
DEMONSTRATIO. MATHEMATICA 

Voi XVIII No 1 1985 

Aleksander Rutkowski 

ON PARTIALLY ORDERED SETS WITH SMALL INITIAL SEGMENTS 

Dedicated to the memory 
o f Pro fessor Roman Sikorski 

I„ In t roduc t ion 
Wa base our cons idera t ions on Zermelo-Fraenkel sa t theory 

with the axiom of choice . In p a r t i c u l a r : an ord ina l coincides 
with the se t of a l l i t s predecessors , a ca rd ina l i s an i n i t i a l 
o rd ina l . Every well ordered s e t i s isomorphic with an ord ina l 
(ordered by e ) and every set X oan be well ordered isomorphi r 

ca l ly to a oe r t a in ca rd ina l {which i s ca l led the c a r d i n a l i t y 
of X and denoted by | X | ) . 

'We denote c a r t e s i a n produot of the family { A i : i e i} by 
IT A< and i t s c a r d i n a l i t y by fT . I f ( V i e I ) |A<| - m 

ie I x i e l 1 1 • 
and Hi = n, then T̂T̂ !Â f i s denoted by m11« I t i s easy to 

see t h a t 

(1) i f ( V i e l ) a u « « then T l m ^ m ' 1 ' . 
1 i e l 

Lot ^ be a p a r t i a l order of a se.t P and x,y e P. We c a l l 
x8y incomparable i f x*£y and y ^ x „ A se t of mutually incompa-
rab le elements i s ca l led an t ioha in . An m-antichain i s an a n t i -
chain of c a r d i n a l i t y me Every an t i cha in i s included in a 
uaximal an t ioha in . 
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2 A. Rutkowski 

An i n i t i a l segment of P i s a es t of the f o r m j y e P : y « x ] 
a n d . i t i s denoted by x ) . If AQP then the set (yePs(ExeA)y«x ] 
i s denoted by A). 

A subset P1 of P i s ca l led c o f i n a l with P i f 

{V i s P ) (3 y e P.,) x<:y 

i . e . i f P = P^). Let m be a cardinal* The l e a s t ca rd ina l n 
such that the set m (ordered by e ) conta ins a c o f i n a l sub-
set of ca rd ina l i ty n i s denoted by cf (m) . I f cf(m) = a then 
m i s ca l led a regu la r c a r d i n a l . I f | l ! < cf(m) and 
(V i e I)•IXJ| < m then I I J X., I < m. The reader who needs more 

1 i r i 1 

basic or advanced informat ions on set theory and ca rd ina l s 
can f ind them i n [ l ] or [2] . 

Let n(P) be the l e a s t ca rd ina l n such tha t 

( V i e p ) |x ) | < n. 

We c a l l P a set with small i n i t i a l segments ( s . i . s . ) i f 
n ( P ) < | P | . 

One can prove without d i f f i c u l t y tha t a l i n e a r l y ordered 
set i s not a se t with s . i . s . I t i s easy to f ind examples of 
p a r t i a l l y ordered set with s . i . s . , e . g . an t ioha ins . The f a -
mily P of a l l f i n i t e subsets of a c e r t a i n uncountable se t i s 
another such example (P i s ordered by i nc lu s ion , obviously 
n(P) - t f 0 ) . 

The main purpose of t h i s paper i s t o prove tha t i n many 
cases (and under some assumptions of s e t - t h e o r e t i c nature -
always) p a r t i a l l y ordered set P with s . i . s . i s " th iok" , i . e . 
i t conta ins a iPl - a n t i c h a i n . 

I I . In t roduc t ion *? the r e s u l t s and problems 
T h e o r e m 1« . I f P i s an i n f i n i t e p a r t i a l l y ordered 

se t with s . i . s . and m i s an a r b i t r a r y oardinal l e s s them |P| 
then P contains an m-antiehain. 
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Partially ordered sets 3 

T h e o r e m 2. If *P io an infinite partially ordered 
sot with e.i.s. and cf(|P|)>n(P) then P contains a |P| -anti-
chain. 

T h e o r e m 3. Let P be a partially ordered set wit.. 
s.i.e., cf (I Pi) < IPI and P satisfies the following condition l. 
( + )» m <|P| for each oardinal k<cf(|P| ) and eaoh cardinal 
m<|P|. Then P contains a |P|-antiohain. 

C o r o l l a r y 1* If P is a partially ordered set 
with a.i.B. such that cf(|P|) • then P oontains a |P|-anti-
ohain. 

P r o o f . If P is a countable set then the proposi-
tion is a consequence of Theorem 2. If P is uncountable then 
it satisfies trivially the assumptions of Theorem 3 (k is 
finite), 

For some cardinals I Pi fulfilment of the condition (+) 
depends on certain additional axioms of the set theory. The 
following corollary is an easy example of such situation when 
eaoh oardinal satisfies the desired condition. 

