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In almost a l l papers devoted to Goursat problems f o r 

p a r t i a l d i f f e r e n t i a l equations of order m g r e a t e r than 2, 

the boundary condit ions have been given e i t h e r on two curves 

( sur faces) or on the c h a r a c t e r i s t i c s of the equation consider-

ed o r , f i n a l l y , on the c h a r a c t e r i s t i c s and one non~charaote~ 

r i s t i c ourve (see [6], [9] and the r e f e r e n c e s in [3 ] and [12]). 

The case of a g r e a t e r number of n o n - c h a r a c t e r i s t i c curves was 
examined in the papers [lO] of Q .S jostrand, [l l] of Z.Szmydt 

and [3]* [4] of the present a u t h o r ^ . Let us note, however, 

that the method applied in [3] and [ 4 ] did not make possible, 

f i n d i n g formulas f o r the s o l u t i o n s nor proving the uniqueness 

of these solutions» 

1 f r 
' In LIQi a problem with tha boundary c o n d i t i o n s s e t on 

four s t r a i g h t h a l f - l i n e s i s considered i n the c l a s s of a n a l y t i c 
f u n c t i o n s . In [11] the e x i s t e n c e i s proved of a s o l u t i o n of a 
n o n - l i n e a r problem f o r a system of equat ions of arb i trary order 
m nwith the boundary conditions given on a curves . Papers 
L 3j and f_4J concern an equation of order 2p, c e l l e d a p o l y v i -
brat ing equat ion of û.î£angecunt a ad ere devoted to -ours at prob-
lems with the boundary condit ions of the type d i f f e r e n t from 
that i n [11j , given on 2p s t r a i g h t h a l f - l i n e s end . curves , 
r e s p e c t i v e l y » 
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2 A. Borzymowski 

In paper [5] we formulated a theorem concerning the a x i -
atenoe and the farm of a so lu t ion of a Goursat problem f o r 
the polyvibrat ing equat ion of a r b i t r a r y even order 2p i n a 
Banaoh space, with the boundary condi t ions given on a se t of 
2p curves emanating from a common poin t . 

The aim of t h i s paper i s t o prove th i s theorem. 
Like i n papers [3] and [4] we reduce the problem to a sy-

stem of func t i ona l equat ions but then we examine th i s system 
i n a way d i f f e r e n t from tha t in the said papers. The present 
method makes i t possible both to f ind the so lu t ion in the 
form of a s e r i e s and to prove i t s uniqueness» 

2m Let Q be the rec tang le 

Q » { (x»y ) e R2 1 0 < x « A $ Os y b ) , 

vhere 0 < A , B < ° ° t and oonsider a system of 2p curves , where 
p > 2 , given by the equations y • f^Jx) and x * h^fy) 
( f 1 :<0 ,A>^<0,B>j h ± i < 0 , B > — < 0 , A > f o r i « 1 , 2 , . . . t p), r e s -
pec t ive ly , passing through the o r ig in 0 ( 0 , 0 ) of the coordina-
tea system and not i n t e r s e c t i n g elsewhere* In "What fol lows Y 
denotes a Banaoh Bpaoe with norm II*II. 

Let us consider the following p a r t i a l d i f f e r e n t i a l equa-
t i o n 

(1) Lpu(x,y) = c(x ,y) 
(ca l led the polyvibrat ing equation of D. Mangeron), where 

a 2 

L = 3 x 3 y , ( x , y ) e Q and c —- Y i s a given func t ion . 
By a so lu t ion of equation (1) in Q we mean a func t ion 

u:£>—-Y tha t possesses continuous d e r i v a t i v e s D^u (where 
a a'^' 

V = — f — « - I l/3| = B* + O ^ ^ i » /32< p) in Q and s a -p 1-, P 2 \ c \ c. 9x 'oy 
t i s f i q s (1) at each point o f £ . 

L e m m a 1. Let c : Q — Y be a continuous funo t ion . 
I f u : p - ~ Y i s of the form 

- 254 



Gouraat problem 3 

P 
(2) u(x,y) - R(x,y) + J ! C ^ ' V * ) * + 

o<«1 

((x,y)e£), where 

x r 

(3) R(x,y) - [ ( P - 1 ) ' J " 2 / | J [(x-5)(y-?)Jp"1 o(^, ?)d ?}d!j, 
0 I 0 J 

5 ^ i < 0 , A > — - Y and if<O(t<?0,B> — - Y are funotions of olass C p , 

and o ^ e l is a constant, than a is a solution of equation 

(1) in ¿2. And oonversely, for a given solution u of equation 

(1) in Q there are funotlons ^»<0,A> — Y and if/O(:<0,B> — Y 

(o(oi,2,...,p) of olass C p , fulfilling the conditions 

¿ a ) ( 0 ) - v j m , ( 0 ) - 0 {« » 2,3,...»pi m - 0,1,...,a-2), and 

a constant c ^ e Y such that relation (2) is satisfied for 

(i,y)eQ. 

