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1, Introduction

In this peaper, the notlion of a commutator of & subset of
an orthomodular lattice {ubbreviated: OML)} is introduced. It
is a gensralizatiorn of the commutator introduced by Marsden[9]
for a two-element subset, and by Beran [1] for a finite sud-
so* of an OML. Some propertiss of that commutator, were uased
», iruns-Kalmbach |2}, Beran [1] and Poguntke [11] to de-
sevibe finitely generated OML~-s. The notion of & commutator
aae been also ueed in Bz] to formulate the necessary and suf~
ficient condition for the existence of Jjoint probability distri-
2utions of observablee cn a guantum logle, i.e. the event struc-
ture of & quantum mechaniocal sysiem, which is supposed to be
ar orthomodular 6-lattice,

%e shall study, in Ssotion 3, the properties of comnuta-
tcra in L that is an OML L. We show that, for any subset U of
L, the set J{M) = {acL(M) :+ a<dom F, F is a finite subset
of M} is a p~idesl in the sub-OML L(M) of L, generated by the
sat M, Moreover, J(M) is identical with the Marsden [9] p-ideal
[L(x), L{¥)]° in L(M), generated by all the commutators
com {m,n}, m,ne L{(¥). The commutator com M of the set M is
the join of elements of J(M) provided it exists,
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2 S. Pulmannova

In Section 4, commutators in & 6-OML L are studied, It

is shown thkat the set J(M) = {aceL(M): a< \/ com Fy, Py 18
i=

=1 )
a finite subset of M for any i=1,2,....} is a 6 -p-ideal in L(M),

which is identioal with the 6 -p-ideal [L{M), L(M)]° in L(N),
generated by all the commutators EBE{m,n}, m,n e L(M)}.

In Section 5, the properties of commutators with respect
to the notion of partial compatibility, introduced in [12],
are studied, It is shown that com M, if it exists, is the
largest element in L, with respect to whioh the set M is par-
tially compatible, It holds that com M = gom L(K}, provided
com M exists. It has been proved that the maximal subset (<L,
which is p.c, to some elament ae L, is & sub~-OML (sub~G-~0MI,
complete sub-OML) of L, if L is an OML (& 6 -OML, complate
OML). It is also shown that if M is p.c.a {ae L), then also
M°C is peCede

In Seotion 6, the results obtained in the preceding parsa-
graphs, are applied to the commutators cf obssrvables. The
commutator of the set {xu t xe A} of observsbles on a 6 ~-OMIL
L is defined as com(LJHR(xa) : « € A}), where R(x) ism the range
of the observeble x. Some expressions for the commutator of
observables are derived., Finally, it is shown that the joint
distribution of a set {x, : x¢ A} of observables exists in
a state m if and only if m(a) = O for all ae J(M), where
M= lx){R(xa) to € A}. This result is a generalization of
the result obtained in [12].

2. Preliminaries

Let (L,<, 0, 1,1 ) be an orthomodular lattice (see [8]
for all the details), i.s., a lattice with the orthocomplemsen-
tation 1 : L — L such that (aJ‘}L = a, avniL =1, agsbh =
::;»5’; b for all a,be L, The orthomodularity propsrty claims
that a<b=>b = a v(é’A b), a,be L,

The elements a,be L are orthogonal (aLb) if as< b,

The elsments a,be L are compatible (a =~ b) if there is
a Boolean subalgebra of L containing them. The compatibility

- 188 =



Commntators in ortiaomodular lattices 3

relation has the following properties: a —h iff a =
= (aAnb)vV (a/\bl}, a<bhb =8 ==D, 8 ==9 = 0" ==b, a==Db
and a =»¢ == {a,b.0} is a distridbutive tripls, & - by,

n n n
i = 1,2,0eegn=>a == \/ b, and a~~\/Ab: = \/ {aAby).
. izt i=1 1= 3

The centre 1° of L is the set 1° = {aeL r a ==b for
any beL}. I° is a Boolean subelgebra of L.

If M is any subset of L, the sub-OML L(M) of L, generated
by M (i.e. the smellest sub-OML of L containing M) is the set
of all p(m,!,mz,...,mn), where p is a lattlec polynomial,

MysllsseceyBy € MUh{L, and M" = {ml : .seM}.

Wa shall write a=-—4, A c L, if a-==b for all b ¢ 4,
A subset A of I, is comoatible if a —=—b for any asve .
A sub=OML B of L i: a 3oolsan subslgebre iff B is compatible.
Any OML can be writfer as a set-union of {maximal’ 3oolean
subalgsbras.

