^ L(1+K1+K2) |c5| <L( 1+K^+Kg) 12T| 

for some 8 2 e ( 0 , 1 ) . Then xft+Qgr) = x ( t ) + 0(3-) and then . 
from (5) we obtain (4 ) . 
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3. Bow let us introduce the f inite elements method by 
the standard procedure. Choose any natural integer N, let 
h • S . Let he the functions given for p=0,1,.. . ,N by 

(6 ) 

g- - p + 1 for t e ( pii-h, ph> 

g- + p + 1 for t e ( ph, ph+h), 

0 for t&<0,T>\ (ph-h,ph+h), 

For p = 0 and p = N the functions <p are considered only on 
<0,T>. The functions 9p are differentiable for a l l te<0 ,T> 
except soes of the points ph, p ® 1 ,2 , . . . ,11-1, where they hare 
the le f t arid right derivatives. 

Wa w i l l look for approximate solution x*1 of the form: 
H 

(7) x * { t ) . ^T a£ ,£ ( t ) , 
k=0 

where a £ £ R, k = 0,1,2,* . . ,N are unknown constants* Let us L, U 
notice that for any °<£efi the function x is differentiable 
for a l l te<0 ,T> except perhaps for points kh, k » 1,2, . . . ,N-1 
where it has l e f t and right derivatives. Prom now on ¿ N t , w i l l denote the right derivative in t . Observe that 

(8) a j j - j t N k h ) . 

The function x*1 of the form (7) is said to be an approxi-
mate solution i f i t satisf ies the in i t ia l conditions 

(9) xh (0) - xQ , i h ( 0 ) . x, 

and the "Galerfcin ru le " of th.a form 
T 

(10} f [xh ( t )¥ '1 ( t )+f { r . , j ih {1 : ) , i b ( t ) ) .v . ! { t ) ]dt - 0, l>1,2,...t2-l* 
0 
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The first condition gives a " » ̂ » « o V 0 ' + - x1 
and thus 

( 1 1 ) 

h h 
* • "I ""O T 

« 0 " xo» E * x r 

Let us examine the equations (10)« The functions have 
support on <lh-h, lh+h>, and thus 

lh+h 
(12) / [^(tj^it) + i(*,aeb(t).i^Ct)t)]d* = 0, 

lh-h 
1 = 1,2 H-1. 

Inserting x*1 from (7) into (12) and taking into account that 
in the interval <lh-h, lh+h> only three funotionsi 

are not identically equal to zero we obtain 

(13) 
lh+h r 1+1 
/ n , « M ^ i w + 

lh-h Lk«l-1 

dt = 0, 
, 1+1 1+1 \ 

\ k=l-l k«l-1 ' 
1 = 1,2,...,H-1. 

Dividing the interval of integration into two parts: <lh-h,lh> 
and <(lh,lh+h> and using (6) we get 

(14) 
lh 

lh-h 

+ a^(t)J j>J(t)dt + 
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lh+h \ 

lh 
1 = 1,2,...,N-1. 

To the integral given in (14) we apply the trapezoidal rale 
of integration, hence 

h „ h h a 1 + 1 - 2a, + a l_ 1 (15) 1 + 1 1 1 1 -h 2 

1 = 1,2,...,N-1. 

The received system (15) with the conditions (11) will be 
treated as difference schema for the problem (2), (3)* Por 
the system (15) and (11) we will prove that for sufficiently 
small h all the coefficients a 1 = 0,1,...,N can be found, 
and that the corresponding approximate solutions (7) converge 
to the solution of (2), (3)« 

4. The proof of solvability of the system (11), (15) (for 
sufficiently small h) will be presented for the more general 
case. Let e^gR, k a 0,1,...,N, and consider the system 

A> K xo + V — h — - *1 + 

( 16 ) 

¿1+1 - 2 h + ¿1-1 
" 72 

- i i ' i ^ i » i + f(lh^i» i -1+1« 

1 = 1,2,..., N-1, 
The system (11), (15) can be obtained from the f3ystem (16) 
by taking = 0, k = 0»1,.f»,N. for the proof we use tha 
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method of mathematical induction. Suppose that we have already 
found /60,/31,...,/32* F o r/®i + i w a have the equation 

2 
(17) - W i - + i t f l i - h - ^ ) + 

2 

+ | - f ( l h , ^ , £ (J3 1 + 1 -^ ) ) + h 2 e l + 1 . 

