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1 . :latrocac ilon 
As ?a [2] , e s h a l l denote by M, N and M ,̂ N^ (k«0,1,2) 

the pa i r s c.f non-negative continuous convex func t ions oomple-
mer'"ar7 i a iiie sense of W.H» Young* For the inverse func t ions 

—1 -1 
thr) symbols M ? H etc* w i l l be used. 

Let f be an a r b i t r a r y complex-valued func t ion defined 
in a closed i n t e r v a l <a,b>. Consider p a r t i t i o n s 

(1) TT- {a - t Q < t 1 < . . . < t p = b} 

and f i n i t e sequences 

(2) U = ( u 0 , u 1 , . . . , u p _ 1 ) 
of non-negative numbers u^ such tha t 

r - 1 
(3) ] T N i u j J i 1. 

0=0 
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R. Taberski 

Introduce the quantit ies 

r-1 
VM(f;a,b) = sup ^ M ( l f ( t d + 1 ) " f ( t j , l ) » 

i"0 

r-1 
V*(f;a,b) = sup sup ] T | f ( t j+ 1 ) - f f t j J I U j 

17 I U j-0 

cal led the f i r s t and the second M-variation of f on <a,b>, 
respect ively. 

By the inequality of W.H. Young, 

(4) V^(f}a,b) ^ VM(f,a,b) + 1. 

I f 3* = V^(fja,b) i s a positive number, then 

(5) V M ( f / y i a , b U 1. 

Moreover, 

(6) V*(;\f|a,b) = h|v j{ f |a ,b) 

for eaoh complex number %. In the special case 

M(u) = u°7a («>1) for a l l u>0, 

vj(f»a,b) = ^ l / 3Va(f»s,b) , 

where & « or /{°< -1) and 

V^ifja.b) = sup 
n L l ' i v ^ - f { V 

3-0 

1/a 

(see [2], p.24, 39-91, 86-37 or [8], p.16, 25, 171, 175). 
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Variations of the Wiener type 3 

Denote by BVM(s,b) [Bv£(a,b)] the clasB of all complex-
-valued functions f such that 

VM(f,a,b)<°o [vj(f;a,b)< „ 

Both these classes consist merely of bounded functions f 
having at most enumerable sets of discontinuity points x 
at whioh the finite one-sided limits f(x + 0) exist (see (5) 
and [7], p.582-583). In view of (4), BVM(a,b)c BV*(a,b). 
For functions fe BV^(a,b), the non-negative functional 

•¡(f) - Vjffia.b) 

can be treated as a oertain seminorm. 
Consider now a complex-valued function f defined in the 

interval <a,b>, and a positive integer number n. Following 
Canturija ['¡J» let us introduce the modulus of variation of f 

n-1 
v(ntf;a,u) = sup ^ " » 

nn k-0 
where the supremum is taken over all systems TTn of non-over-
lapping intervals (x2jc,x2k+1)c {a,b), k * 0,1,...,n-1. It can 
easily be observed, 

(7) v(n,f,a,b)<;n M~1 vj(f,a,b) 

(see [5], P.454). Consequently, 

lim i v(n,fja,b) - 0 when feBV*(a,b). 
0 —»-oo 

In this note some simple facts connected with the second 
M-variations will be presented. 
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2 . S p e c i a l p r o p a r t i e a 

L o t u s b e g i n w i t h t h e f o l l o w i n g 

T h e o r e m 1 . S u p p o s e t h a t 

( 8 ) M ( u ) i S l t 0 { u ) f o r a l l u e < O f S > , 

6 b e i n g a p o s i t i v e f i x e d n u m b e r . T h e n , t h e r e i s a p o s i t i v e 

n u m b e r c ( d e p e n d i n g o n l y o n M, MQ and $ ) s u o h t h a t 

( 9 ) v J ( f | a , b ) < o ( f » a , b ) 

f o r e a c h f e BV^ ( a , b ) ( - o o < a < b < o o ) . 
o 

P r o o f . W r i t e 

u u 

M 0 ( u ) = J P 0 ( t ) d t , H 0 ( u ) - J q 0 ( e ) d B f o r u ^ 0 . 

0 0 

Aa i a k n o w n ( [ 2 ] , p . 2 4 ) , f o r a l l a > 0 , 

q 0 ( s ) a » M 0 ( q 0 ( a ) ) + N 0 ( a ) a n d q 0 ( 8 ) s ^ M ( q 0 ( a ) ) + N ( s ) . 