The direct sum I.."FB L::. ~f (-3 L; end L‘,= s e set of
all {a,b), aely, bel,, with l.tyice operatiung and ortho-
complementation definod "eoccrdi:natewise", i.e. {B‘.’b-})vfazibg)“
(a,b]"‘ = (a*,b" ). If & iz an lemron in the centrs: ¥ 6 T,
then L is isomorphic to thz dirast s of {0.:)> anu {0,eD,
ice. L= C0,8> @ 70,8 s

4 subset P of L is & :-ideal in v if

fi!

(i] biep $ i=1;2glon - .I\J} ;Zlif:»'p £ nell.
i="

(ii) be®, aei —=l Vet lAaeP.

The map wu: I"I - LE' wwers L. st L, are UML-g, ic a
p-morphism if :

n L
(1) al % s b N it
2=t =1
{ i) blL;-t'; JL. 1



4 Se Pulmannova

Proposition 1. (See [10]). The image of an
OML under a p-morphiem 4 is an OML and

(1) A (0) =0

(2) w(*) = u(bi A u(1)
n n

(3) #<A bi> WAVLRE
i=1 i=1

If AcCL, the intersection of all p-ideale contalning 4
is a p~ideal, it is the p-ideal gensrated by A.

Proposition 2. (See [1¢])s If =z 1is the
maximal element of a p~ideal P, then 2 belongs to the
centre L° of L. Convereely, if 2z belongs to Lc, then thsa
segment <0,z2> 1is a p-ideal in L.

We rscall that, for any acL, the segment {0,a) =
= {bel 1 b<a} is an OML with the relative orthocomplemen-
tation b b A a.

A -congruence relation on L is an eguivalence relation ©
on L such.that x1@ 34 {and x28 PN inply x1V 328 JqV Jps X687
implies x*8 3* (8]

Proposition 3 {Ses {5!}. 4 raflexivs binary
rsiation € con L is a congrusnoe ralation iff for all
X,V.2 ¢ L we have:

1) X8F<=XAJBEVY

(11) X<y<2Zy, XOF, 02 =>X%x62

{i11) X<y, X0y =% A2B8yiz {(xV28yVva)
{iv) X8y ==x6 3.

The fToliowing statements can asasily be checked using
Propositiocs 3 (sse (1, 8], [9]).

If 6 is a congruencs of L and D is a clmse ol © , fhen D
is a convex sublattice c¢i L and Db o= -{dj' s de D i also o

¥

class of 8. Further, J = 0|5 is a p-ideal in L.

- 130 =



Commutators in orthomodular lattices 5

If 6 is a ocongruence and J = [0| 6, then x6y iff
(xvy)lA(xvy)ed,

If J is a p-ideal, the binary relation defined by xGy
1ff (xVy)A(x*Vy-)eJ is a congruence in L and (0!8 = J,

If © is a congruence of L and [0]6 = J, let L/J denote
the set of all classes of 8, L/J is an OML and the map
¢:+ L —1/3,¢(a) = [a]8, i8 a p-morphism, It is called the
p-norphism induced by S.

The kornel,u"1(0) = {beL1 s u(b) = 0} of a p-morphism
(s L1 — L2 is a p-ideal in L1.

Proposition 4 [8]. There is a one-to-one
correspondence between the p-ideals in L and the congruences
of L.

3. Commutators in an OML
For the elements a, b of an OML L put

(1) [8,b] = (avu)jA{a Vb)A{avb )A (a'v b').

The element [a,b] has been introduced by Marsden [9]. It is
called the coammutator of {a,b}. It is easily seen that
fa,b] = 0 iff a =—b. '

For a finife subset F ="{a1,a?_,,..,an} of L let us set,
following to Beran [1]:

H /

. d d

_ I 3

{2} oom F = conx{la“ae,“.ganj . /\ <a1 Ty Va, n>,
depR

d d

1 N\ 1 n
(3) comF = 91“1{81'52""'%;" = N\ (&1 Neoe Nay >,

] . .
whers D = {0,1}, d = (d1.d2,--»,'i‘?g a® - ai. a1 = a. We shall call
com P (com F) the upper (lowsr) comamutator of the set F, Bvi-
dently, [a,b] = GoB {a,b} and com F = (com F) . If F, and F,
are finite subsets of L such that F,C F,, then it is easy to

see that com F,<com F,, com F,:com F,. It is also easy to

¥
de :‘9“
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6 S, Pulmannova

see that th: followling statements are equivalent: (i) F ig a
compatible sat, (ii) com F = 0, (1ii) gom F = 1, (4iv) com{a,b}=0
(_n_gg{a.b} = 1) for any a,be P,
Let M and N bs any subsets of L, Let us denote by [M,N|
the p-ideal generated by all commutators [m,n], meM, ne N,
It has been shown by Marsden [9] that
n

(4) [B,L] = {xels x<\/ [oy,0y]: 8y,b5 €L, 1a1,2,000,n}
i=1

Theorem 1[9]. LetL be an OML and let J = [L,L].
Then L/J is Boolean., Moreover, if I is a p-ideal for whioh L/I
is Boolean, then IDJ,

Theorem 2, For any subset ¢ of L, [G,G] = [(L(G),
L(G)] .