The proof of Lemma 1 is elementary. 

We examine the following Goursat problem. 

(G)-problem. Find a solution u of equation (1) in Q 

satisfying the boundary conditions 

J uCx.f^x)] - M j U ) for x e < 0 , A > , 

[ u ^ y ) , ? ] « H ^ y ) for y e <0,B> 

(i » 1,2,...,p), where ll1i<0,A> — Y and — — Y are 

given functions. 

Each function u having the aforesaid properties will 

be called a solution of the (G)-problem. 

We make the following assumptions: 

I. The functions f i : < 0 , A > - ^ < 0 , B > and h ^ O . B ) — < 0,A> 

(i = l,2,...,p) are of olass C p , f A(0) • h ^ O ) a o, and the 

ineq ualities 
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4 A. Borzymowski 

(5) { 

0, 
. * * . * * ~2p/ae_ 

• a x ( f p i h p U 1 , g0 fphp< p 

min ( f l - f l _ 1 ) > [p(l + e)]"1 f_, 

min ( h i - h . J >[p(l + t)l" ,hD 
2«i«p 1 1 1 p 

are fulfilled, where t ± » f^(0), h i = Jb.±(0) ( i « 1 , 2 , . . . ,pj 
and and t are given numbers satisfying the conditions 
?0e (0,1> and 

( 6 ) o < £ < f p p p - 1 * 

respectively. Moreover, f± and h^ ( i » 1 , 2 , . c . , p ) satisfy the 
conditions mentioned at the beginning of this section* 

Let us note that although we assume the curves y « f^lx) 
and x = h±(y) ( i « 1 , 2 , . . . , p ) to be sufficiently "flat" at the 
point 0 (aee (5))» we do not make any assumptions concerning 
the Blopea of these curves at the points of 52 \ {©} • 

I I . The functions M1t<0,A>-—T and ®1»<0,B>— 
( i e 1 , 2 , . . . , p ) are of olass Cp and fulf i l the conditions 

(7) M^O) « N3(0), M[o,(0) = N [ " ( 0 ) - 0 

( i , j = 1 , 2 , . . . , p | m » 1 , 2 , . . . , p - 1 ) and 

(8) ||M<p,(x)||<K X*-U*O, llNiP^yJNKyP-^^o 

( i = 1 , 2 , . . . , p i x6<0,A)j y e <0,B>),where K is a positive 
constant« 

I I I . The function c : Q —Y is continuous. 
R e m a r k 1. By Assumption I I , we have 

A>-> 

( 9 ) 
[M±(x) - a) (n)i K 

(p-m)! 
2p-1-m+* 

K 2p-1-m+3f 
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Qonraat problem 

( i • 1 , 2 , . . . , p and • - 0 , 1 , 2 , . . . , p ) , «her « x e <0,A>> 
j e < 0 , B > , • - HpiO) - H s (0 ) ( r , s - 1 , 2 , . . . , p ) . 

We shall need the fo l lowing l i u u whloh i s a direct con-
sequence of Assumption I . 

L a m • a 2. Thers i s a posit ive number 
< mln(A,B, l ) , suoh that the inequal i t i es 

f ± ( x ) - f 3 ( x ) > [ p d + c ) ] " 1 f p ( x ) , 

h t ( y ) - h 3 ( y ) > [ p ( n c ) ] - 1 h p ( y ) , 
(10) 

1 * £ j < i « p , hold good f o r x e ( 0 , ^ ) and y e t O , ^ ) , respec t i -
v e l y 

Ve shal l also need the fo l lowing lemma whose proof i s 
straightforward. 

L e m m a 3. There i s a posit ive number min(A,B,1), 
suoh that the inequal i t ies 

(11) 
(1 - e Q ) f i < f i ( x ) < (1 + £ 0 ) f l f 

(1 - £ 0 )h i<-h! L ( y )< (1 + £ 0 ) h ± , 

w h e r * 1/6p-3+*0 

( 11 ' ) 0 < £ g< 1 - [ p P g o ° / 2 ] 

are sa t i s f i ed f o r and y e (0,<52), respect ive ly . 
In the sequel we shal l use the notation min(<5'1 ,<S2)* 

3. Ve now attempt to f ind a solution of the (0)-problem* 
Setting c* • a in (2 ) and imposing on funotion u the bounda-
ry conditions ( 4 ) , we get the fol lowing system of functional 
equations1 ' 

Here and in the sequel, ° is the symbol of composition. 
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6 A . Bo-^zymowski 

