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ie iotrogueion

4s in [2], e shall denote by M, N and M, N, (k=0,1,2)
the pairs of non-negative continuous convex functions qomple=-
mertary 1ia thie ssnss of W.H, Young. For the inverse functions
the symbols M1, N~! eto. will be used.

Let £ be sn arbitrary complex-valued function defined
in a oclosed intsrval (a,b). Consider partitions

(1) ﬂ-{axto<t1<...<tr=b}

and finite sequences

(2) U= (llo,u1,...,ur_1)
of non-negative numbsrs u'j such that
r=-1
(3) D Nuy)< 1.
j=
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2 R, Taberski

Introduce the guantities

r-1
Vlie,0) = eup > MUIf(ty,0) - £(t5))),
570
r=1
Vy(fiasd) = s#p [sgp 2{; lf(tj+1) - f(tj)luj

called the first and the second M-variation of f on <a,b>,
respectively.
By the inequality of W.H, Young,
*
(4) VM(f;a,b) < VM(f;a,b) + 1.

If = Va(f;a,b) is a positive number, then

(5) Vylt/ria,bl< 1,
Moreover,
(6) Vy(Afsa,b) = |2 Vy(£3a,b)

for sach complex number A, In the spescial case
M(u) = u¥x (x>1) for all ux0,

V;(f;a.b) = ﬁ”ﬁvg(f;a.b).

where A = /{x-1) and
1/x
r-1

* e 4
Vu(fla.b) = B#P{ JZE) lf(tj+1) - f(tj)]

(see [2], p.24, 89-91, 86-87 or (8], p.16, 25, 171, 175).
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Variations of the Wiener type 3

Denote by BVy(e&,b) [Bvi(a,b{] the class of all complex~
-~valued funotions f such that

Vy(f3a,b) <o [Vy(fia,b)< o],

Both these oclasses consist merely of bounded functions £
having at most enumerable sets of discontinuity points x

at which the finite one-sided limits f(x + O) exist (see (5)
and [7], p.582-583). In view of (4), BVy(a,b)C BVy(a,d).

For functions fe Bvﬁ(a,b), the non-negative functional

V;(f) = Vy(£3a,b)

oan be treated as a certain seminorm,.

Consider now a complex=valued Function f defined in the
interval < s,b>, and a positive integer number n. Following
Canturija (1], let us introduce the modulus of variation of f

n=1

vin,f;a,0) = BTTup Z lf(x2k+1) - f(x2k)| ’
n k=0

where tne supremum is taken over all systems ﬂn of non-over-
lapping intervals (xzk,x2k+1)c:(a,b), k = Oy1,000,0-1, It can
8asily be observed,

(7) v(n,f3a,b)<n K (%) V;(fia.b)

(see [5], p.454). Conssquently,

1lim % v(n,f3a,b) = O when fe-BVi(a,b).

n—=o

In this note some simple facte connected with the second
M-variations will be preserntsd,
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4 R. Taberski

2. Special properties
Let us begin with the following
Theorem 1. Suppose that

(8) Mu)< M (u) for all ue<0,5>,

S being & positive fixed number. Then, there is a positive
number ¢ (depending only on M, M, and 5) such that

(9) Vylfia,bl<o V;o(f;a,b)

for sach fe¢ ng (ayb) (=cc<a<b< o),
°

Proof, Write

u u
M, (u) =f po(tlat, N (u) -f g,(s)ds  for u > 0,
0 v}

As is known ([2], p.24), for all s3>0,

9,(8)s = M (g, (8)) + N (8) and q (s)s<M(q (8))+N(s).
Consequently,
M (q,(8)) + N (s)<M(q (e)) + K(s) when s>0.
By the assumption,
M (g, (s))>Maq,(s)) if O<gqglsi<o.
Therefore, the previous estimate ensures that

No(a)sN(a) if Osqo(e)sd.\,

8

Denoting by 8, & positive number such that qo(so).scS, we then
have

(10) No(e)sN(s) for svery 8 0,8,
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Variations of the Wiener typs 5

Let ¢ be a number satisfying the conditions
e>1 and o s°>l'1(1).
Introduce the palr of funoctions
io(u) = a M (u), iio(u) -0 No(%> (u >0)

complementary in the sense of Young ([2], pe23)}e It is easily
gaen, for any £ Dbounded on {s,b),

(11) v (f3a,bl< o Vi (£3a8,b)e
lo "o
Cenglder wn arbitrary partit_ion {1) and a finite sequen-

¢e {2} of nou-nezstive numbers u, satisfying the oqndition (3).
By the ipsguality (1.,14) of [2] ip.ﬂ) and (10),

E’(ua};* < N(%’-). N(%J—>>No<%l>,

Lecause G MAX (1,1!"1(1)/50). Henoe

=1
No(uj) <1
J=0
and, consequantly,
- .
(12) Vg (£38,0) > Vy(f4a,b).
°

Prom (11) - (12) the desired assertion follows immediately.
Remark 1, If she inequslity (8) holds for all
ue <0,), then the number ¢ oocuring in (9) is indepen-
dent of &§ .
For example, let