Proof., PromGCL we obtain that [G,Glc [L{G),L(G)].
Put J = [G,G]. Let ¢ be the p-morphism induced by J. For any
x,yeL, §[x,3] =[¢(x), §(y)]+. A8 G generates L(G), ¢ (G) gene-
rates ¢(L(G)). We have [F(g), #(h)] = 0 for all g,heG, i.e.
¢#(h) =— ¢(g)s This implies that ¢(x) =~ (y) for all
x,ye L(G), i.e. [x,y] € J. Henoce J = [L(G),L(G}].

Theorem 3. Let L be an OML generated by
G = {51.52.....%}. Let ¢ = com G..Then [L,L] =< 0,0,

Proof. Forany g,heG, [g,h]<ec, i.e. [G,6] =
= [L,L]c <0,¢). Put J = [L,L] and let ¢ be the p-morphism
induced by J. Then ¢[g,h] =[¢(g), ¢§(h)] = 0 for any g,hes
implies ¢ (c) = 0, 1.8, 0c€J = [L,L], Hence [L,L] =<{0,e).

4e a oopsequence of Theorsa 1 and Theorsm 3 we obtain,
once again, the following well-known statement, whioh haa beoen
proved in [2] and reproved in [1] end [11].

"Theorem 4 Let L, G, and o be as in Theoream 3,
Then ¢ 1is in the centrs of L, the OML<{O,c'> is Boolean,
and the OML {0,c) is tightly gensrated by the set GAg =
= {gi\c i BE G} (i.e. com {51 ACyese 8 N c} = 0), and
L ={0,c> ® {0,¢c"D. ’

Now lot ML be any subset of L. Let ¥ = {beL : b =~a
for any ae M}. It is known thaat K® is a sub-OML of L, and the
map N - N® (NcCL) has the following properties:
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Commutators in orthomodular lattices 7

N,C W, @Nz"c N1°, NcN%C, N® = (N9°%)C = (NC®)C€C.

17 M is compatible, i.e. MCM®, then M®Sc M® = (M°9)C, i.e,
%°C is a Boolean subalgebra of L.

The following statement gives us a relation between [M,M]
and [M°°, M°°],

Theorem 5. For any subset M of L, if [M,M]|C
{0,¢> and ¢ € L°, then MM, ¥l Co,ed.

Proof. Put[MAe] = {be <0,c> : b==MAC|. We
show that M°Ao” = [l/\o"]l . The proof is exactly the same
as the proof cf Theorem 13 (see § 5). Prom this we obtain that
MCAc" = [MAc*]", as [m,n]e <{0,c> for all m,neM,
[mAc*, nne*” = [m,n]Ac’ = 0, 8o that MAe”", hence [MAc*]"
is gompatible and thie in turn implies that M°CA ¢ is com-
patitls, From this it follows that [mAc*, nAc’] = [m,n]Ac =0
for 81l m,ne k%%, 1,0, [M°C, M%%] < <CO,cDM

Leimna Te Let MCL be any subeet, let 3y, =
= pi< m1i,m21,...,mnii), 1 = 1,2,000,k, where p; are lattice

polynomisls and m11,m21,...,|n i

oy eMUMY, 1 = 1,2,...,k. Then

k
Qo——m{y1.y2,ooo.yk}$°_°n;<p {m1i,m21'loo'mnii}> .
=1

Proof, Put p1 =MUML°,° and for n>1,ﬁn:{aVb,
aihb 3 a,be?n_1}. Then L{M) = H ?i’

If p1,...,pke5’1, the statement of Lemma 1 holds.
Now for any xy,y4 € L, 1 = 1,2,404,k,

com {(11\/ 31)’(12\/ 72)"~'|(xkvyk)} =

d d d
deD®

)4

and for any d = (dy,dy,eee,d)e Dy D = {0,1}, we have that
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8 S. Pulmannova

d, a, dy

d 4 d 4 d £
1 1 2 2 k k
$<x1 Vy1 Vx2 Vyz Vese ka Vyk )/\

£ d £ d £ d
1 k k
- /\<x1 1V 31 Vx2 2V32 2V...ka Vyk ),
WheTe €,,6540eesy € (0,1} and €y = dy 1£ 4y = 1, ¢4 15 arbi-
trary if dy = 0.
Now 1t 1s only a technioal routine to prove that

cHl{(x1 V31).(X2V32)"CC.(XkVyk)}é G—O_ﬂ-l{x1 ,31,...,xk,yk}.