ÎL U ) ) 0 " 1 ^ ( x ) + x « " 1 Vo,0 . f j U ) ] 
o< =1 

( 1 2 ) - M i < * > - a - ' H [ x , f i ( x ) ] f 

P 
X I [ ^ " " V + ( i i 1 ( y ) } 0 f " V o ( ( 7 ) ] -

« = 1 

= N ± < y ) - a - H Q ^ t y J . y ] 

( x e < 0 , A > { y e < O f B > j i = 1 , 2 , . . . , p ) . 
By s e t t i n g i = 1 , 2 , . . . , p i n t h e f i r s t o f e q u a t i o n s ( 1 2 ) , 

we o b t a i n t h e f o l l o w i n g s y s t e m o f a l g e b r a i c e q u a t i o n s 

P 
( 1 3 ) ^ " V c c * * ) -

of » 1 

w i t h r e s p e c t t o ^ ( x ) > . . . t jp ( x ) ( w h e r e 

P 
( 1 4 ) P ^ x ) = M ^ x ) - a - R ^ . f ^ x ) ] - ^ T * a ~ 1 V 

« - 1 

The s y s t e m ( 1 3 ) i s a C r a m e r ' s s y s t e m f o r x e ( 0 , A > , because 
t h e d e t e r m i n a n t o f i t s c o e f f i c i e n t m a t r i x 

D ( x ) « ( f f l i x ) - f w ( x ) ) 
1i£or</3sS p 

i s d i f f e r e n t f r o m z e r o ( x e ( 0 , A > ) . 
U s i n g C r a m e r ' s f o r m u l a s and t h e w e l l known f o r m u l a s c o n -

c e r n i n g t h e Vandermonde d e t e r m i n a n t s ( s e e [ 7 ] , p p . 7 0 and 2 3 6 ) , 
we h a v e 

P 
( 1 5 ) p j x ) - ( - 1 ) 0 " 1 o ^ t x j e ^ x ) f i t * ) , ' 

i « 1 
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Goureat problem 7 

where 

(16) ^ ( x ) 
r P 

n i f / i W -
-1 

(17) 

( 1 8 ) 

e j (x ) - [ 7 f/3(«>. 
>3-1 

• î ( «> » I f - ( z ) . . . f A ( * ) 

V 1 ¿ p - « * 1 

( a « 2 ,3» . . . , P - 1 ) when p > 3 and 

(19) eP(x) = 1, 

( i * 1 , 2 , . . . » p ) • 
On joining (14) and (15), we get 

P 
<pjx) =» ( - i f 1 2 ^ " ç ( * ) « y ( x ) ( M v ( x ) - a - R [ x , f v ( x ) ] ) + 

v-1 
P 

+ M J " YL vkMmkMx 
V,k«1 

( x î (0,A>j a - 1 , 2 , . . . , p ) . 
Evidently, by setting i » 1 , 2 , . . . , p in the second of equa-

tions (12) and by using an argument analogous to that above, 
we obtain 

P 

P 
+ ( .1)« y ^ g k ( y ) e£(y) y M y h t ( ? ) , 

v,k=1 
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8 A» Borayaowskl 

(y e (0,B)| o<* 1 , 2 , . . . , p ) , where ¿>v(y) and are given by 
the formulas (16) and (17)-(19), respectively, with the re -
placement of f by h, * by y and i by v • 

Thus, f i n a l l y , we oan assert that for x e (0,A>, y e (0,B> 
the system of functional equations (12) i s equivalent to the 
following one 

(20) 

^ ( x ) - V^x) + G^ k (x )y vof k ( x ) , 
v,k«1 

P 
' V*(y) + 

\>,k«l 

(x 6 (0, A> | y 6 (0,B>| <x <• 1 , 2 , . . . , p ) , where 

( 21 ) 

Vw(x) » (-1)0"*1 ^ (xJe^ ix i tM^xJ-a-RLx. f^x) ] ) , 
v»1 

P 
v"(y) = (-1)0"*1 ^ ¿5 v ( y )^ ( y ) (K v ( y ) - a -H[h v ( y ) , y ] ) ( 

v*1 

(22) 

Ga (x) y k 

rw 

Qvk ( 7 ) ( - l f cS k ( y )e« (y ) yv~1, 

and <?t* and (oc « 1 , 2 , . . . , p ) are the unknown functions. 
Let us note that i f Y « R, then the system (20) i s con-

tained by that examined in paper [ l ] but the assumptions made 
in the said paper are not sat isf ied (see [ l ] , p.194). 

