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1 <, I n t r o d u c t i o n 
Xjq t h i s p a p e r , t h e n o t i o n of a commutator of a s u b s e t of 

o r t h o m o d u l a r l a t t i o e { a b b r e v i a t e d : OML) i s i n t r o d u c e d . I t 
i s a g e n e r a l i z a t i o n of t h e commutator i n t r o d u c e d by Marsden [9] 
f o r a two-e l emen t s u b s e t , and by Beran [ l ] f o r a f i n i t e s u b -
F,O* of an OML. Some p r o p e r t i e s of t h a t commuta to r , were used 
tv, Bruns-Kalmbach j_2j, Beran [ i j and Poguntke [ l l ] t o d e -
s c r i b e f i n i t e l y g e n e r a t e d OML-a. The n o t i o n of a commuta tor 
a m been a l s o used i n [12] t o f o r m u l a t e t h e n e c e s s a r y and s u f -
f i c i e n t c o n d i t i o n f o r t h e e x i s t e n c e - of j o i n t p r o b a b i l i t y d i s t r i -
b u t i o n s of o b s e r v a b l e a on a quantum l o g i c , i . e . t h e e v e n t s t r u c -
t u r e of a quantum meohan loa l system» which i s supposed t o be 
an o r t h o m o d u l a r 6 - l a t t i c e . 

We s h a l l s t u d y , i n S e c t i o n 3 , t h e p r o p e r t i e s of commuta-
tor*? i n L t h a t i s an OML L. We show t h a t , f o r any s u b s e t 'J of 
L, t h e s e t J(M) = | a e L ( M ) t a ^ c o m P , F i s a f i n i t e s u b s e t 
oi Mj i s a p - i d e a l i n t h e sub-OML L(M) of L, g e n e r a t e d by t h e 
s a t M. Moreover , J(M) i s i d e n t i c a l w i t h t h e Uar sden [ 9 ] p - i d e a l 

i n L (U) , g e n e r a t e d by a l l t h e commuta tors 
com {m,n}, m , n e L ( M ) . The commutator com U of t h e s e t M i s 
t h e j o i n of e l e m e n t s of J(M) p r o v i d e d i t e x i s t s . 
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2 S, Pulmannová 

In Section 4, commutators in a s-OML L are studied. It 
, ° ° ie shown that the set J(M) = aeL(U)i V com P., F, is 

i=l 1 1 

a finite subset of 14 for any is1,2,...[ is a 6-p-ideal in L(M), 
which ia identioal with the 6 -p-ideal [L(M), L(M)]° in L(M), 
generated by all the commutators com|m,n), m,neL(M). 

In Section 5, the properties of commutators with respect 
to the notion of partial compatibility, introduced in [12], 
are studied. It is shown that com M, if it exists, is the 
largest element in L, with respect to wnioh the set M is par-
tially compatible. It holds that com M = 00m L(M), provided 
com M exists. It has been proved that the maximal subset Qcl. 
which is p.c. to some element a el, is a sub-OML (sub-®-GML, 
complete sub-OML) of L, if L is an OML (a 6"-OML, complete 
OML). It is also shown that if M is p.c,a (ael), then also 
c c 

M is p.c.a. 
In Section 6, the results obtained in the preceding para-

graphs, are applied to the commutators of observables. The 
commutator of th9 set jiR : ae A} of observables on a O-OML 
L is defined as com( U{R(x O,) : « e A}), where R(x) is the range 
of the observable x. Some expressions for the commutator of 
observables are derived. Finally, it is shown that the joint 
distribution of a set jx« 1 mf A) of observables exists in 
a state m if and only if m(a) = 0 for all aeJ(M), where 
M = JR(xa) : <* E A}. This result is a generalization of 
the result obtained in [12]. 

2. Preliminaries 
Let (L,¿-, 0, 1,_L ) be an orthomodular lattice (see [8] 

for all the details), i.e. a lattice with the orthooomplemen-
tation 1 : L — L such that (a~ f » a , a v a = 1 , a^b = > 

for all a,beL. The orthomodularity property claims 
that a^ b ===>b = a v (a A b), a,b e L. 

The elements a,be L are orthogonal (alb) if a« b . 
The elements a,b e L are compatible (a—r-b) if there is 

a Boolean subalgebra of L containing them. The compatibility 
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Commutators in or t ho modular lattices 3 

relation has the following propertiess a — i f f a = 
= ( s a b) v (a A b 1 ) , a <b a —~b, a -«- b --•=> — -̂b, a —- b 
and a => {a,b.o} is a distributive tripls. a - ^ b ^ 

n n n 
a V b̂  and a — V Ab. = V (aAb^)« 

i=1 1 i=1 1 i=1 x 

The centre L° of L is the set Lc = |a e L : a b for 
any bel} . L° is a Boolean subolgebra of 18 

I f M is any subset of L, the sub-OML L(M) of L, generated 
by'M (i„e« the smallest sub-OML of L containing M) is the set 
of all p(m1,ta2,...,mn)> where p is a lattieo polynomial, 
m1,m2».».fian€ MUM1", and M1 = jm1 ; ¿el ] . 

\7a shall write a'—- A, A c L, if a-«-b for all b e A. 
A subset A of L is compatible i f a —— b for any a,beA. 
A sub-OML B of i i; a Boolean subalgebra iff B is compatible« 
Any OML can be written as « set-union of {maximal.' Boolean 
subalgebras0 

The direct sum L«- ® L,, C-.I.-3 L. and L, is vie set of 1 «: ! c. 
all (a,b), a e L^, hei , , with l-.t-jico operations and ortho-
complementation definod "coor-dinatewise", iee. (a. iVfagjbg) = 
(a>b)"L = (aJ\b'L). I f >- is an ?.«»*?:>« in the centra 1° of L, 
then L is isomorphics to th<c dir-'jt si:" ox' \0.."> anr. (OsC1")», 
i®ee L - <O tc> © <OtcL>. 