Consider the operator T % H —- R given by 

2 

2 
+ f ( lh , j8 l t £ ( a r -^ ) ) + k 2 £ i + r 

For two given numbers j and f we have 

2 

kar - I ' ( m . ^ . £ tr-fl^) - f ( m , ^ , £ 

^ i r L i I r - i l - f H r - r l -o 
I f we assume that h< ^ then the operator ? w i l l be contrac-
tive, henoe the existence of a unique solution of the equa-
tion Tartar, i . e . a unique solution of the equation (17) 
results from the Banaoh principle. 

5, To prove that the reoeived approximate solutions con-
verge to the solution of (2 ) , (3) we show that the correspond-
ing interative schema (see (8 ) , (11) and (15)) 

(18) x^O) - xQ = 0, * h ( h ) h Z h ( . 0 ) * X1 * 0 
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sad 

f l 9 j ***((1+1)h) - 2 x h ( l h ) + x*^ (1-1 )h ) _ 
h2 

- - l { f ( l h t x h ( l h ) , ¿ ( * h ( l h ) - x h { : .-1)h))) + 

+ f ( l h , x ^ l h ) , I ( x ^ d + O h ) - x" - H i ) ) ) } = 0 , 

poro imatea the problem ( 2 ) , (3 ) and i s s t a b l e (see [ l ] ) . 

2- I n s e r t i n g to the abso lu te v a l u e s of the l e f t s i d e s of 
the equa t ions (18) the 7a l u s s of the s o l u t i o n * ¿Z the prob-
lem i ' c ) , (3 ) i n s t e a d of we o b t a i n 

|x (0 ) - x f l | - 0 , 

I _ X i | ¿ ( 8 h ) h _ ¿ ( 0 ) | = I ¿ ( s ^ j s h l ^ K 2 h , 

where 9,3^ e ( 0 , 1 ) and Kg i s the constant f rom the s e c t i o n 2, 
•anc.ta by A the cor respond ing exp re s s i on obta ined from the 

.equations from (19) ( w i t h x i n s t e a d of > h ) , i . e . 

A := x ( ( 1+1 )h ) - 2 x ( l h ) + x ( ( 1 - 1 ) h ) 
u2 ~ 

i j f ( l h , x ( l h ) , -J- ( x ( l h ) - x ( ( l - i ) h ) ) ) + 

+ f ( l h , x ( l h ) , ¿ - ( x { ( l + i ) h ) ~ x ( l i i ) ) 

the Ismraa we hsva 

x( (1+1 Ih) - 2x( I h J »• • -1)b.) 
h2" 

x ( l i i ) + 0 ( h ) » f ( l i : , ~ ( i h ) ) + 0 (h ) 
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henoe 

f ( l h , x ( l h ) , x ( l h ) ) - f ( l h , x ( l h ) , ^ ( x ( l h ) - x ( i l - 1 ) h ) ) ) | + 

+ 1 | f ( i h , x ( l h ) , i < l h ) ) - f ( l h , x ( l h ) , J (x ( ( i+ i )h ) -x ( lh ) ) ) ! +o(h)« 

» \ L l x d h J - x i l h - S ^ ) ! + \ L | i ( lh ) -x ( lh+© 2 h) | + 0(h) » 

= \ L h | x ( Ih -S 3 h) | + \ Lh|x( lh+9 4h) | + 0(h)< K2Lh+0(h) « 0(h) 

f o r some ©2» ®3» ®4 6 ^ ^ K2 f r o m l e n m a * Tiiu® 
have v e r i f i e d tha t the i t e r a t i v e schema (18) , (19) approxima-
t e s the problem (2 ) , (3) with the order 1. 