Using c lass ica l methods of the theory of functional equa-
tions (Bee [8] , Chapter VI), we are going to prove that, 
under the present assumptions, system (20) has a unique solu-
tion. f i r s t ef a l l le t us introduoe the following notation 
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G o u r s a t p r o b l e m 9 

( 2 3 ) 

{ 2 s - 1 ) 

f o r e ••= 2 , 3 . . . ; 

z;r ( x ) = h,. ° f tr ° zrr ( x ) , 
( 2 s ) 2 s 2 s - 1 ( 2 s - 2 ) 

K = 0 hk- ° 2 i T ( J ' » 
( 2 s ) 2 s 2 s - 1 ( 2 s - 2 ) 

Z7T (X) = o ZTT ( x ) , 
( 2 s - 1 ) 2 s - 1 * ( 2 s - 2 ) 

( y ) = h k o z ^ ( y ) , zr. 
2 s - 1 ( 2 s - 2 ) 

( 2 3 ' ) 

h = hk- 0 f i r i * ) » H ( y ) = fk- ° hk-

i ZjT (x) = f v ( x ) , z V ( y ) = h. ( y ) , 

where k ^ j = (k^ . . . , k m ) f o r m z J C % and I s s k ^ p f o r 

i & J f { ^ V d e a o t s s the s e t o f a l l p o s i t i v e i n t e g e r s ) . 

L e m m a 4 . The s e q u e n c e s j z c 1 and | z^r } ( s e e 
1 { 2 s ) 1 ^ ( 2 6 ) ' 

i 2 3 ) , ( 2 3 ' ) te.nd u n i f o r m l y t o z e r o on { 0 , A > and ( 0 , B > , r e s -
p e c t i v e l y » .she .i s — oo . 

L e t us b-.. >rvs t h a t Lemma 4 i s a g e n e r a l i z a t i o n of Lemma 3 

i n [ 2 j c s u : ke Proved by an argument s i m i l a r t o t h a t i n [ 2 ] . 

L e m m a 5 . I f A s s u m p t i o n s I - I I I a r e s a t i s f i e d , t h e n 

s y s t e m ( 2 0 ) h a s a s o l u t i o n g i v e n by the f o r m u l a s 

( 2 4 ) 

<pjx) = Va(x) + Y^ 
n = 1 

00 

f a ( y ) = v a ( y ) + Yi S n ( 7 } 

n = 1 

( x e ( 0 { A > $ j e ( 0 , B > ; cx = 1 , 2 , . . . f p ) , where 
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10 A. Borzymowski 

n « 
a« (x) - ) ', ) i L - - (x) „ 

k 1 t . . . , k n = 1 (n) (n) 

( 2 5 ) 

x P *o (X ) f 
( n ) 

a" £<*) - ? '. I _ ( y ) x 
J vk, 

with 3 ) 

k 1 t . . . , k n - l (n) (n) 

• / f ' M - (y) 
k U ) 

f(n+1 )/2l , 
. (x) . a« k (x) n g 

% ) k ( n ) ' 1 ~ 1 3=2 

2j-2 
»v Jr ' 

N /m/2+ii ^ \ 

M2J-2) A 2 j -2 2J-2 k { 2 ^ 3 ) ; 

i 

(26] lZj — — (y)- « k 

/ T(n+1)/2l 

/ Tn/2+11 

n n s 2 3 " 3 k w \ j = 2 2J-2 2j-2 k ( 2 j _ 3 ) 

The symbol denotes the greatest integer not exceed-
ing x . 
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Goursat problem 11 

= ( v 1 t v 2 , . . . t v ) j r f o r m eJf i « = 1 , 2 , . . . ) and 

(27) 

P 

(28) 

v„ 
V when n is even, 

~vn V when n i s odd, 

V n when a i s even, 

v_ 

V when n i s odd, 

when n i s even, 

(n) 

k (n) 

k 

(n) 

(n) 

'(n) 

k 

when n is odd, 

when n i s even, 

when n i s odd. 
(n) 

This i s the only solution of (20) in the class K of a l l 
systems of continuous functions » (0,A>—- Y and 

( 0 , B > — Y ( a * 1 , 2 , . . . , p ) satisfying the inequalities 

(29) ||^{x)||«Cx I l^ iyi l l«c y 

respect ively , where C i s a positive constant. 
Moreover, funotions $pa and (ot = l , 2 , . . . - , p ) given by 

(24) are of c lass Cp in the intervals (0,A> and (0,B>, r e s -
pectively. 