The remain of the proof follows by the induction,
Theorem 6. For a subset M of an OML L put
J(M) = {aeL(M) : a<oom F, F 18 a finite subset of M}.
Then J{M) is a p-ideal in L{M).
Proof, From the propsrties of the commutator it
follows that J(M) = J(MUMN ). Let x,c J(M), 1 = 1,2;e00,00
Then

n n n
ins\/ o‘FFism(U Fj>,

i=1

B

so that Xy € J(M), Now let xecJ(M), ye L(M). Then y =
12
= p(m1,m2,...,mn) With m1.m2.o.o,mne MU.J‘. We hava

(com FVy*)Ay<aom Fv [Gom F, y] (by [9])<

<com FVecom (FU{y}) (by Lemma 1) =

= com(FU{y})scom(FU{m1,m2,...,mn}) (by Lemma 1),

so that (xVy*)Aye J(M),
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Commutators in orthomodular lattices 9

For a subset ¥ of L, let us denote by [M,M]° the p-ideal
generated by all the commutators [a,b] (a,be M) in the sub-OML
L(M4) of L generated by M. By Theorem 2, [M,M]° = [L(M),L(M)]°.

Theorem T The p-ideal J(M) of Theorsem 6 is
equal to [L(M),L(M)]°. '

Proof . It is clear that [a,b]e J(M) for eny a,be M.
On the other hand, if ¢ 1is the p-morphism induced by [M,M]°,
them §{com F) = 0, hence Gom F ¢ [M,M]° for any finite subset
F of M, i.e. [M,¥]° = J(M).

Definition 1 Let us put, for any MCL,

(5) comM=VicomF 1 Fis a finite subset of M}

(6) comM = A comP s Fis a finite subset of ll}

if the elewsnts on the right exist, and we shall call com M
the uppes comaniator and com M the lower commutator of the
set M.

The followiry dofinition has been introduced in [12].

) “initien 2. We say that a subset M of L
o purtially compevible with respact to an elemsent & of L
bbre ioted: ¥ 18 pec. @) if (1) M -=—a, (ii) MAg =

= {mAe . me Z-é:'r is & compatible seft,

CaPoldllaxry 1s If com M exists for a subset M
of en O&L L, then L(M) (and hence M) is p.c. com M,

Proof, Let beM, We can write com M =V{c_6ﬁ{1?u{b} Vs
F is & finite subset of M}. Then b -~ Gom(FU{b}) for all
finite FCM implies b =~ Gom M ([8], p.24). Now M —— com M
imglies L(M) == gjom M, Let a,b ¢ L(M), then [a,b]< com M
{(Tasorsm 7). Hence [a,b] A com M = [aAcom M, bAgom M] = O,
i.c. a/fgom ¥ =—b/Acom M. This implies that L(M) is p.o.
com M,

Remark 1. The element com ¥ may not exist. If
com M existe in L(M), then it belongs to J(M), and {0, com M)
is the maximal Boolean factor of L(M)., In [11] the following
example is given. Consider the sub=-OML M of the OML D;x moz“’

[

-

i
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where D is the two~element lattice and M02 is the CML on
figure 1, containing the slements ((an)nqo’(b m<w) for which
{n: anfo} {m:b # 0} or {n: a  # 1}U {m:bm;“l} is
finite., Then M does not have the largest Boolean factor, i.=.

com M does not exist in M.

Fis.1

4. Commutators in G -OML

The notions of a p-ldeal and p-morphism can be generalized
to the 6 -p~ideal, 6 ~p~morphism and also %o the complete
c-p-ideal, c-p-morphism in an obvious way (see [10]). If L
is an orthomodular 6 -lattice. (complete lattice), its cenirs
1° is a Boolean G~algebra {(complete algebra), the set M¢ is
a sub=-0~0ML (complete sub=-OML) for any subset M of L., Mcreover,

b == a, aeA@b—*—\/{aa. o eA} and b/\ \/a ) \/(buaq),
where A is counteble (any) set of indexes, if {ay : o ea}
and b are elements of a 6-OML (a complete OML). The ge-ere~
lization of Theorem 1, in which the notion of a p-ideal is
substituted by a 6 -p-ideal (c-p-ideal) in a 6 ~OML (complete
OML) also holds. In this section, we shall treat the case
of a 6 =-0OML.

Lemmnma 2. Let A be a subget of L. Put A, = M ML,
let ¢ be the 1least uncountable ordinal, and
J A UA n< w } where o« Q2
{\=/1 ’1/=\181'(Bii1c 2 .
Then U{ s 0(<Q}is the 8ub=-6-0ML L(M) of L genersted by M,
roof . Clearly,\J{A, : x<Q}is & sub-6-OML of L.