4 subset fi of L la a - ideal '. if 
ii 

{x) b. e ? , i=1,2,.». \/ b.e-'P t neH. 
i—4 

( i i ) b e P , a e I A- '... A G . 

The map : L̂  — Lgt <v̂ .erc 1. <i ->a I,, arc OML-s. iff a 
p-raorphism if 

n £ 
(i; ^ ( V - v' <-V> 

{ '•:.} t i t ..) J.. ( 
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4 S. Pulmannova 

P r o p o s i t i o n 1. (See [10] ) . The image of an 
OML under a p-morphiem ¡u is an OML and 

I f A c l , the intersection of a l l p-ideale containing A 
is a p-ideal, i t ia the p-ide&l generated by A. 

P r o p o s i t i o n 2. {See [10] ) . I f a is the 
maximal element of a p-ideal P , thee a belongs to th® 
centre 1° of L» Conversely, i f a belongs to Lc# then the 
segment <0,a> is a p-ideal in L. 

We recal l that, for any a e L , the segment <0 ,a> * 
= {b e L i b < a ) is an OML with the relative orthooomplemen-
tation b i—-b^A a* 

A congruence relation on L is an equivalence relation 9 
on L such that x.,9 y., and x 2 8 j 2 imply x1V S g Q ^ V y ? i x6y 

implies x^e yx [a ] . 
P r o p o s i t i o n 3 {Ses [ 5 ] ) . A refl'sxiva binary 

relation e on L is a congruence relation. i f f for a l l 
x ,y , z e L we have; 

' ( i ) x 8 y A y 8 x V y 

( i i ) X <cy < z, x 8 y» y 9 a = > x 6 z 

( i i i ) x « y , x3 y Az8 y A a ( x V z B y V a ) 
( iv ) x e j ^ x ' e y1 . 

The following statements can easily be checked using 
Proposition 3 (see [ l ] , [ s ] , [9 ] ) . 

I f S ia a congruence of L and D is a class of '5 , thor; D 
-L f i 

is a convex sublettioe of L and 1) - jd J d t i)> is also s. 
class of 0 . Further, J = [o ] 0 is a p-ideal in 1« 

(1) 

(2) 

•fi ( 0 ) . 0 

> iii{b}XA ^ (1 ) 

(3) 
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Commutatore i n orthomodular l a t t i c e s 5 

I f 8 i s a oongruenoe and J « [p] 6 , than xQy i f f 
( x V j ) A (j^V y^Je J . 

I f J i s a p - idea l , the binary r e l a t i o n defined b j x 6 j 
i f f ( i V j j A l / v y - l e J i s a oongruenoe i n L and [pi 9 « J . 

I f 0 i s a oongruenoe of L and [oj 9 » J , l e t L/J denote 
the se t of a l l c l a s ses of 8 . L/J i s an OML and the map 
§ t L —-L/J , § (a) » [ a j e , i s a p-morphism. I t i s oalled the 
p-morphisn induoed by 6« 

The kernel fi (0) = { b e L 1 : / i(b) » o} of a p-morphism 
jx t L1 — Lg i s a p- idea l in L1 . 

P r o p o s i t i o n 4 [8] , There i s a one-to-one 
correspondence between the p- idea l s in L and the congruences 
of L. 

3, Commutators in an OML 
For the elements a, b of an OML L put 

(1) [a, b] = {a V a) A (a"" V b) A (aVb") A (axV b 1 ) . 

The element fa,b] has been introduced by Marsden [9] . I t i s 
ca l led the commutator of i a ,b} . I t i s eas i ly seen tha t 
[a,b] = 0 i f f a -M-b. 

For a f ini tfe subset F = ja^,a2,>..»aflj of L l e t us s e t , 
following to Beran [ l ]s 

d« d N 
1 v/ w „ n (2) com F = com Ja1 , a 2 , , . , } a n j / \ fa 1 V . . . Van ¡, 

1 dcD*1 ^ 

1 ' { d n \ a 1 , &2 > • • • »afl i ~ V i a-j A . . . A a n j , 
J ckl/1 v ' 

( 3) com F = com 
" J del/ ' 

.0 „1 „1 where D = {0 ,1 j , d = (d1 , d 2 , . . , , a 0 - a , a = a . We shall ca l l 
com F (com F) the upper ( lowerj commutator of the set F. Evi-
dent ly , [a,b] = com {a,b} and cTom F = (com F)X . If F^ and F2 

are f i n i t e subsets of L such that F ^ c P g , then i t i a easy to 
see tha t com F^ < com F 2 , com F ^ c o m F 2 . i t i s also easy to 
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6 S . Pulmannovs 

s e e t h a t thy f o l l o w i n g s t a t e m e n t s a r e e q u i v a l e n t s ( i ) P i s a 
c o m p a t i b l e s a t , ( i i ) qoa F » 0 , ( i l l ) com P = 1, ( i v ) com{a,b}«0 
(com { a . b j » 1) f o r any a s b e P . 

Le t M and H ba any s u b s e t s of L . Let us denote by [M,H] 
the p - i d e a i g e n e r a t e d by a l l commutators [ m , n ] , meM, n e N. 