P r o o f . F i rs t of a l l we are going to show that the 
ser ies in (24) are uniformly convergent in the intervals 
(0,A> and (0,B>, reepectively. We wil l give the proof for 
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12 A. Borzymowski 

the series aH(*)» argument for the series XL 
n»1 n=1 

i s analogous* 
It follows from Lemma 4 that there i s a positive integer 

N such that for each n>H and each xe (0,A> the relat ion 
(x) e (0,<5") i s val id. 

k ( n ) 

Let us distinguish the following two oasest 
1° xfc(0tS) and 2° xe<S,A>; n>N, and begin with the 

f i r s t of them. 
Observe that, in virtue of the relations (10) and (16), 

we have the estimates 

(30) lU jUM« [p( l+£) ] p - 1 ( f p (* ) ) 1 - p 

( i a 1 , 2 , . . . , p ) . 
Further, by (10), (18) and Assumption I , we get the follow-

ing sequence of inequal i t ies . 

>Hx)\< ( f p u ) ) p - w ) A 

« pP-2(fp(x))P-« 

(a = 2 , 3 , . . . , p - 1 j i « 1 , 2 , . . • (p| p>3)» whenoe and by (17) and 
(19) we can write 

(31) |^(x)|<C#(fp(xi)P-" 

(a, i=1,2, . . . ,p . j p » 2 ) , where C* « PP"2. 
It i s clear that analogous estimates oan be obtained for 

¿^(y) and e!j*(y). 
Prom (22), (30) and (31) i t follows that the functions 
and G* sat isfy the inequal it ies 
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Gouraat problem 13 

f | a ^ i x i k cvCpCi+«Q 
(32? 

» > ! « C*Cp( 1+6)3 P" 1 * y y - > ) 5 " V ' 1 

(v>,k,«= 1,2,... ,p), respectively. 
Now, let us write the-expression (see (23)) in the 
4) foras ' 

- P 
(33? a*{x) » V " } ' G ^ k (x) G / k a «I /•., 1 1 2 2 

Ä. o 

^•Jt«• • *pjj-l 

of. ix) G v*",, o a ^ (xJ'G-A. * {x) G ^ v o (x) •*• 
*1 3*3 k ( 2 ) ^ 4 4 k { 3 )

 V 5 k 5 k { 4 } 

... fi^1^. ( X ) . 
k(»~1) fc(n) 

Basing on (33) sad using the estimates {32} and (11} and 
the inequality 

(34} | | / n o ! _ (xJJI^oonBtflj- l x ) ) 2 V m 9 * * * 
k ( n ) 

(see (9), (21) and (27))• we obtain the following sequence of 
ineq ualities'^' 

^ We assume that n is odd; fos? even values of n the 

last but one factor in (33) is '5y k 0 (x). 
k(n~1) 

Hare and in th» deejay'.?,, '2snotes a positive oon~ 
stent* 



14 A. Borzymowsk i 

(35) |a j (x ) | |< 

^ cona t C # [ p ( l + e ) ] p " 1 J I . V 1 

( f k f x ) ) V
1 ( z . - ( x ) V 3 

k[2) 

v>o-1 

« - 1 

<y Vz,) (̂  f _ Z^ o ( X ) 
P k ( 2 ) 

O „1 ••• 
2 

(x) 
k ( n - D J ^ 

P k ( n - 1 ) 

c on s t { [ p 2 ( 1 + . 6 ) J P - 1 ( 1 - £ 0 ) 2 ( 1 - P ) } n 

2 P " V * o 

L Z I f p i V k i n^lr 2 

V 1 k i k 
P 

n 

* * 1-9, 
. . . ( f h k ) 

v n -1 
(x) 

c(n) 

• X i 

< c on s t 

2p-«+apn 
c onst [p p (1 + e) 

3 -4P -*« 
• [P P 6 0 ° ( 1 - e a ) " 

where cons t i s i ndependent o f n» 



Goursat problem 15 

I t follows from the choioe of the parameters c and cQ 

(see (6) and (11 ' ) ) that 

pp( i+e ) p~1 yr0< 1, Pp g 0 V 2 ( i - 0 ) 3 ' 4 p ' i 0 < i . 

whence and by (35)* we have 

_ 2p-o<+a? 
(36) Ha£(x)||^ const qnx 

(xe(0,<$) f cx=i,2,. . . ,p and q is a number belonging to (0,1) ) . 
In case 2° we estimate the f i r s t N factors of the produot 

in (33) by a oonstant depending on N (but independent of n) 
and we proceed with the remaining factors in a way analogous 
to that in case 1° above. As a result we get 

_ v 2 p-«+ a? 
(37) || a^(x)|| ¿s const q x 

_ 2p-<x+ap 
« const q x , 

(x e <<5 ,A>; n>Nj a = 1 ,2 , . . . , p; 0 < q < 1 ) , where oonst depends 
on N but is independent of n. 