On the other hand,U{Au P o< _Q}CL(M).
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Commutators in orthomodular lattices v 1

For a countable set S = {51,82,.o.}CL with at most coun=-
t«ble number of elements, the element com S exists, since the
set of all finite subsets of an at most countable set is at
mogt countable. o

Lemnma 3. Let MCL, and let {71}1-1 be the poly-

nomiale over MUMJ‘, Iy - pi(n1i,mzi,...), 1 a 1,2,00¢ « Then

(71 m{y1.32,...}$m<u U m31>.
1=1 J=1
Proof . As we shall ses below (Corollary 5 in § 5},
ccm M = goid L{k), provided com M exists. Now as the 6 -gub-OML
of L generated by the set U U mai contains all the poly-

i=1 j=1
nomials J,:7,5- ey We S00 that (7) holde,

Thecrsm B8, LetMbe asubset of6-OML L. Put

13 [= <]
(8) J{) = iae L(M) s a s\v/ com F,, where F, is
i=1
a finite subget of M for any 1 = 1,2....}.

Then J(M) is a 6-p-ideal in L(M).
Proof. It is enough to prove that for yeL(M),
(xV3iA ye J(¥) for xe J(M). Let x<\/ com Fy, and

y = p(m1,m2,...) With m1 2,...€HUM * Then
oo

[o o] [e <]

<\1\/ aRVyIny = 1\/1 (6om P,V y’“)/\ys'}/ (5o P,V [6omFyy])
= =1

(oy [9]) = \/ ORI, U (myrms0ene ) (Looma 3) = N/ N/ asm o.L,

1= i 11 j=1 J
where Gji is a finite subset of PiLJ{m1,m2....}c:ntJu*.

Let us denote, as befors, by [M,M|° the 6 -p~-ideal generated
by sll commutators [m,n]|, m,necM, in L(M).

’f‘heorem 9. For any subset M of a 6-OML L,
J(m) = [L(m),0(4)]°.
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12 S. Pulmannova

Proof. 4s [g,h]c J(M) for all g,hc M, we got
J(M)> [L(M), L(M)]°% Put J = [L(M), L(M)]° As L(M)/J is
Boolean, we have that ¢(com F) = com(¢(F)) = O for any finits
FC M, where ¢ is the p-morphism induced by J. Hence 8oz Fe .
for any FC M, i.8. J(M)C J,

5. Commutators and partial compatibility

By Corollary 1, if the element com M for a subset M of
an OML exists, then M is p.o. com M, The following theorem
shows that com M is the maximal element with respsct to which
the set M is partially compatible,

Theorem 10, Let M be a subset of an OML L such
that com M exists and let M be p.o. a for some sc¢ L. Then
agcom M,

Proof. We recall that the subset M Aa = {m Aas meM}
is compatible in L iff it is compatible in {(0,a). We can
suppose that a # 0, Let F = {31.a2,....'an} be any finite subset
of M, A8 F 18 p.c. a, the set {a1Aa,32 NByeess8y /\n} is
compatible in {0,a>, so that

a q, a
\/ (a.l/\a) 1 /\(a2/\ a) 2/\.../\(an/\a) R aa,
deD?
8; Na 1if d’i = 1

dy
where (81/\ a) T =l T :

d d d
Hence \/ 84 A eeoNa_ ZAa = a, and because a —=a 1/\...
n n 1
deD
d d a
ces Nay B for all de D®, we have(\/ a, A eee Nay n>/\a =
pR
de

= com FAa = a. Thus a<oom F for all finite FCM, hence
a<com M.

Remark 2.  Takeuti [13] introduced the following
slément: 11 (M) =\/{xe L \V/m.ne M, x =-mn and x /\m——x/\n}.
It can be shown that the elements.i(M) and com M exist si-
multaneously and if they exist, they are identiocal [4].
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__Commutators in orthomodular lattices 13

Tha following theorem gives us a charaoterization of
p=rtial compatibility (see also [3]).

Theorem 11, Let M be a subset of an OML L,
Let gom M exist, Then M is p.¢. a iff M -- a and a<oom M.

Proof. If M 18 p.0. a then a<com M by Theoream 10,
ot M ==~a and a - oom M, Let b,0ec M, Then b Aoom M ——
~=¢ Acom M, bAcom M=ea, cAcom ¥ -—a imply that
bAaAAcom M ——g AsAcom M. If a<ocom M, we obtain that
bia =-~cAa, L,0, M 18 p.cs 8.

Corocoliary 2., Let M be a subset of an (5 -com=-
piets, complets) OML L, Then if M is p.o., 8,, « € 4, then M
is p.¢. Ve, :/a,}, where A is a finite (countable, any)
index sst.

We zhal: s:~y that the subset M of an OML L such that M
ia p.t. 8, %8 saximal, if for be L, MU {b} p.c. a implies b e M.
Similarly &: i. [12], we obtain the following result,

T2aocrszc 12. Let M be a maximal subset of a
(complete, ¢ —complete) OML L, which is p.a. a for some ac L.
Then ¥ is = (complete, 6 -complete) sub-OML of L.