7. Now we want to show tha t the schema (18) , (19) i s 
s t a b l e . Together with the schema (18), (19) we s h a l l examine 
the per turbate schema of the form 

i ( l h ) . x ( l h ) - x ( ( l - 1 ) h ) + 

+ \ L I x ( lh ) x((1+1)h)-x( lh) 
h + 0(h) -

3^(0» - * 0 • V 

(20) 

xf tUl+Dh) - 2x f a(lh) + x^ ( ( l -1 )h ) _ 
h 2 

- I j f i l h . x ^ l h ) , J ( ^ ( l h ) - ^ ( ( l - D h ) ) ) + 

+ f ( l h . x ^ d h ) , I ( x N d + U h ) - x ^ l h ) ) ) } - 6; 

" 2 

£1+1» 

1 » 1 , 2 , . . . , N - 1 . 
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From the sect ion 4 we know that from the system (20) we 
can find a l l values x (kh), k *= 0 , 1 , . . . , N . 

Let c = 4eLT(T+1). In the following we r e s t r i c t ourselves 
U+1 to integers K>o. In R we introduoe a special norm: i f 

N+1 
7 = (Jo t? . ] . . . . . ? ! } ) 6 R then 

I y|[ = «ax ( | y k M k ) ) 

where 

p ( k ) 
4 o 

To show that the schema (18) , (19) i s stable we must prove 
that there e x i s t s such KeR that for a l l N>c and for the 
corresponding vectors 

x h - ( x h ( 0 ) , x h ( h ) , . . . , x J l ( U - 1 ) h ) , x h ( T ) } , 

& » ( x h ( 0 ) t x h ( h ) , . . . , x h ( { l l - 1 ) h ) , x h ( T ) ) 

(where h « | ) from (18) , (19) , (20) and f o r e = ( e 0 , t 1 eB) 

we have II ̂  - x h lkK| |e | | . 
Por s implic i ty we introduoe new variables 

1 • 0 , 1 , . . . , N , taking y- « 0, ;r0 = 0 and 

( 2 1 ) 

Then 

* h ( l h ) - x h ( ( l - 1 ) h ) 31 • 

T - x f l ( lh) - x n ( ( l - 1 ) h ) 

1 = 1 , 2 , . . . , N . 

(22) x h ( lh ) = x h (0) + h ^T x h ( lh ) = x h (0! +h ^ 
p=1 D=1 
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Iei t h e s e nsw v a r i a b l e b t h e schemes ( 1 8 ) , ( 1 9 ) and ( 2 0 ) have 
t h e f o r m s 

' 7 0 - 0 , 

( 2 3 ) 3 k + i * r k + i n f ( k h , x 0 + h £ * 
1 i « i 

k 
+ f kh l * x o + h H ^ l ' ^ k + l , 

1 « 1 

and 

( 2 4 ) 

^0 = o , 

h -

^k+1 mh + 

+ f ( k h 

f ( k h , x 0 + £ 0 + h 

k 

1 « 1 

+ f ( k h , x 0 + £ 0 + h ? l , ? k + 1 j \ + ek+1*i. 
1 - 1 

By summing up t h e l a s t e q u a t i o n s i n ( 2 3 ) and ( 2 4 ) i n k 
f r o m 1 t o p-1 we r e c e i v e 

= 0 , 3-, = x r 

= 

P - 1 . ^ 

f ^ k 
k=1 - ' 1^1 

P - 1 

k=1 1 = 1 
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and 

(26) 

if0 = 0, ^ • x1+61 , 

p-1 k 
f ( k h . x o + £ o + h I L 

k*1 " -

k̂  

p-1 . k , p-1 
+ 1 1 ] f (kh,x0+£0+h ) + h J Z w 

k 
y 
i « i 

—j 
k=1 

Por p = 2,3 » •. • »3ST we have 

P-1 , / k 
|y -ar l ^ - i , I ^ K ^ ' V - V * Z - M k J -

k=1 1=1 

k . . p l̂ k 
f (kh,* 0 + h X I + I E , | * ( * M 0 + £ o + h L M k + 1 

I d fc*l 1=1 

» f lk.....>r0+h V r l i T k + 1 

1*1 k=2 

Bj? th r Lip/.:-.-.;h.itz condition we obtain 

| y n - r n k l + aL j p ( i f i o ' ^ Z L ^ r t 1 ) + 
P P 

k=1 1=1 
p-1 p-1 p 

+ i W f c f i i + h X L i £ k i 
k=1 k=1 k=2 

p-1 k̂  p_-1 

k=l 1=1 - k=l 

B»1 
+ | L 5 ' + h y 

k-2 
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Bat o >TL, then for h * ^ we have h « ^ and 1 -Jg , 
thus 