C o r o l l a r y 2. If the generalized continuum hy-
pothesis holds then every infinite partially ordered set P 
with s.i.st oontains a IP|-antiohain. 

P r o o f . If P is a regular oardinal we can apply 
The are m 2. Otherwise of(|P| )< |P| and P » tf^ for a limit 
or;;-nal V. Time for ordinals «, ji < A 

whsre r = max (a tp). The condition (+) is satisfied and we can 
apply Theorem 3. 

'"he natural problem on antichains arises in the sets whioh 
ax-o beyond the reach of Theorems 2 and 3 i.e. such sets P with 
s.i.e. thfct there exist cardinals m<IPI and k<cf(iPI) and 

$ 0 < of(IPI )*;n(P)< IPIig m k. 
Tliis prob.ie-3 r-?mains unsolved (at least by the author of this 
paper), Jr. particular the following problem is open (it seems 
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to be the simplest case of the above s i tuat ion)* Assume that 

IP| « 2 0 and that a l l i n i t i a l segments of P are at most 
W1 

countable ( i . e . n(P) - j ^ ) . Does P contain an -antichain? 

(by Theorem 1 i t contains an antichain of an arbitrary card i -
nal i ty less than tf, ) . 

I I I . Proofs 
P r o o f of Theorems 1 and̂  2. Let us def ine two trans-

f i n i t a sequences of sets (P a s c<<;\) and ( A a : o < A ) where 
P a c P and A« i s a maximal antichain in Pa 

P0 = P 

r « + 1 - " A«> 

Pq = ! i P a f o r a l imi t o rd ina l f l * 
a </} 

Let 7, be the f i r s t ordinal a such that Pa = 0. I f one of 
the antichains A a has cardinal i ty |P| then the conclusions 
of both the theorems are s a t i s f i e d . Thus we can assume that 
I A j < |P| f o r a l l « < ) . 

Let us observe that the set U A» i s co f ina l with P 
occ > 01 

since i f a e P then a e ?a - P a + 1 f o r some a < > . Therefore 
ae A^) hence a ^ b f o r some b e Aa. The above property can be 
expressed by equality 

(2 ) P = U Aa 
tx< A 

We shal l now prove now that 

(3 ) 

Let us assume that n ( P ) < ^ . Thus P n ( P j / Let a be an 
arbitrary element pf Pn/p)> a e Pcx f o r e a c h a < n ( P ) and there-
fore i t i s comparable with some a w e (as .A» i s a maximal 
antichain in P « ) » But i f a ^ a a t h e n a e A Q ) what implies 
a 0 P Thus a^-ga f o r a a c h a ^ n (P ) . I t Í3 eaty to set. ihat 

- 180 



Part ia l ly order»d se t« 5 

a a / njg for a <n(P) t a i fi>, Henoe |a)| ^n(P) whioh contra-
dict b the assumption. 

Assuna now (in spi te of the conclusion of Theorem 1) thrfc 
there e x i s t s a oardinal m <|P| such that for »very ordinal 

(4) | A a | < o . 

Inequal i t ies (3) and (4) imply 

I UaJ« n(P)»m < |p | 
1 1 

henoe 

¡y»j|<ipi 
in spi te of the equality (2 ) . 

For prc-U;g Theorem 2 i t i s su f f io ient to write equality 
(2) i t the following form 

P - U U x ) . xeA« 

In c f ( | Pj } > n { P ) , then, by (3 ) , I U x } | = |P| for a certain 

cy0<?>. I t implies immediately that ¡A^ | = |P | . 

L e m m a 1. I f the cardinal | ? | s a t i s f i e s condition 
( + } than there e x i s t s a t rans f in i te sequenoe (nQ i a < c f ( | P | ) ) 
of cardinals having the following propertiesi 

1. nw i s a regular cardinal 
2. n^cn^ i f oc</3 < c f ( | P | ) 
3. sup | n a j « < c f ( |P | )} = |P| 

4. 17 n^ < n . 

P r o o f . The required sequenoe i s defined by trans-
f i n i t e induction in a routine way, with the help of the ine-
quality 
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6 A. Rutkowski 

J i n ^ [ s u p { n ^ i § < « } ] ' 

which i s obvious consequence of ( 1 ) . 
L e m m a 2 . Let F s a t i s f y the assumptions of theo-

rem 3 . There e x i s t s a t r a n s f i n i t e sequences (B« t a < of ( |P| )) 
of a n t i c h a i n s which have the fo l l owing p r o p e r t i e s t 

1 . IBJ i s a r e g u l a r c a r d i n a l , |B a|>n{P), |Ba|> of{ |P| ) 

2 . |Bj < iByjl i f a < y 3 < c f ( | P ! ) 