Corcllarry 3. Let Q be a maximal subset of
an OML L whioh is p.c. 8 (a # O). Then QA a is a maximal
Boolean subalgebra of {0,a)s

Theorenm 13. Let M be a subset of an OMD L end
let sc M°, where M° = {beL s b—-M}, Put [MAa] =
= {be {04a> 1 b == M/\a}. Then A a = [MAa] .

Proof. If be M® then also bAacM’, This implies
that bAa -——MAa, 1,8, DABc f_M/\a]l . Henoe M°A ac[ll/\a], .
To show the converse, let be [M/\ a]l e« If meM, then m=(mAa)Vv
vV {mAa"), and b = bA a =—mA a. Moreover, b<a<aAm' =
= (a'A m)'. This implies that b —-a A m, and hence b —=~m,
i.0. be MCA a.

The followling statement is a generalization of Theo-
rem 3.7 in [12].

Corollary 4. Let MCL be p.c. 8. Then M®° ig
8lB80 p.Ce B

- 199 -



14 S. Pulmannova

Proof. By Theorem 13, [MAa] 2 M°°A a, e M/ a
is a compatible subset of {0,a), [MAa]  is a Boolean sub-
algebra of <0,a), Prom this it follows that M°°A a is & com-
patible subset of < 0,a)>, i.e¢. M°® 18 p.c. a.
Corollary 5., Por any subset MCL, com M =
= oom L(M), where L(M) is the sub-OML (sub-G-OML, complete
sub~OML) of an OML (6 -OML, complete OML) L, gensrated by M,
provided com M exists, _
Proof. As L(M)cK®, by Corollary 4 L(M) is p.c.
gom M. Thie implies by Theorem 10, that gom M<gom F for any
finite PCL(M). Let be L be such that b<oom P for all finite.
PcL(M). Then, especially, b<ocom G for all finite GC M, i.e.
b<com M.
Remark 3. It would be interesting to study the
properties of the family of all subsets M of L which ars
peC. & for a fixed element pe L. We know the following

NCM, M p.ce 8 =N p.0. 8,

M p.ce. a8, N pece. 8, and MAa—-=-NAa=MUN p,c, 8,
M p.c. 8 = lco PeCo @&,
M p.ce 8 == there is a maximal subset

Q(M) of L which is p.0. a and contains M (by the Zorn lemma: .
Moreover, Q(M) is a sub=-OML of L. The investigation of furthur
properties of this family of sets exceedes the framework of
this paper.

6. Commutators of observables

An observable on 6 -~complete- OML L is a G-homomorphism
from the Borel subsets B(R) of the real line R to L. That is,
an observable x 1is the map x : B(R) — L such that:
(1) x(R) = 1, (1i) ENF = ¢ implies x(B)L x(F), (iii) x(U E5) =
=V x(E;) for any sequence {B;} < B(R).

The spectrum G(x) of an observable x 1is the smallast
closed subset C of R such that x(C) = 1. An observable x iu

- 200 -



Commuygt ors in orthomodular lattides 15

14

said to have a pure point spectrum if 6 (x} = 1'\t1,t2,...}.
Let R(x) = {x(E) ) E‘eB(R)} be the range of the observable x.
The observables {x.j, « €4} are compatible if U {R({x,) : e Y
.8 a compatible subaet of L,

We put

19) com{quaeA} =eom(U{R(xQ) : o e A))

and we shall call <com {xo( 3 X € A}.the commutator of the

sbservables {xq s W E A}, if it exists. It haes been shown in

114, that the commutator exists for any at most countable

@3t 5f observables.

% state m on a G-OML L is the map m : L —~< 0,1> sueh

00 N

that; (1) m{1} = 1, (it} m<}/ ai> = }: mltszi £or sny we-
= i=1

quenoe {ai} of autiuslly orthogonal elements of L.

We say that the observables Zy9XgyeeasXy hava & joint di-~
stribution in the state m if thsre is a mesmsure « on B{R";
such that

(10} pu(Byx Byx eee xB) = mlxy(By) A xp(Bo)A eow Axp (B )i

“or any rectangle E,x By X eee x B¢ B{RY).