Thus, for xe (0,A> and ne/ , the following inequality 

_ 2p-«+a-> 
( 38) ||a°<x)IU oonst qnx 0 

(a = 1,2, . . . ,pt 0 < q < 1 ) holds good, where const i s independent oo 
of n and hence the series J""*, a"(x) is uniformly convergent 

n-1 B 

in the interval (0,A>. I t is also clear (see (24) and (38)) 
that the functions p^ are continuous in (0,A> and satisfy the 
ineq uality 

(39) H^ixJIU const x 

(x 6 (0,A>| a® 1 ,2 , . . . , p ) , whence we have 

(40) l i m = 0 (o<r=1,2,...,p). 
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16 A, Borzymowaki 

Evidently, a l l the above considerations concerning the 
functions ( « = 1 , 2 , . . . c a n be also performed for the 
functions ^ ( « = 1 , 2 , . . . t p ) given by the second of formulas (24) 
and lead to analogous results . 

We prooeed to verify that the functions cpa and v« 
( « = 1 , 2 , . . . ,p) given by formulas (24) satisfy the system (20) 
for x e (0,A>| ye (0,B>, 

To this end we consider the f i r s t of relations (24) and, 
using (25) - (27) » write i t in the form 

%{x) 3 v ^ x ) + ¿ I fl",k ° V x ) + 

i , j c i 1 

co D p ,i"(n+i)/2l \ 

• n L i ) : { n ! t 

. Tn/2+1] ^ \ o l 

• ( n ^ i l w S A ' ^ ' H ' 4 
\ J-2 2 i " 2 k ( 2 j - 3 ) / (n) J 

On setting n-1 = s; fy = = q ^ ( ^=2 ,3 . . • . ,n ) , 
and on substituting j-1 = m in the second of the products n , 
we get 

p < (41) <pjx) - V a (x ) + Y ^ L GV k ( x H * 1 ° f k ( x ) + 

V k r 1 1 1 1 1 

p p , 9 

s=1 l 1 f . . . f l a = 1 q 1 , . . . , q r ; =1 

/ r(s+D /2l \ 

\ m=2 2m~1 q(2ai-2) 1 ' 
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( rs/2+11 1 x x 

• ( n 8 o ^ ( a ) i f
k l

W 

\ J -2 2 J ' 2 2 i " 2 (2J-3) 1 7 1 

Equality (41) together with the eeoond of r e l a t i o n s (24) 
imply the r e l a t i o n P 

J I .W + H L C k < x ^ y 1
o f k 1

( x ) 

V V 1 1 1 1 

i d e n t i o a l with the f i r s t of equations (20) . In a s imi lar «ay 
we ve r i fy that the funct ions and iv a (of-1 ,2 t . . . ,p) given 
by formulas (24) s a t i s f y the second of the said equations. 

Ve are going to prove tha t the so lu t ion given by formu-
l a s (24) i e the only so lu t ion of (20) in the c lass K (see 
p.11). To t h i s purpose l e t us note tha t i f some funotions <pw 

and (a«l , 2 , . . . ,p) s a t i s f y the system (20) , then, f o r each 
posi t ive in teger m0, the equal i ty 

»0 
(42) %(*) - v U ) + a j (x ) + r « (x) 

n-1 0 

(xe(0,A>{ « « 1 , 2 , . . . ,p) holds good, where a^(x) i s given by 
(25) and 

P P 
( 4 3 ) r « ( x ) - > > G " 1 k 1 Í X , * 

° >V"\+1m* k1 V i " 1 
o o 

\ j « 2 (2 j -2) / 
rm0/2+11 

J-2 2 3 " 2 2 i ' Z (2 j -3) J 

G ° k o U (x) P 0 ox (x) 
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18 A. Boraymowskl 

with 

G'"«» 
" v ^ v 1 

L, ° ,, when ia «ven, 
0 0 

•o V 
• v 1 X + 1 

when « 0 i s odd» 

F 

when m i s even 
m0+1 

(p when • i s odd. 
"o+ 1 

Fai^na on the estimates (32) and the inequal i t ies (11), 
and using an argument similar to that in the proof of (36), 
we obtain the following inequality 

(44) 
m_ 2p-«+a? 

| r " ( x ) | k const q °x 0 

(x e (0,A>joc = 1 , 2 , . . . , p ) , where 0 < q < 1 and const i s independent 
of mQ. 

I t follows direct ly from (42) - (44) that j ^ fx ) 
(xe(0 ,A>| « - 1 , 2 , . . . , p ) s a t i s f y the f i r s t of equa l i t i es 
(24). In a similar way we ahow that ya(y) (y e (0,B>| 
« « 1 , 2 , . . . , p ) s a t i s fy the second of the said eque l i t i e s . 

Thus, in order to aonplete the proof of Lemma 5* i t i s 
enough to ahow that the functions and y« (°c1»2,». . ,p) 
given by (24) are of c lass Cp. 