I t h a s been s h e « by Marsden [ 9 ] t h a t 
n 

/ 

( 4 ) L L » L J E x e L i [ a i t h j j s a i , b i e L s i = > 1 , 2 , . . , , E J 
i=1 

T h e o r e m 1 [ 9 ] . Let L ba an OML and l e t J » [ L , L ] . 
Then L/J i s Boo l e an . Moreover , i f I i s a p - i d e a l f o r which L/I 
i s Boolean» then 1 3 J . 

T h e o r e m 2 . For any s u b s e t G of L, [_G»Gj » [ ( L ( G ) , 
L { G ) ] E 

P r o o f , Prom Q c i we o b t a i n t h a t [ G , G ] C [ L ( G ) , L ( G ) J . 

Put J » [ G , G ] . Let be the p -mcrph i s s induced by J . FOR any 
x , y e L , $ j x , y ] = j $ { x i , As G gecax -a tes L ( G ) , $ { G } g e n e -
r a t e s $ ( L { G ) ) • W@ have [ $ { g ) , $(h)J - G f o r a l l 6 » H E G , i . e . 
§{h) — §{g)» T h i s i m p l i e s t h a t § 5 { x ) f o r a l l 
x »y E L { G ) , i . e . [ x , y j e J . Hence J = [ L { G ) , L { G ) J . 

T h e o r e m 3 . Let L be an OML g e n e r a t e d by 
G « { g - , , g 2 » - - . 6 n » Let c = com G. .Then [L,L] =,<0,O>. 

P r o o f . For any g . i i e G, [ g , h ] « c } i . e * [G,G] » 
» [ L . L ] C <0,C>. Put J - [L ,L j and 1 s t § be the p-morphism 
induced by J . Then § [ g , h ] = [ $ ( g ) > § ( h ) ] = 0 f o r ' a n y g , h e G 
i m p l i e s § { c ) = 0 , i . e . o e J = [ L , L ] , Hence [ L , L J = <0 ,C>. 

As a oonsequenoe of Theorem 1 and Theorem 3 we o b t a i n , 
once a g a i n , the f o l l o w i n g we l l -known s t a t e m e n t , which h a s been 
proved i n [_2] and r ep roved i n j j l ] and [ l l ] . 

T h e o r e m 4» Let Lv G, and c be a s i n Theorem 3 , 
Then c i s i n the c e n t r e of L, the OML , O . c 1 ' i s Boo lean s 

and the OML < 0 , c > i s t i g h t l y g e n e r a t e d by the s e t G A c = 
= j g A c : g e G} f i » e . 00m Ig^ A c . . , g Q A c| * 0 ) , and 
L e < 0 , c > © < 0 , c x > . 1 ' 

Kow l e t MCL ba any s u b s e t of L. Let M̂  = i b e L : b — - a 
f o r any a e M}. I t i s known tha t Kc i s a sub-OML of L, and the 
map K 1—— Nc ( N c L ) h a s the f o l l o w i n g p r o p e r t i e s : 
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Commutators in orthomodular lattices 7 

N ^ l ^ i / c s ; , NcN 0 C , N° - (N0 0 )C = (N° )C C . 

If M is compatible, i . e . McMc, then M c cc M° » (M o c ) c , i . e . 
Mac i s a Boolean Bubalgebra of L. 

The following statement gives ua a relation between [M,M] 
and [MCC, M c c ] . 

T h e o r e m 5. For any subset M of L, i f [M,M] C 
c<0,c> and c e L c , then [M c o , Mcc ] C <0,c>. 

P r o o f . Put [MAcx ] = {be <0,c"L> : b — l l A c 1 } . We 
ahow that McAox • [MAo1 ] ' , The proof Is exaotly the same 
as the proof of Theorem 13 (see § 5) . Prom this we obtain that 
M c 0Ac x - [MAc ' J " , As [m,n]e <0 , c> for a l l m,neM, 
fmA c~, n A o i : « [m,n]Acx = Of so that MAc1 , hence [MAc x ] " 

QC -I-
is compatible and this in turn implies that M v A c is com-
patible. From this i t follows that [mAc x , n A c x ] = [m,n]Acx=0 
for a l l B , f l 6 i o c , i . E . [MCC, M°C ] C <0,c>. 

L d m e a 1. Let l ( cL be any subset, let y^ = 
= p±( Ki1 l ,m2 i , . . . ,mn^ i j , i « 1 ,2 , . . . , k , where pĵ  are lattice 

polynomials and m^.mg 1 , . . . .m^ 1 e M U M"1", i • 1 ,2 , . . . , k . Then 

k 

oom{yi»y2 J k J ^ ^ ^ U { m 1 i » m 2 i , * , , , 0 l n i i } ) • 

P r o o f . Put ^ = M U Mx, and for n > 1, « {a V b, 

a A b : A . Then L{M) - U 
J i=1 1 

I f p 1 , . . . » p^e ^ , the statement of Lemma 1 holds. 
Now for any x ^ y ^ e L , i » 1 ,2 , . . . , k , 

com { (x1 V y 1 ) , ( x 2 V y 2 ) ( x k V y k ) } = 

- / \ ( ( x 1 V y 1 ) d l v ( x 2 y 2 ) d 2 V . . . v ( x k v y k ) d k ) 
deDk 

and for any d = ( d ^ , d 2 , . . . , d k ) e Dk, D «= { o , l } , » « have t h a t 
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( x 1 v y 1 ) d l v i x g v j j l ^ v . . . v ( x k v y k ) d k 4 

d 1 £1 d 2 e2 d k £ k , v y 1 v x 2 v y 2 v . . . v x k v y k J 

/ f 1 d.. E 2 d 2 fj- d k 
A i x 1

 i v y 1 v x 2 * V y 2 * V . . . V x k V y k 

where , £ 2 , . . . e | o t l | and t^ - d^ i f d̂ ^ « 1, i s a rb i -
t rary i f d.̂  = 0 . 