The notion of a jJoint distribution ocan be gensralized as
follows: we say that a set {xq t o€ &} of obsarvables have
a jolnt distribution in tho stats m 1if any finite subset of
‘Xo 3 o€ A} has it,

It x 1is an observable and & : L 1s such that a -—R(x),
we denote by xAa the map B — x(%) " a, Bz B{R}. It is emsily
seen that xA a is an obaervadble oa {U,;a %

#3 begin with the followlng cvigervat:ca.
L§

Theorem 14, Let M; he s fix zubset of mutuslly

mite
orihogonal elements of an CML L for any i ¢ { ....n}. Then
{11} com {M1.ll2,.,.,un.Q} =/ {g_o_q {e.‘;ag,u,,au,Q} :

= (81,82,...,8 H.l’(uz sae X B

n' € nii
zhers Q 1is any finite subset of L.
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Proanaf. W shell progesd by industion on the oardi-
naiity of the eeta ;. Fwuval prove that

. H 3 b
(42}  oom {My;bppeeasby} e /N cou {a, Bysesesby|
#e 551

let ocsrd M1 = 2, Then

!
con ‘éM;tgtv;i’a.*o,bn'f = g'p_{gf,azshagoog’bg}o

Let us considesr the nzt

A :={a.l!\b&$. ay A bé, a“; ".bd, a; Al s ae Dn"?},
d iy dn

where we put b = b2 N ewwe A2, 7. The get 4 1s compossc vl
four-slament classes for «L.fxs*em: dep™ ’Q Any two elsmenis
of classes with different d-s are orthogonsi. The sismenis in
t.;e same class az'e compatible, tao, with the sxseption of
a; A bd and a?/\ pd o This implies that among any three slemente
cf the set A thers iz always one which is compatible with the
other two, i.e. A iz a Foulis-Holland set. By [6!, 4 is di-
stributive. Using the distributiviiy, we prove that

GOID {81 ’82,b2.000’bn}’ =
= ¢onl {a b b ‘/\Qom{a bopeeeyd }:
= COB {84sDpseceslyg 21DgrecesPpy

Now let us suppose that (12) holds for oard My<k, We prove
it for k+1. We have

_C__OE{ 1,b2,000’b} ___9_@_{31,82,cotgak,ak+1,b2,ooo’bn =

k
* /\ Q—Q-n{aioak+1vb2,-o.,bn} =
i=1
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k
= '//\‘ m ‘:{%ighgsfoe'gbn:' 'c__o_g}:. {ak”a"b::i,ooo gbn} =
=g
k+1
= /\ .0_2‘5 {ﬁi,bggooasbng
=1 ’

Farther, let

_G_f_)_lli "iﬁ.‘q‘ilﬂa,ato ,Ms,hs,!..igoot.;bnif =

'_':/\{.c'_c.'ﬂ{a';”"’asﬁba.’.;ﬁ"‘" "“::&l} :(aigoqo'ae}e M.}xm2xoocxﬂs}

holé for z<J. We mnall prove it for j+1. If vard Ezijﬂ = 1,
it is obvious. DLei i8 ~upposs that it holds f.. card M, , < k.

Lot card Mj-c-? = k+1. Thsan

341

H .2 -y l'.\
com {n.l,...,né,ﬁj_’_%,Q} oo &‘gﬁzgato'fusgc.!y;g,aus,ck,ck‘.“, I:

1 3
=A{gggll{a1,aa,...,aj,ci,ck+,,&1 : ase'lﬁs, 8¢ !1,,“.,3;,

)
i¢ ~‘;~1,-o-,k}f »
By the first part of tie proof we have

com {31?32:« e a¥19C390 g 9Q} =

= gom {31,...~;a3,£?.&’:-’- aom {31"-"'83"’1:4-1":’}’
which leads to
oo (M My, 000 B M5 000 =
= A {c_og{a.,....,aﬁ,ajM,Q} P8y € l&s}.

Corollary 6. Tet Xysese9¥, be observables on
& complete OML: L, Then
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(13) ggg_{x1....,xn} = /A\ com {x1(E1)....,xn(En)}
(E1goo.’En)
where the infimum is taken over all E1,...,Ene B(R).
Proof, Let us denote by b the right-hand side

of (13). Observe that for mutually compatible elements
8498p5000,8, WO have

. d d
_0_92{51’32,0.0.0} = ¢om {{31 1/\ eon A anLn t de Dn}’ Q} =

d d
= /\ com{¢11A...Aann,Q}
n J
deD
A
This implies that for any finite subset Fc:iv{ R(x4),

b< com P, which gives the desired result.

Theorem 15, Let x,,...;xn be observables on
e G=0ML L with pure point spectra G(xi) = {t11,t215...},
i e{1....,n}' Then

(14) m{x1,o;o'xn} - (i i ) Hn
1’.0" ne

where N is the set. of all natural numbera,
Proof.  Let us dsnots the right-hand side of (14)

by b. Put A '-{xi({tji}> 3 ;lie N. 16{1,....1‘1}}. It is
cloar that the sub-6-0ML of L generated by A contains
U R(x;)e Corollary 5 then implies that a 1= com 4 =

= ggg {x1,...,xn}. It is easy to check that b-*—kJJ R(zi)
and

b/\xj(l) o

-\/{:51 ({t,_‘])/\ .../\xn<{tiz}> S CHRPREIN TS of tijeE}.