C o n s e q u e n t l y , 

M 0 ( q 0 ( a ) ) + N 0 ( a ) ^ M ( q 0 ( a ) ) + N ( s ) w h e n a > 0 . 

By t h e a s s u m p t i o n , 

M 0 ( q 0 ( s ) J > M ( q 0 ( s ) ) i f O « q o ( s . 

T h e r e f o r e , t h e p r e v i o u s e s t i m a t e e n s u r e s t h a t 

N 0 ( s ) < N { a ) i f 0 ^ q o ( s ) « < 5 . 

D e n o t i n g b y s Q a p o s i t i v e n u m b e r s u c h t h a t q 0 ( s 0 ) . < < 5 , we t h e n 

h a v e 

( 1 0 ) N 0 ( s ) ^ K ( s ) f o r e v e r y s e < 0 , s o > . 

- 164 -



Variations of the Wiener type 5 

Let o be a number satisfying the conditions 

o and o s 0 > B " 1 ( 1 ) . 

Introduoe the pair of funotions 

M0(a) - c M0 (a ) , H0(u) - o I 0 ( J ) (u ^ 0 ) 

complementary in the sense of Young ( [ 2 ] , p.23). I t is easily 
seen, for any f bounded on<a,b>, 

(11) v j ( f | a , b U c v£ ( f j a , b ) . 
0 0 

Ccasidcr <.,n arbitrary partition (1) and a f inite sequen-
ce (2) of ecm-ne gaiive numbers u. satisfying the oondition (3 ) . 
By the laaquftlity (1.14) of [ 2 ] (p. 17) and (10), 

wiQoaue« c^max (1,N~ (1)/s0 ) » Henoe 

r-1 

L i o < t t j » < 1 

i-o 

and, consequently, 

(12) V~ ( f|a,b) > v £ ( f | a , b ) . 
0 

From (11) - (12) the desired assertion follows immediately. 
R e m a r k 1. I f the inequality (8) holds for a l l 

ue < 0 , » ) , then the number c ooouring in (9) Is indepen-
dent of 6 . 

For example, let 
n""0* 

(13) M( u) = e (ot > 0) for ue(0,<5>. 
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where 5 » { «/(ot+i)}1/ot . Choose a positive integer k • k(o<) 
suoh that a k >1, and introduce the convex funotion 

M0(u) - kl uP^ for al l u > 0. 

It oan easily be observed that for ever; ue <0,<5> the ine-
quality (8) is true. Thus, for arbitrary finite a, b and 
feBVjJ (a,b), the estimate (9) holds with o depending only 

o 
on M. C onseq uent ly, 

lim v£(f|x,x+h) - 0 
h-0+ 

lim v£(fjx-h, x) m 0 
h-0+ 

whenever f is right- [ l e f t - ] sidely oontinuous at x e <a,b) 
[ xe (a ,b > ] (see [3 ] , Sects. 4, 5). 

T h e o r e m 2. Suppose that M possesses the comple-
mentary funotion N satisfying the condition 

(14) i i . l l j ^ . 0 
8 -0+ 

uniformly in w on some finite interval (0,£>> . Then, under 
the assumption feBV^(a tb) t 

(15) lim Vy(f|*,x+h) - 0 
h—0+ " 

for every x e <a,b) at which the function f is right-sidely 
continuous. 

P r o o f . In view of (5), there is a positive numbers 
such that 

VM (0f|a,b)« 1. 

Supposing f right-sidely oontinuous at x ( a < x < b ) t and 
putting g = 0f , we have 

(16) lim VM(gfx,x+0) - 0 
0+ * 

(see [3], Sects. 4, 5). 
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Variations of the Wiener type 7 

By (14), for any given & >0 and suf f i c i ent l y large 
9 - <?(& ) > 1, 

(17) 9N(|)<eN(w) 

uniformly in w e (0 ,?>. Applying (16) we get 

(18) VH(g|x,x+d)< f 

i f the positive number d i s small enough. 
Consider now a part i t ion 

< x = xQ<x1< . . . < x p = x + d] 

and some non-negative numbers û  sa t i s fy ing the condition (3) , 
such that 

r -1 
y , |g(x-j+1) - giXjj) I Uj> V*(gjx,x+d) -
3-0 

This and the inequality of W.H. Young lead to 

r -1 r-1 
v£(g|x,x+d)<e + ^ M{|g(xJ+1) - g ( x 3 ) l ) + HUj) , 

3-0 3-0 

where 

M(u) = ?M(u), N(u) = 9 » ^ ) ( u > 0 ) . 