Now i t i s only ta techn ica l rout ine to prove that 

com|(x1 V y 1 ) , { x 2 V y 2 ) , . . . , ( x k V y k ) } < comjx., ,y 1 , . . . , * k , y k j • 

The remain of the proof fo l lows by the induct ion. 
T h e o r e m 6. For a subset U of an OML L put 

J(M) = { a e L ( M ) ; a^oom i , F i s a f i n i t e subset of m}. 
Then J(M) i s a p - i dea l i n L(M). 

P r o o f . From the propert ies of the commutator i t 
f o l l ows that J(M) = J l M U M 1 ) . Let x ± e J (M) , i - 1 , 2 , . . . ,n. 
Then 

1=1 1=1 \i»1 

n 
so that \ / x, e J(1I). How l e t x e J ( M ) , y e L ( M ) . Then y > 

1=1 1 

= p(m1 ,m 2 , . . . ,mQ) with m1 .aig,... ,m f le II UM . We have 

(com FVy1) A y<ccom FV Loo i F , y ] (by f9] } s 

com F V com ( F U { y } ) (by Lemma 1) = 

= com(FU {y} ) ^ com(F U {m1 .nig,... ,mn}) (by Lemma 1), 

so that (xV y x ) A y e J (M ) . 
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Commutators in orthomodular l a t t i c e s 9 

Por a subset M of L, l e t us denote by [M,M ] ° the p-ideal 
generated by a l l the commutators [a,b] (a,be. M) in the sub-OML 
L(U) of L generated by M. By Theorem 2, [M ,m]° = [L(M) ,L(M)] 

T h e o r e m 7. The p-ideal J(M) of Theorem 6 i s 
equal to [ l (M) ,L{M)J 

P r o o f . I t i s clear that [a ,b ]e J{M) f o r any a,beM. 
On the other handt i f § i s the p-morphism induced by [M,M]°, 
them£(com F) = 0» hence com F e [m,M]° f o r any f i n i t e subset 
P of M, i . e . [m,M ] ° * J(M). 

D e f i n i t i o n 1. Let us put, f o r any MCI , 

(5) oom M » V cola P i P i s a f i n i t e subset of M j 

(6) con K = A com P t P i s a f i n i t e subset of I f } 

i f the elements on the right ex is t , and we shall ca l l com M 
the uppSi' ccoMUíaí or and com M the lower commutator of the 
set M. 

Tht fol lowing de f in i t ion has been introduced in [12] . 
D f i n i t i o n 2. We say that a subset M of L 

i,„ pur: ' . i l ly compatible with respect to an element a of L 
{abbre -. ted' M i s p.c. a} i f ( i ) M — a, ( i i ) MA a -
= { m A c. jie "d} i s a compatible set . 

C 3 r o 1 1 * v y 1. I f com M exists fo r a subset M 
of en OilL L, then L(M) (and hence M) i s p.c. ocm M. 

P r o o f . v Lat be M. We can write com tó = V {com(FU{b} ) : 
P i e s f i n i t e subset of l } . Then b ~ f l o i ( P U { b } ) f o r a l l 
f i n i t e I c M implies b — com M ( [s] , p.24). How M — com M 
implies L(M) —<- üom M. Let a,b e L(M), then [a,b] « com M 
(Theorem 7 ) . 'denos [a,b] A oom M = [a A com M, b A oom M] = 0, 
i . e . a A com M —— b A com M. This implies that L(M) i s p.o. 
oom M. 

R e/ m a r k 1. The element com M may not ex i s t . I f 
com M exists in L(M), then i t belongs to J(M), and<0, com M> 
i s the maximal Boolean factor of L ( l í ) . In [ i i ] the fol lowing 
example i s given. Consider the sub-OML M of the OML x MOo" 
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10 S. Pulmannova 

where Dg i s the two-element l a t t i c e and MOg i s the OML on 
f i gu re 1, containing the elements ( ( a n ) n < 0 , f o r which 
{ n : a n + o}U { m : bm t o} or { n : aQ / 1} U {m : bm i 1} i s 
f i n i t e . Then M doeB not have the la rgest Boolean f a c t o r . I . e . 
com U does not exist in M. 

7 

4. Commutators in g-OML 
The notions of a p - idea l and p-morphism can be general ized 

to the ® - p - i d e a l , <5-p-morphism and also to the complete 
o - p - i d e a l , c-p-morphism in an obvious way {see Qio])• I f L 
i s an orthomodular 0 - l a t t i c e - (complete l a t t i c e ) , i t s centre 
L° i s a Boolean <3-algebra (complete a l g eb r a ) , the set M° i s 
a s u b - O M L (complete sub-OMIi) f o r any subset M of L. Moreover, 

b —— a^, a e A => b — a a : a e i } and bA^Va^ « V ( b A a a ) , 
where A i s countable (any) set of indexes, i f { a w : a eA } 
and b are elements of a 5-OML (a complete OML). The genera-
l i z a t i on of Theorem 1, in which the notion of a p - idea l i s 
substituted by a<J -p - idea l ( c - p - i d e a l ) in a ® -OML (complete 
OML) a lso holds. In this section, we sha l l t reat the case 
of a 6- -OML. 

L e m m a 2. Let A be a subset of L. Put AQ = MUM , 
l e t Q be the least uncountable ord ina l , and 

= | v . . /\ » n < c ° » } w h e r ® 

Then l ^ j { A a : o r < Q } i s the siib-©-0ML L(M) of L generated by M. 
P r o o f . Clear ly , U {Ao< * a < Q } i e a sub-er-OML of L. 