Ve f i r s t consider the oaaa 1° (see p.12). Let us begin 
with some auxiliary estimates. Ve asser t that the following 
re la t ions 

( 4 5 ) 

and 

(46) 

dx" 
C0k(x)|« C . [ p ( l + e ) ] p - 1 + B ( f p ( x ) ) 1-p-s 

' ( f p ( x ) ) p ~ a - 8 fo r o ^ s ^ p - a 

dx' 1 for p - a < s < p 
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(xe(0,A>| a - 0 , 1 , . . . , p | k, or» 1 , 2 , . . . , p ) hold good, where 
Ca and Cfi are poaitive conatanta depending on a. 

Ve w i l l give an inductive proof of (45) (the argument fo r 
(46) ia s imilar) . 

If s > 0 , then fc5) i® true (aee (30))* Suppoae that i t 
i a true f o r a * 0 , 1 , 2 , . . . t a Q ( 0 ^ e Q « p - l ) and obaerve that 

8+1 a 0 

dx 
s_+1 wv(x) 

p 

J-1 dx 

w k (x)( f ' (x) - f^(x) ) l 
f 3 ( x ) - f k ( x ) 

1 V 

E L 
d-q fl-o dx 

^ ( ( x ) - c t ^ ( x ) ) • Cf^(x)-^(x))-1! 

Henoe (aee (10)), we have 

d 
8o+ 1 

dx 
1TTT 

„ P+8 -p—8 
¿ [ p ( l + £)] ( f p (x ) ) ° E E v , 

itk 

+1[P(1 + 6)J 
p-1+(a +1) 

0 . ( f p ( x ) ) 
1-p-(a0+1) 

where Ĉ  (/9 = 0 , 1 , . . . , s Q ) and Cg are eon poaitive con-
o 

atanta, and aa a aonaequenoe we oan oonolude that (45) ia 
val id. Q.S.D. 

Baaed on (22), (45) and (46), we have 
min(m,p-1) 

min(m,\> -1) 

I 

' I M' 0 

air (m-4, p»ot) 

ar-o 
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20 A« B o r a y m o w s k i 

• ( 1 + £ ) p - 1 + " - ' u - a r ( f ( * ) ) 1 - ^ " a + £ 

gr - a i n ( B-yu , p - a ) +1 

(—A c . 
V r ) 

and heno« 

( 4 7 ) d ' 
d i 

5 < k ( x ) < c ; i > ( u t ) ] P - 1 + - ( f W ) 1 — V " \ 

( x & ( 0 , A > | m , a , v > , k - 1 , 2 t . . . , p ) t w h e r e C * i s • p o s i t i v e c o n -

s t a n t d a p e n d i n g on 

I n a s i m i l a r way we o b t a i n 

( 4 6 ) 
dy 

* # 
( y e ( 0 , B > | B , a , v , k « 1 , 2 , . . . , p ) , where C B i s a c o n s t a n t o f 

t h e BUM t y p e as C * i n ( 4 7 ) * 

I n f u r t h e r r e a s o n i n g we s h a l l use t h e f o l l o w i n g f o r m u l a 

f o r t h e m - t h d e r i v a t i v e o f a c o p p o s i t e f u n c t i o n H o c ( w h e r e 

• a & C m ( I , R ) t and H e C a ( z ( I ) , E ) | I c R b e i n g an i n t e r v a l 

and 8 a Banach spaee ) 

( 4 9 ) 

w i t h 

( 5 0 ) 

• 

( H o , ) ( " ' ( x ) - £ A j ( x ) ( H ( i , o > ) ( x ) 

i - 1 

kUx) 
9 - 1 

2L fc1) ^ » ( x J A J ^ X ) 

for A^(x) « for veJTi v ^ «. 
We o m i t a n i n d u c t i v e p r o o f o f t h i s f o r m u l a . 

We a h e l l a l s o need t h e f o l l o w i n g e s t i m a t e 

( 5 1 ) ( x ) 
dx> k ( 2 s ) 

2s 
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Gogreat problem 21 

{v s 1 ,2, . . . ,p ; s « 1 ,2 , . . . ) » where 

( » ) ^ - " . " « / ' ( n v J ' l n ^ 

with M̂  being a positive constant not depending on n, which 
easily results from (23)» (23')* Assumption I and Lemma 3. 

Formulas (47), (49) and (51) w i l l be applied to the est i -
mates of the derivatives of G1* » . Aocording to (49)» 

k k 
rwe have (2s) 

m B 

(53) U>| * T U?(x)l • l c ( i , o U ) ! 
k (2s) I 1 * k k (2s) 

(n » 1,2,... ,?$ s = 1 ,2 , . . . ) , and based on (50), (51) and 
using mathematical induction we can prove that the inequality 

(54) |Aj(x)M M ( 2 s ) P ( n - i , ( ^ 2 B ) i 

f i = 1,2,...,sa) holds good, where M is a positive constant 
independent of s. 