+ E \ * r h \ + 
1 k»1 1«1 

• | L £ I f k . r k U 1 1 £ |?k-rk I + h £ |skl} . 
k«1 k«2 k«2 7 

But 

p-1 k p-1 p-1 

E E ' V ^ i - E ( p - i - i ) i ? 1 - i i i < ( p - i J E i h - h \ 
k-1 1«1 1=1 1=1 

hence . . 
\*9-*9\< 

f p 
< 2 | hL(p-1) |e0| + |e1| +(h2L(p-i)+JHL) ^ I V ^ I + h ^ |ek 

1 1«1 k=2 

I f p - H N and hN ® T we receive 

f P*1 P 

1 1=1 k«=2 

p = 2 ,3 ,4 , . . . ,N . 

Multiplying the inequalit ies by <p(p) and using the norm f o r 

the vectors jf= (ir0»if.| »•••» !%)» (3"0» 3*-| >••• »%) » 
£ = ( e 0 , e 1 , . . . , f J I ) we observe that 

|yp-a"p|j»(pi<2 { i t I ^ M p I + U - j M p ) + 

+ hL ( T + i ) ¡ T E f f t f 
1=1 k=2 

1 1=1 k-2 ' 
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Observing that 1)^.1 and that 

p-1 P-1 P-1 c 

1=1 1=1 1=1 1 _ 0~ w 

we obtain 

|y p - r p l9> (p )<2 { LT||e»+ ||e||+ _A_^||e||+hL(T+1) — L _ r|| 
<• " N ~ N 1-e a 1-e a 

p = 2 , 3 , . . . » N . 

Now we can see that this inequality holds also f o r p = 0,1. 
Then ( h = § ' 

n r - y i l ^ LT + -I + — Hell* 2 L ( T + ^ T i i r -r i i . 

N (1-0 
c 

"N » m-e i" a 11-« 

Accordingly f o r x e ( 0 , 1 > | by our proposition 
0 

va have N > c , then and 1 - e"®;» i Jj- • — — . 
/ - r 

Thus, 

||r- r|N2(LT+1+e | ) ||C || + 2e M|± l i ||y - r || -

= 2 ( l t+ i+b £) lieII + 1 liar-arII and 

||? - rlk4(LT+1+e |)||e|| . 

But x h { l h ) - x h ( l h ) = xh(0) - x h (0 ) + h C (f - T ) = 
p=1 v v 

1 
= £n + h L I ( in - ar-)t then o ^ - P "P ' 

- 291 -



14 K. Litewaka, J» Muszynski 

1 
l ^ d h j - ^ d h j l ^ i i ) ^ i e 0 i 9 ( i ) + h J ^ I f p - r p i 9>d )< 

i P-I 

p«i 

^llEll+ —^-g-IlT- r lMi l l + e f ||r-T||«(4LT+4+5e J ) H&l! 

f o r 1 = 0 ,1 , . . . ,N . Thus, fo r K = 4LT + 4 + 5e = 4(LT ^ 1) + 
. 5 

4LTT+1T 

II2* - xh|kK||£||, 

what we wanted to prove. 

8_. R e m a r k . I f the i n i t i a l problem (2 ) , (3) is 
o 

given for f s < 0 , ° c ) x R — — R and f sa t i s f i es the inequali-
ty (1) for a l l t ^ t g g < O t ° ° ) we can introduce the functions 

(as in the section 3 ) , but for k e JTujo} and approximate 
solutions of the form x h ( t ) = X I « ^ ( t ) ( in "Galerkin rule" 

k=0 
we take S ) . Observe that fo r any a £ e H the given series con~ 

0 K 

verge for any <0, <*>). In this case we have the same condi-
L. 

tions (6 ) , (11), (15) f o r the constants a^ (the conditions 
(15) are given for 1 e J f ) . For the system (11), (15) f o r 
1 e JT the same proof as in the section 4 shows that i t is 
possible to find a l l a !£he proofs given in sec-
tions 5-7 show that approximate solutions x*1 tend to the so» 
lution of ( 2 ) , (3) on every interval <0,T>o Thus we have the 
convergence on f u l l interval <0, <*>). 
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