On the other h a n d . U j A ^ s oc< i?)cL (M) . 
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j2oamutatore in orthomodular lat t ioes 11 

For a countable set S - j e ^ , b 2 , . . . } c L with at most coun-
table number of elements, the element oom S exists, sinoe the 
set of a l l f i n i t e subsets of an at most countable set i s at 
most countable. 

r 
L e m m a 3. Let McL, and le t { j j j i , - ] b* th* poly-

nomials over MUM1, y^ - p i ( m 1
i , m 2

i
t . . . ) , i = 1 ,2 , . . . . Then 

(71 oom{y1 ty2 , . . .J^ coif ( J Q « A 

P r o o f . As we shal l see below (Corollary 5 i n 5 5), 
coin U = oom L(M), provided oom M exists. How as the &-eub-OMl 

o o oo . 

of L generated by the set 
U U m / contains a l l the poly-
i - 1 3=1 3 noaials y ^ g » ••• we Be* t i l a t C) holds« 

jj h e ;;• r & m 8. Let 11 be a subset of (7 -OML L. Put 
, CO 

(8) J{M) « j ae L(M) » a s i \ / com P± , where F± i s 
i - 1 

a f i n i t e subset of U for any i = 1 , 2 , . . . . . 

Then J(M) is a s-p-ideal in L(M). 
P r o o f . I t i s enough to prove that for yeL(H) , oo 

(xVyx)A y 6 J(M) for xe J(M). Let x « V ooi P4, and 
i - 1 1 

y = p(m1,m2,...) with m1 ,m2 , . . .6 MU M1. Then 
O o OO 

V com p±v y1) A y = V {¿^k p v y1) A y <; 'N/ (oom FjV [ c i P j j ] ) 
i»1 i=1 i=1 

(by [ 9 ] ) ^ v com^U (m.j.niu,... ) (Lemma 3) = V V oom G.,1, 
i«1 i»1 j«1 J 

where Gj* is a f i n i t e subset of P i U (m1 ,m2 , . . . j c M U Mx. 
Let us denote, as before, by [ l i , l l ]0 the &-p-ideal generated 

by a l l commutators [m,n] , m,n e M, i n L(M). 
T h e o r e m 9. Por any subset M of a <?-OML L, 

J(M) = [L(M),L(i i)]°. 
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P r o o f . As [g ,h ] c J(M) f o r a l l g,HE U, we g e t 
J ( M ) d [ L ( M ) , L ( M ) ] ° . P u t J = [ L ( l i ) , L ( M ) ] ° . A s L ( M ) / J i s 

Boolean , we have t h a t $ ( c o i P) «• o o a ( § [ ¥ ) ) = 0 f o r any f i n i t e 
P c K, where § i s t he p-morphism induced by J . Hence com ? e J 
f o r any P c M , i . e . J ( M ) c J . 

5 . Commutators and p a r t i a l c o m p a t i b i l i t y 
By C o r o l l a r y 1 , i f t h e e lement com M f o r a s u b s e t M of 

an OML e x i s t s , t hen M i s p . o . com M. The f o l l o w i n g theorem 
shows t h a t oom M i s t he maximal e lement w i t h r e s p e c t t o whioh 
t h e s e t II i s p a r t i a l l y compat ib le» 

T h e o r e m 10. Let 11 be a s u b s e t of an OML L such 
t h a t com U e x i s t s and l e t M be p . o . a f o r some a e L. Then 
a < c o m M. 

P r o o f . Ve r e c a l l t h a t t he s u b s e t U A a = | m Aa< me lf} 
i s compa t ib l e i n L i f f i t i s compa t ib le i n < 0 , a > . We can 
suppose t h a t a t 0 . Let F - { a 1 t a 2 , . . . , a n } be any f i n i t e s u b s e t 
of M. As P i s p . o . a , t h e s e t | a., A a , a 2 A a , . . . , a n An} i s 
compa t ib l e i n < 0 , a > , so t h a t 

d' d« d 
\ / (a^ A a) 1 A ( a 2 A a ) z A . . . A ( a n A a ) n - a , 
dfeDn 

dl ( a , A a i f dl - 1 
where ( a , A a ) - \ , , 

1 | a j A a i f d ^ O 
* 

Hence \ / a . , d 1 A A a
 d f l A a = a , and beoause a — - a . 1 A . . . 

deD n 1 

d / d 1 d \ 
. . . A a Q

 n f o r a l l d e I T , we have ^ \ y a 1 A . . . . A a Q
 aJ A a = 

* com P A a = a . Thus a ^ o o m P f o r a l l f i n i t e i c H , hence 
as;com. M. 

R e m a r k 2 . T a k e u t i ¡J3] i n t r o d u c e d the f o l l o w i n g 
e l e m e n t : 1_L (M) = \ / { x e L i V m . n e M, x —~m and x Am— x A n}. 
I t can be shown t h a t t h e e l e m e n t s i l ( M ) and com M e x i s t s i -
mul t aneous ly and i f they e x i s t , they a r e i d e n t i o a l [ 4 ] . 
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Tha following theorem gives us a characterisation of 
part ial compatibility (see also [3])* 

T h e o r e m 11. Let M be a subset of an OML L. 
Let com M exis t . Then M i s p.c. a i f f M —— a and com M. 

P r o o f . * If II i s p.o. a then a^oom M by Theorem 10« 
Lot M —-a and a —- oom M. Let b,oe M. Then b A oom M —•-
—-̂ o A com M, b A oom M a, o A com M -—a imply that 
b A a A com M — a A a A com M. If a « oom M, we obtain that 
b ' a — - c A a» i . e . M i s p.c. a. 