[e 4
{13) M(u) = e~ (x>0) for ue (0,5,
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6 R. Taberski

where & n{0< /(°(+1)}1/°‘. Choose a positive integer k = k{o)
such that «k >1, and introduce the convex function

M (u) = kt & for all u> o0,
It can eaeily be observed that for every uc <0,6> the ine-

quality (8) is true, Thus, for arbitrary finite a, b and
fe nv;o(a,b), the estimate (9) holds with ¢ depending only

on M, Consequently,

lim Vy(£3x,x+h) = O [ 1im v;(f;x-h,'x) = oJ,
h~0+ h~0+
whenever f 1s right- [left-] sidely continuous at x e <a,b)
[xe{a,b >] (see [3], Sects. 4, 5)s

Theorem 2, Suppose that M possesses the comple-
mentary function N satisfying the condition

(14) lim gig(;% =0

8-0+

uniformly in w on some finite interval (O,0> . Then, under
the assumption fe Bvi(a,b),

(15) 1im v;(r;x.x+h) =0
h-0+

for svery x ¢ <a,b) at which the function f 1is right-sidely
continuous,
Proof. Inview of (5}, there is a positive number ¢

buch that
VM(G fija,b) < 1.

Supposing f right-sidely continuous at x (a<x<Db), and
putting g = 8f, we have

(16) lim Vm(g;'x,x+6) =0
6— 0+

(see [3], Sects. 4, 5).
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Variations of the Wiener typse 7

By (14), for any given ¢ >0 and sufficiently large
o= ole)>1,

(17) QN<%>< ¢ N{w)
s

uniformly in we (0,0p>., Applying (16) we get
(18) Vylgix,x+d) < &

if the positive number d 1is small enough.
Consider now a partition

X = X_ <Xu< see<X. =X + d
o 1 r

and some non-negative numbers uJ satisfying the condition (3),
such that

r~1
2:; lB(X3+1) - g(xj)|u3>>va(g;x,x+d) -t
J=0

This and the ipequality of W.H. Young lead to

r=-1 =i
Valgix,xed) <€ + :ZE M(18(xy,q) - alx;)1) + ) Fuy),
o 3-0

where
M(u) = oM(u), ¥(u) = oN(§) (u>o0).

Consequently,

=1 =1
- u
Vylgix,xed) <¢ + ¢ Z M(le(xy,4) ~ 8lx4)1) + 2_‘ QN(—QJ/S
=0 3=0
=1
<t + QVu(g;x,x+d) + 5252 N(ud)<:35 when 1 > N'1(1).
3=0
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8 Re Taberski

by (17) and (18). Analogously, in the case p<N"'(1),

Vylgix,xed)<c “N—.;(—”‘ :Z;i(ls(xjn)-s(xj)lh-:z; ﬁ(;f%—“—)@]
N1 T opll. %
<€+ ’ {Qvu(g;x,x-t-d) + JZO‘ 911<9 . N'1(1) ?>]<
<6+N—-1(—11{5+ £ in —.1L9>}s{ 2..._1“:_(1)_}5.
4 T W) 2

Observing that °

V;(g;x,x+d) = V;(f;x,x+d) and V;(f;x,n-h)s V;(f;x,x-rd)

for every h ¢ {0,d), we obtain the relation (15).
For example, the functions

1° N(u) = u®/|log ul'e {x>1, A>0),
2° N(u) = (1+u)log(1+u) =~ u
satisfy the condition (14) uniformly in w, respectively,
on the interval (0,1/2 > and (0,)> for every finite ) >0,
For the function N complementary to M defined by (13) the
condition (14) does not hold uniformly on (0, ) > with any po-
ceitive » . Indeed, it can easily be verified that
-1 _ 1/
M (y) = 1/|1og 7| for small 3 >0.
Since

y<xW3) " U3)<2y (3>0)

(see [2], pe25), we have
v 1108 31 /X <xn"Yy) <2y 108 yI '

for sufficiently small y ¢ (0,1/e). Consequertly, tnere are po=
sitive numbers u, and k, such that, for all u« {(,u4),
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Variations of the Wiener type 9

-

_— . S -
lleg u!1/°‘ H(a) <ylog um— (o= 01

By this sestimete, for all we(O,u ) and & ¢ (0,1},

N(ew) _ __lf?{ff . llog wl wl1/°‘ K |19.B.L~1/°(
sN{w /Ilog sw|17°‘ o« Iog ew | °

Obgerving that

L1og W
w].i.l(a)z+ iog &w 1 for s8c(0,1),

we g;et tte desired result,

3o Two applications

A, Giver an arbitrery complex-valued function £ of
period 2r, Lebesgus-integrable over <=y, 77>, let us consider
the n-th pertial sum

n
. a
San_f(x) =—2—° + Z () cos kx + by sin kx)
k=t
of ite Fouriexr series, As 1is well~known, if at a fixed x
some finite one-sided limits f{x + O) exist, then

g

ER S?_thj;‘féx; - % {f(I-O-O) + f(x-o)} = 1;J‘gox(";) Dn(t)dt,
0

s
-3

where ¢, & the 2s-periodic function defined by

D f(x+1) + f£{x-t) - £{x+0) - £(x~0) when 0<t<2m,

A5
~
I

S

'O when t =0
and
ol 1\
e sin (o +
D.“('z,’ = 1 ,‘) cns kt = - 1 —2/— (n - 0).
L - ;‘;‘,‘" 28in 3 t

In Sect, < of [_4J the following basic estimate is proved,
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10 R. Tsberski

Lenmnma., Suppose that Py is bounded in the interval

<0, 7> write
tj =2n+1 (J =0’1)0-.,n).