Conseq uently, 
r -1 r -1 u 

v;(g|x,x+d)<& + 9 M ( l s ( x j + 1 ) " + ] T 

i'O j=o 
r-1 

^ £ + 9Vjj(gjx,x+d) + & ^ 1 w h e n ? > N"1M ) • 
3-0 
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by (17) and (18 ) . Analogously, in the case 

? 

r-1 r-1 

2 + £ . 

Observing that ' 

V^(g;x,x+d) =0 vj ( f *x ,x+d) and vj(f|x,x+h)« v£( f »x,x+d) 

for every h e <0,d>, we obtain the relation (15)» 
For example, the functions 

1° N(u) « uQ/|log ul̂  { « > 1 , fi>0)t 

2° N(U) = (l+a)log(1+u) - a 
satisfy the condition (14) uniformly in v , respectively, 
on the interval {0,1/2 > and (0,£> for every f in i t e ? > 0 . 

For the function N complementary to M defined by (13) the 
condition (14) does not hold uniformly on (0 ,p> with any po~ 
ei t ivo ^ • Indeed, i t can easily be ver i f ied that 

for suff ic iently small y e (0,1/e). Consequently, taere are po-
si t ive numbers u and k such that, for a l l at (0 ,u a ) , 

M"1(y) = 1/1 log 7 1 f o r small y >0. 1 

Sinoe 

y<M~1 (y) H"1 (y )< 2y ( y > 0 ) 

(see [2], p.25), we have 

y Hog y|1 / o (<H"1 (y )^2y|log y|1/x 1 h 
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Variations of the Wiener type 9 

Ilog u! ' |log a I 

By this estinste, for a l l w e ( 0 , a a ) and e e ( 0 , 1 ) , 

S(sw) . k « s w . Ilog wl1/o< c k |logjw_|1/o< 
sN[w) " | l o g m \ 1/« sw » ¡ T o g s » ! 

Observing that 

l i a l i fE «w- = 1 f o r 
w -0+ 1 0 8 s w 

we get the desired result. 

3 . xs o applications 

A, Given an arbitrary complex-valued function f of 
period 2-% Lebesgue-integrable over JT>f let us consider 
the n-th partial sum 

•a V^ 
s n [ f : { * ) » - g 9 + 2_, (®k 0 0 8 + bk 8 i n 

k«1 
of its Pourisr aeries. As i s well-known, i f at a fixed x 
?os!<j f inite one-aided limits f ( x + 0) exist, then 

71 

(19; S n _ j ] l x i - } { f ( x + 0 ) + f (x-O)} = w f p x W D n ( t , d t ' 
0 

where la the 2jr-periodic function defined by J K 

•X' 

and 

f (x+t ) + f ( x - t ) - f (x+0) - f (x-O) when 0<t<2 i r , 

0 when t = 0 

1 v3' sin (n + l-)t 
D.f-s, a > cos kt ----- - - - - - (a >- 0) . 

2sin I t i if 
In Sect, t of |_4] the following basic es-iimate is proved, 
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10 R. T s b e r s k i 

L e m m a . Suppose that <px i s bounded i n the i n t e r v a l 
<0tTT>\ w r i t e 

= 2 T + T = 

Then, f o r every p o s i t i v e i n t e g e r n , 

J r / j P x ( t ) D n ( t ) d t U ^ v(npSBxjOtJ7-) + 

jr 

(20) 

k » 1 

Apply ing t h i s lemma we s h a l l present our f i r s t a p p l i c a -
t i o n of M - v a r i a t i o n s to F o u r i e r s e r i e s . 