C o r o l l a r y 2. Let II be a subset of an -com-
plete, complete) OML L. Then i f M i s p.o. a^, a e A , then M 
i s p.c. V e a ; A a a ! , where A i s a f in i t e (countable, any) 
index sat . 

Wu 3 ¿18 1 - s y that the subset M of an OML L such that M 
ia p.-., a, Is maximal, i f for b e L, l iu(b) p.c. a implies b e M. 
Similarly i , [12], we obtain the following resul t . 

T b. e o r e m 12« Let M be a maximal subset of a 
(complete, e-complete) OML L, which i s p.a. a for some a eL . 
Then M i s a (complete, ©-complete) sub-OML of L. 

C o r o l l a r y 3* Let Q be a maximal subset of 
an OML L which i s p.c. a (a <t 0) . Then QAa i s a maximal 
Boolean subalgsbra of <0,a>« 

T h e o r e m 13» Let M be a subset of an OML L end 
let .seM®, where M° = {be l i b — M}. Put [M A a]' « 
= jb € < 0,a> J b —• M A a}. Then Mc A a «= [M A a]' . 

P r o o f . If b e M° then also bAaeM0 . This implies 
that b A a M A a, i . e . b A a e [M A a] . Hence M°A a c [M A a] . 
To show the oonverse, let be [MAa] . If meM, then ms(mAa)V 
V (m A a^), and b = bA a —m A a. Moreover, b i a i a A i 1 • 
= (axA m)L. This implies that b——â A m, and hence b m, 
i . e . be M°A a. 

The following statement i s a generalization of Theo-
rem 3.7 in Q2]. 

C o r o l l a r y 4. Let Mc L be p.o. a. Then Mco i s 
also p.c. a. 
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14 S. Pulmannová 

P r o o f * By Theorem 13, [ » A a J ' s M00A a. Aa M A a 
i s a compatible subset o f <O t a> , [M-A a j " i s a Boolean sub-
algebra of <0,a>. From this i t follows that M°°A a is a com-
patible subset o f < 0 , a > , i . e . M°c i s p.c. a. 

C o r o l l a r y 5. Por any subset ííc L, com M • 
• oon L(M), where L(M) i s the sub-OML (sub-S-OML, complete 
sub-OML) of an OlfL (©-OML, complete OML) L, generated by M, 
provided com M exists. 

P r o o f . As L(M)c.MC0, by Corollary 4 L(M) i s p.c. 
com M. This implies by Theorem 10, that oom M < oom P fox1 any 
f in i te F c l ( M ) . Let be L be suoh that b ^ oom P for a l l f in i te 
FcL (M ) , Then, especial ly, b^com 0 for a l l f in i te G c m , i . e , 
b^s com tf. 

B e m a r k 3* I t would be interesting to study the 
properties of the family of a l l subsets M of L whioh are 
p.c. a fo r a fixed element ae L. Ve know the following 

N c l , M p.o. a = > N p.c. a, 

M p.c. a, H p.c. a, and MA a -—MA a = > M U B p.c. a, 

M p.c. a =s- M00 p.o* a, 

M p.c. a =s>there i s a maximal subset 

Q(M) of L whioh is p.o. a and oontains M (by the Zorn lemma.' 
Moreover, Q(M) i s a sub-OML of L. The investigation of further 
properties of this family of sets exceedes the framework of 
this paper. 

6. Commutators of observables 
An observable> on 0-oomplete OML L i s a (o-homomerphism 

from the Borel subsets B(R) of the rea l line R to L, That i s , 
an observable x is the map x t B(R)—— L such that: 
( i ) x(R) » 1, ( i i ) BHP «= 0 implies x (E )± x (P ) , ( i i i ) x(U E ^ -

» V x i B ^ for any sequence j l J c B l E l . 
The spectrum 6 (x ) of an observable x i s the smallest 

closed subset C of R such that x(C) = 1. An observable x la 
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Commutators i n o r t h o m o d u i a r l a t t i ó e s 1 5 

s a i d t o h a v e a pure p o i n t s p e c t r u m i f 3 ( x ) = i t ^ , t 2 , . . . j . 

L e t R ( x ) = j x ( E ) s B e B ( R ) | be t h e r a n g e of t h e o b s e r v a b l e x . 

The o b s e r v a b l e s { x . ^ , cx e. A ] a r e c o m p a t i b l e i f U J H F X ^ ) I O T E I J 

; a a c o m p a t i b l e s u b s e t o f L . 

We put 

(9) com j x ^ s a e A} • com( U | R ( x a ) : a e A} ) 

And we s h a l l c a l l som | x w : a e A J ^ t h e commutator o f t h e 

o b s e r v a b l e s { x a : a e A ) r i f i t e x i s t s . I t h a s been shown i n 

1 4 , t h a t the commutator e x i s t s f o r ; any a t most c o u n t a b l e 

i»at of o b s e r v a b l e s . 

A s t a t e m on a 0-OML L i s t h e map m : L Q p 1 > s u c h 

( oo \ 00 

V a . ) = Z L ¡a(aa} f o r any s e -
i » 1 V i - 1 1 

q u e s o s o f m u t u a l l j o r t h o g o n a l e l e m e n t s o f L . 
We s a y t h a t the o b s e r v a b l e s x., , x 2 , . . . h a v e a j o i n t d i -

s t r i b u t i o n i n t h e s t a t e m i f tht>re i s a measure u on B { R n i 

s u c h t h a t 
( 1 0 ) ( u ( B 1 * B 2 * . . . * B n ) = m U ^ E . j ) A X 2 ( E 2 ) A . . . A x n ( B f l ) } 

Tor a ny r e c t a n g l e x B g X - . . . x B n e B ( R n ) . 