Then, for every positive integer n,

| i
(20) :-};f@x(t)n (t)at|< £ vin,g 30,7 +

n-1
7 g N\ YU9RiOrty, )
=1

Applying this lemma we shall present our first applica~

tion of M-variations to Fourier series,
Theorem 3. IffeBVy(0,27), then

18 £l(x) - —{f(x+0) + f(x-—O)H

n
117k % I
<19 ) 1wt (B)viteg0, 1)
k=1

for every positive integer n end all real x.
Proof The inequality (7) gives

- 1 *
v(k+1.9>x50,tk*1 )< (k+1)M 1<k_+‘|>vm(5°x‘o’tk+1)

Hence, in view of (19) and (20),
|S £l(x) = 5 {f(x-ro) + f(x-o)}l

< %v(n,gpx;o,ﬂ) + -Z— V(1,0,30,t4) +

Nn=2

4 v(k’¢x50’tk+1) .
+ 7; K] T S 3 V(0ipgi0y7) +
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Variations of the Wiener type

n-1
s T VR0, + 4 ) 2 (1) Vitoga0,t51<
J=2

é-% v(n,0,40,7) + 2H—1(1)V;(9’x80:t1) +

n=-1
4 =1 (2 y*
+ ; j+1 U (j+1> Vig(PxsOntyle
=2
Further,
ne1
A -1 (2 \y*
z 341 M <3+1> VM(S"xlootj)s
J=1
Jr
1 =1 (27 ¢
\<J’ 1 <ﬁ> Vyl9,30,t) dt =
m/n
n
- »*
- Ja )i g1
1
ne1
A =1 (2(k+1)\ y*q., Eid
<)t (BN vie a0, )
k=1
Consequently,

|5, [E](x) - 1 {f(x+o) + £(x-0)}l< w7 <%> Vip(9,30,7) +

+ 16 i Lt (5) vitegio, P,
=1

and, the desired thesis is now evident (cf. [4], Th. 2(1)).
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12 K. Tabsrsiki

Corcecllary. Suppose that

|8

' j_ -'1 _1. <7
(21) Y ot (L)<,
k=1
and that
(22) tnm Vu(‘Px“’ t) = 0.
-~
Then
(23) iim S [f](x) - —{f(nob + f(x-o)}.
N —+o0

If f 1is continuous at every point lying in (s&,d> and it
the relation (22} holds unifornmly in x on Ja,b), then

lim 8, f{x) » £(x) uniformly in x¢ {a,bD.
n e

In fact, under the assumption (22), for every ¢ >0 there
is an integer k_ = ko{ +XJ} >1 such that

n n+14 ( o0
Y rw(k) 1yt J 1wl

K ¥ <n/\‘2 /) 3 i \n) dt<2 s ¥ \s) dg <o
k=1 1 1/2

uniformly in n:=1. Thus,
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Variations of the Wiener type 13

n

D wt(E) o, e v2e S Hari(y) an

k=1 1/2

for sufficiently iarge .n, and, by Theorem 3 the relation (23)
follews,

Remark 2, If the function N complementary to M
satisfies the assumption of Theorem 2, then, for any
£ e BVy(0,27) the vslation (22) holds at every reel x.

B. As the secund application we shall give an estimate
.for some Stieltjes infegrals.

T 11 eorem 4. Suppose that fe B“In {a,b),
Be BVH (ayb) (~o<a<bz<oo) and that

. -1 =11
Z M, (%) Mp (k)““’
k=1
Then the Riemgnn-Stielijes integral of £ and g having no

common discontinuities exlsts and

(24) U {rm - r(b)}astﬂlsc ?;,‘1(*&';&,1:) v;;z(gsa.bl.
where
o= s+ /7 (5" ()],

Proof. By (5}, there are positive numbers 8qs 85
such that

8'1fe BVH1(B,b}, 9256 BVMQ{a,b).

Hence, in view of Theorem (5.5) of [7], the Riemann-Stieltjes
integral

b
I 1=J.{91f(t} - 91f(b}] d 0,8(t)
a

exists,
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14 K, Taberski

Applying the inequality (2) of [6], ws obtain
Il <¢© v;1(81f;a.b) Vﬁz(ng;asb);

whenoe the thesie follows immediately (see (6))..
In particular, texing
1’0
a(t) = | X'sids  (a<t=b),
‘e
with the integrand K measuratie ari bousded in (a,b), we cen
estimats (in absslute valus) the Labesgue integral

b
[ {xts) = 2tv)} K(iae
a

by the right-hand side of {24}, too.
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