1
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I

This means that R(xi) is p.cs bs By Theoren 10 then b<a, -
1
On the other han

anb=  \/ k,({tian...n xn({ti:Df\ 8 = a

(.11,...,1n)eﬂn

o -
- il

The last equality follows from the fact that x; A s,
1&{1,0..,n} are compatible observables on {0,a) and
6(xih a)c:ﬁ(xi}. Henoe a = b.
_ If the observables Xq9XpsesssX, 8T8 [.C. 8 and a state m
on L is such that m(s) = 1, then the observables x A a,
ie {1,...,n¥ are compatible on {0,a), Moreover, for any
Ee B(R), m(x;(E)) = m[(x; Aa)(E)]. This means that, from the
probablilistic polnt in view, the observables X,,...,X, can
be treated as compatible observables. It has been shown, that
the Joint probability distribution for XqseoeesXy sxists
exactly in such a case [12], [14]. If f 4is any Borel funo-
tion, then R(f(x))<C R(x) for any observable x, where f(x)} =
= xo £~1, This means that the set of all observables which
are p.c. a is closed to the formations of functions. Now let
XqseeesXy be observables on the Hilbert space logic L(H) and
1et-n1...!,ﬁn be the corresponding self-adjoint operators.
Then X jeessX, PeCe P for some Pe L(H) means that the sub-
space P reduces the operators 51,...,an and that the reduogced
operators 31/P, ie {1,.,.,n} mutuglly commute. If the sum
Aythotesoth) exists (i.e. is a self-adjoint operator), then
also ﬁ1/P+g..+an/P is a self-adjoint operator on P and
[A1+...+an}/P = A,/P+..c+A,/Po From tnis it follows that the
set of all observables which are p.c. P is olosed also under
the formations of sums. From Theorem 15 we see that the commu-
tator of operators A1,...,An with pure point speoctra is the
closed subspace of H generatsed by all common eigenvectors
(see also [7]).

Finally, we shall introduce 13 movre general condition.of
the existence of joint distributions T observeble=. It can
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be applied also if the commutstor doee not exist and shows,
that even in this case the observables can be considered, in
the state m, as compatible observables.

Theorem 16, The observables {Xy t o ¢ A} have
a joint distribution in the state m iff m(a) = O for any
ec J(M), where M = U {R{xq) t o€ a}, and J(M) is the 6 =p=-ideal
of Theorem 8, In this case, the observables {[xq] 1€ A} on
L(M)/J(M) are compatibls and @([s]) = m(a), ac L(M), iz a stats
on L(M}/J(H)o

Proof. I. Let the joint distribuiion ln the state
m exist. From this it follows that for any countable subset
{0(1,cx2,u.}c A we have m(dom {xq1, xqz....}} = 0, This implies

thatoam(com S} = 0 for any countable subsaet Sc U{B('xalso(e&}.
[= -]
As \/ com F, < com U F, |, we obtain that m(a) =" 0 for any
=1 1 =1 *

aed(M),

II. Let m(a) = O for all ac J(M). Let ¢ be the 6-p-morphism
induced by J(M) in L(M), If x is an observable on L(M), then
[x](E) = §(x(E)), BEeB(R), is an observable on L(M)/J(¥). 4s
L(M)/J(M) is Boolean, the observables {[xo{j, o e.&}. are mu-
tually compatible. The restriction of the state m on L(H)
is a state on L(M)., Put m(é(a)) = m{e), aeL(M), We shall skow
that @ is e state on L(M)/J(M). If $(a) = $(b), then
(aVb)A (a*Vb')e J(M) (see § 2). This implies that m((aVb)A
A(a'v b)) = m((avb) A(a Ab)") = 0. Prom the orthomodularity
we have that aVb = (aAb)Vv(aVvh) f\(az‘\h)*, which implies
that m(aVb) = m(a Ab), and hence m(a) = m(b). Now B(F(1)) =
= m(1) = 1, aad if {é{ai)}i is an orthogonal saqusﬁo: inJ_
L(x)/J(M), put by = a4, by, = azha{"‘,...,bn = an!\(;}_{; ai) &
Then {bi}i are mutually orthogonal, and gﬁ(hi) = @(ai},

i=1.2,... . Then

a(i{'zgstaix) : ﬁ(g(}z ui)> a i a(b,) =

i=1

- 206 -



Commutators in orthomodular lattices 21

= Y (g(ey)) = ) ilg(ay)).
i=1 i=1

48 the observables {[;d], aesA} are compatible, they have
s joint distribution u in the state @, Since

B [xa, ] (800 e 1 [x, J(By)) =

[

(g 0x,, (5,0 A u A3y (By) =

m(xq1 (E1 )/\ see /\Io(n(En)> ]
Oypevepdy €Ay Bypeoe,Bye B(R), 4 is aleo the joint distribu-
tion of the observables {x“ t o eA} in the state m.

The author wishes to thank J, Hedlikova for valuable

comments,
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