The n o t i o n o f a j o i n t d i s t r i b u t i o n c a n be g e n e r a l i z e d as 

i o l l o w s : we say t h a t a s e t j x « * « e A} o f o b s e r v a b l e s h a v e 

% j o i n t d i s t r i b u t i o n i n t h e s t a t e m i f any f i n i t e s u b s e t o f 

; x f t s cx e A } h a s i t . 

I t x i s an o b s e r v a b l e and & Í L i s s u c h t h a t a — - R ( x ) , 

we d e n o t e by x A a t h e map B ¡ — x ( 5 ) a , B ( f i ) . I t i s e a s i l y 

s e e n t h a t x A a i s sin o b s e r v a b l e O i i < 0 , a . - . 

Wa b e g i n w i t h t h e f o l l o w i n g & « s e r v a t z s s . 

T h e o r e m 14* L e t M^ be s f i n i t e s u b s e t of m u t u a l l y 

o r t h o g o n a l e l e m e n t s o f an CltL L f o r any 1 s ( l , . , . , • } . Then 

( 1 1 ) com | M 1 , M 2 , . 5 . , M n , Q } « A | o o ® . {e-j ' • *»aQ»Q} * 

« ( a 1 , a 2 , . . . , a n J & M^ * 1«2 * . . . < 

»here Q i s any f i n i t e s u b s e t of L . 
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16 

P r o » f «, Ws s h a l l p2.-.--i?eed by induction on the c a r d i -
n a l i t y of tfee s e t s i l - . Fu?s t prove that 

(12) 00» { B i » b 2 » * » * » b t t } * / \ { a , b 2 ' * * * » b h } 
ac-M^ 

LsB card M̂  » 2c Then 

oom = o em { S f , * b 2 , . . , , b R | . 

l e t us ooneidar •ciie f>Kt 

A { a , A b d , a 2 A b d s a } Va d , aj, Abd : d s D n " 1 } , * 
^ Up <3„ 

whore we put b = b 0 A A h < The s e t A i s composed 
n~1 

four-element c l a s s e s f o r d i f i e rea i i d e l ) « Any two elements 
of c l a s s e s with d i f f e r e n t d - s are orthogonal» The elements i n 
the same c l a s s are compatible« too * with the exception of 
a ^ A b and a ? A b . This impl ies that among any three elements 
of the s e t A there i s always one which i s compatible with the 
other two, i . e . A i s a Foulis-Holland s e t . By [ 6 ] , A i s d i -
s t r i b u t i v e . Using the d i s t r i b u t i v i t y , we prove that 

com | a 1 , a g t b 2 , . . . , b n } « 

s com | a 1 , b 2 ! . . . , b n | A com | a 2 » b 2 » * * , , b n f * 

Now l e t us suppose that (12) holds f o r card M ^ k . We prove 
i t f o r k+1. We have 

k 
- / \ 0 5 S » { a i » a k + 1 » b 2 » , * , » b n } * 

i « 1 
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CoDsmui'i-toX'S in ortiumod alar lattices 17 

k 
" A c om ; a i ' b * 3 ' D r r ' |ak„ 1,fc ; : ;,...Jb f l} » 

i«1 

k+1 

- A 
i«1 

Purtiaer, let 

com | M1 'i^*' «•° »Kgi | « 

«Ajcom { a 1 , . . . ,ae,bg+1 *..., s r.J : {a.j,.,. ,as } e J^xMg*.. .xiiB] 

hold for We aha!3 prove i t for ¿+1* If w<ard » 1, 
i t ia obvious« Let .is -up post. that i t hbl<!,3 f w card M j ^ i k . 
let card * k+1* Ir-en 

com j 1$1,... , M j # Q | coic »Jig».*• »^j*0-} '••o*'-' »°k*ck+1 ''7s 

= A|com {a1,a2,...sa^,e i9Cjs:^1,Ql : ageU0» se j 1.,^.•, j } s 

i v™ -j 1 y • « » } fc) j" • 

By the' f i rs t part of tiie proof we have 

com |a.:.iag)«-c,s;5,ci,Cjc+1»Q| » 

" oom |a-j *•» • - 'Q-' | a i »aj»°k+1 ' 

which leads to 

oom |M1 tM2,.., .> «M, , ,Q [ » 

» A { c w n f ^ t . - . ^ . a ^ . Q } ag G Me}. 

C o r o l l a r y 6« I>et x^, * . . be observables on 
a complete OMZ> I . Then 
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(13) com. ( * 1 , . . . , x n | = / \ com |* 1 (B 1 ) , . . . ,xn (En )| 
(B-j t • • • 

where the infimum i s taken over a l l B 1 f . . . ,E n e B(R). 
P r o o f . Let us denote by b the right-hand side 

o? (13)* Observe that for mutually compatible elements 
i fig t • • • p an we have 

cob | a1 , a g , . , . ,q| = com || a1 1A . . . A aQ 11 : d e Dn}, Q| «= 

| ^ d l A . , . A a n \ q] oom 
deDn 

This implies that for any f in i t e subset Per I^J Rixj) , 
i«1 

bTÍ COB P, which gives the desired result* 
T h e o r e m 15. Let x . , , . . . , x n be observables on 

f i i I 
8 ©-OML L with pure point spectra 6"(x^) » j t^ , t 2 , . . . [ , 
i 6 { l , n } . Then 

(14) oom {'1 '"I" V 
\»••»»^n' 

where V i s the sat- of a l l natural numbers. 
P r o o f . Let us denote the right-hand side of (14) 

by b. Put A i - ^ ( j * ^ ) ' J i e 1 6 i1»**»»11}' • z t 1 8 

clear that the Bub-©~01£L of L generated by A contains 
n 

I^J Rfx^). Corollary 5 then implies that a »« oom k » 
i«1 n 
« oom |* 1 , . . . , x n } . It i s easy to cheek that b—- l^J Rfx^ 
and 1 - 1 

b A x ̂  (B) rf 

- V j « ^ ^ ^ . . ^ « ^ ^ ) ) : ( i , i f l ) a f l , 
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a 
This means that I J H(sc4) is p0c0 b. By Theorem 10 then b^a. 

iVi 1 

On the other hand, 

a A b = V k ^ J A..®A Xn^^^jjA a » a. 