T h e o r e m 3. I f f f BV^(0,2 n) f then 

S n [ f ] ( x ) - ¿ I f ( x + 0 ) + f ( x - O ) - 2 1 J I * 

k«1 

f o r every p o s i t i v e i n t e g e r n and a l l r e a l x . 
P r o o f The i n e q u a l i t y (7) g i v e s 

( k + D M ' ^ ^ v J ^ i O . t ^ ) ( k = 0 , 1 , . . . ) , 

Hence, i n view of ( 1 9 ) and ( 2 0 ) , 

| s n [ f ] ( x ) - \ j f ( x + 0 ) + f ( x - 0 ) | 

< -J- v ( n , p x $ 0 , j r ) + ^ v ( 1 , ^ x ; 0 , t 1 ) + 

. i l k , ® ¡ 0 , t . ] , 

k « 1 
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Variations of the Wiener type 11 

n-1 
• ¿ M - 1 ( l ) v i ( ? x , 0 , t 1 ) M-1 ( j j v ^ O . t j ) ^ 

v(n t?)x|0,jrj + a i r ^ D v J t ^ l O . t , ) + 

+ X L A M " 1 ( f t ) 

Further, 

E j i r M " 1 ( j f r K ^ v * 

^ / K 1 d t -
v/n 

- A « - 1 

1 

k=1 

Consequently, 

|s n [ f ] ( x ) - J| f ( x+0 ) • f { x - 0 ) ) | « 3M"1 vJ t^ iO ,^ ) + 

n 

+ G O v > x « ° . §>. 
k=l 

and, the desired thesis ie now evident ( c f . [4 ] , Th. 2 ( i ) ) . 
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C o r o l l a r y * Suppose t h a t 

o o 

(21) L i M~1 
k-1 

and tha t 

(22) l i s v£(<pv»0,t) = 0* 

Then 

(23) l i a S [ f ] (x) . i { f ( x 4 0 ) + f (x-O)j . 

I f f i s continuous at every point ly ing i n <s ,b> and i* 
the r e l a t i o n (22) holds unifertaly in x on <a ,b>, thexs 

lim f 'x) « ?(x) uniformly in x e <a ,b> . 
n -"-oo 

In f a c t , under the assumption (22) , f o r every e > 0 there 
i s an in teger k„ » kQ{e ,x) such tha t 

*^(çexïO, f ) < i i f k > k 0 . 

Hence 

Î K ' S j ' î v ' . ^ ' i K ' f f i « •>*.-
k .k 0 k-k0 

The condit ion (21j ensures that 

n n+1 ? 

k=1 • 1 1/2 

uniformly in n >1 . Thus t 
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B n 

L i M"1(!) f ) ^ 6 + J i 
k=1 1 /2 

f o r s u f f i o i e n t l y l arge .n 0 and, by Theorom 3 the r e l a t i o n (23) 
f o l l e w s » 

R e m a r k 2, I f the f u n c t i o n I complementary t o M 
s a t i s f i e s the assumption of Theorem 29 then» f o r any 

the r e l a t i o n (22) ho lds at every r e a l xa 

Be As the second a p p l i c a t i o n we s h a l l g ive an e s t imate 
f o r some S t i e l t j e s i n t e g r a l s . 

T h e o r e m 4« Suppose that f e B V ^ ( a , b ) , 
g e B V ^ (aBb) (»oo < a<b„< °o) and that 1 

2 

* - 1 
Then the Riemann-Stie l t j jas i n t e g r a l of f and g having no 
common d i s c o n t i n u i t i e s e x i s t s and 

I u 
J j f ( t ) - f ( b ) | d g ( t ) 

^ C v j ( f | a , b ) V ^ ( g j a , b ) , 

where 

S + I / { N - 1 ( I ) N - 1 ( D } . 

P r o o f s By (5)» there are p o s i t i v e numbers 0 2 

such that 

S ^ e BVM^(a5b) s Q 2 g e BVM ( a , b ) . 

Hence, i n view of Theorem ( 5 . 5 ) of [73 s the R i e m a n n - S t i e l t j e s 
i n t e g r a l 

I = J { ^ f f t ) - fl^tbjj d 0 2 g ( t ) 

e x i s t s . 
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14 ft» Tabsrski 

Applying the inequality (2} of [6], we obtain 

H k C T ^ y i M ) v * 2 ( e 2 g j a t b ) ; 

whence the theaie follows lamedlately (see ( 6 ) ) . . 
Id particular, t£«ing 

% 

with the integrand K ¡¡»aBtirable ai„'i bounded in < a, byt we can 
estimate (in absolute valu«) the Laiaesgue integral 

Ql ] 3 y a H T y p n a ? Q Henp̂ pHBHOCTH iyHKnnfi kjisccob 
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by the right-hand side of (24), too. 
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