3 . sup 11Ba| l a < of ( |P|)} = |P| 

4 . i f a<¿3 < c f { I P i ) , a e Bw and b e Bp then b 4 « 

5 . i f ot < c f ( I P|) then I T7B| I < |Ba|, 

P r o o f . Let ( n a i a < c f ( |P|)) be a sequence of c a r -
d i n a l s which s a t i s f i e s the condi t ions 1 - 4 ef leossa 1« We can 
assume tha t n a > c f ( | P | ) and n a > n(P) f o r each « < c.f( I Pi ) . Let 
{ a , : ^<|P|} be an enuaerat ion of a l l elements of the eet p 
{under some w e l l order ing of P ) , l e t f o r c* c e f { |P| ) 

Pa » { a 4 i 

and 

Qcx " " 

I t i s eas^ t o sea tha t |Pa)| « n a«n(P) her.se |Qa| « a a + 1 . 
Moreover Q a i s a eet w i th s . i . s . t h e r e f o r e i t s a t i s f i e s the 
assumptions of Theorem 2 . Thus Q« conta ins ac n a + 1 - a n t i o h s i n 
Bq(. I t i s easy to v e r i f y that t h i s sequence of an t i cha ins 
(B^sa < cf{|P|)) has the requi red p r o p e r t i e s 1-5» 

P r o o f of Theorem 3 . Let (Ba s a < cf{|P|)) be a 
sequence of an t icha ins which s a t i s f i e s the condi t ions 1 - 5 of 
Lemma 2 . We s h a l l cons t ruc t a double sequence (C^ „ s a«/3< 
< o f ( | P | ) ) of an t i cha ins such that the following conditions 
are s a t i s f i e d » l e t a , f i t b a o rd ina l s such that 
cxapx o f (|P|)pa^ 3"<cf(|P|), cx <; * < c f (| P! }, & is a l i m i t 
o r d i n a l . Then 
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2. i f/3<T, taen C ^ y C C ^ , 

3. |Ca^| « |Ba I, 

6. U Ct A is an antiohain* 

Observe that the above oonditions 1-5 and the condition 1 of 
lemma 2 imply for each y3>« the equality 

(5) K ^ I - | B 0 | . 

The construction wi l l be based on transfinite induction 
on the ordinal variable fi>. 

We put CQ Q s BQ. Let us assume now that the antichains 
Ca y with a^¿<f i have already been defined and they satisfy 
conditions 1-5. One must define Ca n f o r a ^ f l . Let Da a • 

i ' Ca T ( i f P> =T+1 then obviously D„ fl • C0 For 
a fixed well ordering of the set D^ ^ and for x e Da p 

let x denotes the set jy e Da ^ : * } • Given a function f 
with [5 as the domain and suah that f ( a ) e Da a ( i . e . feTTon , ) 
let Bf be the set defined by the following equality 

( 6 ) B f - |b€ Bp t (Vex < £ ) b ) n D ^ c f f a T ) } . 

It follows by the inequalities 

|b) n ^ |b)| < n(P) < iBysl 

and by the regularity of the cardinal IB^I) that 

(V bfe B^)(3f e JT D « ^ ) b£S f 
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thus 

B/3- U { B f : f e JT D ^ } , 

But I I T D-a fll^l TT B < iBfll. Thus, again by the regularity 
I cx<fi I I M 1 ' 

of IBfll, there exists f f t e TT Da fl that IB- I = |BJ. We put 
' u a<¡S " » P • I q V 

now 

( 7 )- Q f iJ ' B f 0 

(8) - D ^ - f Q ( « ) for- <*</3. 
» 

The conditions 1-5 are obviously satisf ied. It remains to 
prove the same for condition 6, Let a,be LJ Cn a. I f both 

these elements are in Cj$ p or in Ĉ  ^ for some o<</3 then they 
are incomparable by condition 1. I f ae Ca ^ , be C^ ^ for some 
oc, then a e CQ, p , b e Cp ^ for some ordinal J.3^ such that 

T^y3-.^ • Therefore a and b belong t o v U Ct » whioh 
0 1 . $ ^Aj 5 

is an antichain by the inductive assumption. Let us assume 
now that a e Cp ¡i and be CQ, ^ for someoc/). Thus a^b by 
condition 1 and point 4 of Lemma 2. Let b^a . I t implies that 
beaJnD^ ^ hence, by (7) and (6) , b e f 0 (& ) in spite of (8) . 
Thus b4a . 

We define now a set C by the following two equalities 

P « - n Co<,/3' 
« ^ < c f ( I PI) 

C - U Pa, 
a < cf{ | P| ) 

C is an antichain. Indeed, i f a eP „ and be Pa for some 
1 2 

o<2<cf( I PI ) , then for an arbitrary we o t > t a i n ^ a t 
a & Ĉ  a and be C0 a Thus a, b belong to U Ct and 

they are incomparable by condition 6. 
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The antichains are pairwiee disjoint by condition 1. 
!FcJ •= i Bex I ^ conditions 3, 4, 5 and by the inequality 
|Ba|< of(|P|). Therefore 

I 0! = aup {|Fa| : a< of (P) j - |P| 

by point 3 of Lemma 2. This completes the proof. 
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