The last equality follows ffrom the fact that Xj_A at 
are compatible observables on<0,a>and 

Six^A a)c ©(x^)» Hanoe a = b. 
If the observables x.j 9x2,... sxn are p.c. a and a state m 

on L is such that m(a) = 1, then the observables x^Aa, 
i6{l,,.,,n}' are compatible on <0,aX Moreover, for any 
B 6 B(R), m{xi(E)) «* m [{xi A a) (E)] 0 This means that- from the 
probabilistic point in view, the observables x.j,...,xn can 
be treated as compatible observables» It has been shown, that 
the joint probability distribution for x.j,...,xn exists 
exactly in such a oase £}2], [14]. If f is any Borel func-
tion, then R(f(x))c R(x) for any observable x, where f(x} = 
= xo f""1. This means that the set of all observables which 
are p.c. a is closed to the formations of functions* Now let 
x1s«..,xn be observables on the Hilbert space logic L(H) and 
let-A.j.. sAn be the corresponding self-adjoint operators. 
Then x1,...,xn p.c. P for some PeL(H) means that the sub-
space P reduces the operators A1,..«,An and that the reduced 
operators Aj/P, ie{l,...,n} mutually commute. If the sum 
A1+A2+.•.+An exists (i.e. is a self-adjoint operator), then 
also A^/P+i.. ,+An/P is a self-adjoint operator on P and 
(A.,+. ..+An)/P = A^/P+.< c+A^/Po From tnis it follows that the 
set of all observables which are p.c. P is closed also under 
the formations of sums. Prom Theorem 15 we see that the commu-
tator of operators A^,...,An with pure point spectra is the 
closed subspace of H generated by all common eigenvectors 
(see also [7])° 

Finally, we shall introduce n more general condition.of 
che existence of joint distributions cf observables. It can 
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be applied also if the commutator does not exist and shows» 
that even in this casa the observables can be considered, in 
the stat© as compatible observables. 

T h e o r e m 16„ The observables { x w s ot e A] have 
a joint distribution in the state m i f f m(a) = 0 for any 
ae J(M) g where M « U ( r î x « ) s <x.e a ) , and J(M) is the & -p-ideal 
of Theorem 8® In this case, the observables { [ s « ] s a e á } on 
L(M)/J(M) are compatible and m( [a] ) » m(a), aeL(M), is a stats 
on L{M)/J(M)e 

P r o o f . » I . Let the joint distribution in the stat© 
m exist. Prom this i t follows that for any countable subset 

, o < 2 , o . c A we have m(côm { x a » x^ = 0. This implies 

that m(ôôm S) « 0 for any countable subset Sc u j E W m e A j e OO / oo \ L 

As V corn P.îS oôm f [_J P^j, w® obtain that m(a) =" 0 for any 

a e J(M)e 
I I . let m(a) « 0 for a l l aeJ(M), Let § be the 6"-p-morphism 

induced by J(M) in L(M). If x is an observable on L(M), then 
[x](E) = $(x {E) ) s B 6 B(H)„ is an observable on L(M)/J(M)„ As 
L(M)/J(M) is Boolean, the observables { [ x « ] » a 6 A} » 8370 mu~ 
tually compatible» The restriction of the state m on L(M) 
is a state on L(M)« Put m($(a)) « m(a), aeL(M)0 W®- shall sfcjv 
that m is a state on L(M)/J{M)e I f # (a ) = # {b ) , then 
(aVb )A (a^Vb^Je J(M) (see § 2). This implies that m((aVb)A 
A (a±V bx) J = m( (a V b} A(a A b f ) = Oe Prom the orthomodularity 
we have that aVb = (a A b) V (a V b) A (a A b)"1", which implies 
that m(aVb) = m(aAb), and hence m{a) = m(b). How m(§[l)) = 
= m(1) = 1, and i f { ^ (a^ ) }^ is an orthogonal sequence in 

i / n-1 v*-
L(H)/J(M}, put b1 » a.,» bg « a2 Aa1 l . . . ,bJ a = AXy^ a i j . 
Then jb^j ^ are mutually orthogonal, and « $ {a i>, 

i=1,2, . . . . Then 

«('V^aiJ) - bij) - £ = 

- 206 -



Commutators i n orthomodular l a t t i c e s 21 

1=1 1=1 

Ás the observables { [x«] , <x e a} are compat ib le , they have 
a ¿o in t d i s t r i b u t i o n fx i n the s t a t e m. Sinoe 

m í O ^ Í E ^ A . . . A [ x a o ] ( B f l ) ) 

m 

1 

a . , , , , , « eA, E 1 , . , . ,E e B(R) , (i i s a l so the j o i n t d i s t r i b u 
t l 

t i o n of the observables { x a s « e A) i n the s t a t e m. 
The author wishes to thank J . Hedlikova f o r va luab le 

comments. 
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