Thus (see (47), (53) and (54)) we get 

m 0 

G°< o ( x ) U const M x ) y ( 2 8 ) P { m - i , . ( z ^ ( x ) ) " 1 « 
' d x > k k (2s) ' t l k (2s) 

( l + £ 0 ) 2 8 i ( n 1 i k ; 
r=0 2 1 + 1 A r = 1 2 r/J 

with 

(55) i ( x ) - [p(1 + £ ) ] p " 1 ( f ( x ) ) 1 W * U ) V " 1 , 
V k ( 2 a ) J k ( 2 s ) 

const being independent of n. 
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22 A. Borzymowski 

As a consequence,we obtain 

(56) 
,m 

0° o (X) 
dx" "Pk k (2s) 

^ const E(x)(2s)pm(l-e0)-2mB.x-°, 

(m,oc,v,k - 1,2,...p; s = 1,2,...). 
In a similar way one can derive the estimate 

(57) d i« G o s_ (X) 
V k k(2s-1) 

^ const 8 (x)(2s-1)pn (l-6 0r a ( 2 8- 1 ,.x- n, 

(m,a, v= 1,2,...,pj s = 1,2,...),where 

(56) E(x) « [p(l + £)]p-1(hpo ^ (*)) 1-ot-(S_ (x))*-1. 
128-1) {2s-1) 

Finally, by (21), (27), (49) and (51), we have the ine-
q uality^ 

(59) 
,m v> 
dx' .m k ( n ) 

^ const n p m ( ( x ) ) 2 P " V i ° ( 1 - t J " " V " 
V k ( n ) > 

(m « 1,2,...,p), where const is a positive constant of the 
same type as those above. 

Basing on relations (25), (56), (59) and using an argument 
analogous to that in the proof of (36), we obtain the follow-
ing estimate 

^ From now on we assume that n is odd; the argument 
for even values of n is analogous. 
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n <1® ii nm 2p-«-m+* 
(60) 11^- 11̂  const n**x 

_ -,n r „ s/2 3-6p-a?n-,n 
• [ p P d ^ ^ V ^ J - [ p p « o 0 ] 

(m = 1,2,...,p) and as (sea (6) and (11' )) the equality 

^ 3P /2 3-6 D-i 
p P d ^ P - 1 ^ ^ . p V ° < 1 

hold good* we have 

(61) || const n** q n x 0 

(a,m = l,2,...,p), where xe(0,i). The extension of this 
result to the case 2° is straightforward (see the substantia-
tion of (37)). 

Thus, the series obtained by the term by term differen-
tiation of order m (1 < m « p) of the first series in (24) 
are uniformly convergent in the interval (0,A> and hence 
the fimotlcns <pa (a = 1,2,...,p) are of class C p in this 
inter al. It is also easily seen that 

(62) ||^(o,(x)||^ const x 0 

(x e (0 ,A>| <x ,m = 1,2,... ,p). Setting 

(63) % ( b ,(0) «- I1-® ?>jm,(*) - 0 
x~0+ 

(a,m -- 1,2,...,p) and using (40), we can assert that <pa 

(a = 1,2,...,p) are of class Cp in the interval <0,A>. 
By a similar argument one can show that the functions 

foe» ( «=1,2,...,p (see (24))) are of class C p in the interval 
<0,B> with yjm,(0) := 0 (« = 1,2,...,p; m » 0,1,...,p). 
This compl3t9s the proof of Lemma 5. 

- 275 -



24 A. Borzymowski 

As a r e s u l t of the a foregoing cons ide ra t ions we can f o r -
mulate the fo l lowing f i n a l theorem. 

T h e o r e m . Under the Assumptions I - I I I , th-
Goursat problem (G) has a s o l u t i o n u given by formula '2) 
wi th c* = a ( s e e p . 5 ) , where the f u n c t i o n s cpa and 
(cx c 1 , 2 , . . . , p ) , given by the s e r i e s (24) f o r i e ( 0 , A > , 
y & ( 0 , B > and by the e q u a l i t i e s (0) » : = ° t 8 1 9 o f 

c l a s s Cp i n the i n t e r v a l s <0,A> and<0,B)>f r e s p e c t i v e l y . The 
said s o l u t i o n i s the only s o l u t i o n of the (G)-problem i i the 
s e t of a l l s o l u t i o n s of equat ion (1) (see Lemma 1) suoh t ha t 
the system of funo t ions ya (a » 1 , 2 , . . . , p ) i n formula (2) 
with o* = a belongs to the c l a s s K (see p .11) . 
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