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1. Introduction 
Let P be a real quadratic f ie ld with the discriminant d, 

and l e t 0 ? be i ts ring of integers. I t is known that the group 
K^Op i s f in i t e , where Kj i s the functor of Milnor. It seems 
that there are some relations between this group and the class 
group of P. In the present paper we obtain soms such relations. 

We prove (Theorem 2} that it- KgOp is divisible by 3 i f and 
only i f the class number of the f i e ld Q (V-3d) is divis ib le 
by 3 or d = 6 mod. 9. I t follows that i f 3 divides the class 
number h(d) of P, then 3 IftK^Oy,. 

By a result of B. Mazur ana A. Wiles the odd parts of the 
integers # KgOj, and WpSj-(-l) are equal, where is the Dede-
kind zeta function of F, and w? = 24 for d / 5, 8, wp = 
=120 reap, 48 for d = 5 resp. 8. Moreover there exist formu-
las expressing $ p ( - l ) and the class number of Q(V-3d) as sums 
of Kronecker symbols (see [Bo] , [ Le ] , [Mo ] ) . Therefore our 
proof is based on transformations of sums of Kronecker sym-
bols. Some particular cases of Theorem 2 have been proved 
ear l ier by C. Quean [Qu] and Lu Kong-Wen [Lu]. Recently 
J, Urbanowicz [Ur] has also given a simple proof of Theorem 2» 
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2. Formulas containing Kronecker symbols 
We collect here some formulas containing Kroneoker sym-

bols that villi be used later. We consider Kronecker symbols 
(•j-)» where 1 is an integer, and d is a fundamental discri-
minant, i.e. d = 1 mod 4, d 4 1, squarefree, or d » 4d' , 
d'= 2, 3 mod 4, d' sauarefrea. Let r be the number of units 
Of Q(Vd) for d negative. 

The following formulae holds 

(1) (|) = (|)- for d > 0, 1 = +1 mod d, 

(2) = sgn(ll') for d <0, 1 = l' mod di, 

( 3 ) ( i ) = -(idrr-r) f o r d < 0 ' 0 < 1 < i d i . 

id! 
(4) ^T = 0 for every d, 

1=1 

d 
(5) £ (f) 1 * 0 for d > 0 , 

1=1 
Id! 

(6) h(d) = ^ (f) 1 for d < 0 , 
1=1 

r Odl /3] ; 
(7) h(d) - — 7 T N ¡ T , (!) for d<-3, 

i " \3) 1=1 

6/3] 
(S) h(-3d) = 2 (§) for d > 4 , 3 + d. 

1=1 

All these formulas are given in [Le] , (1)~(5) on pp.337-
-338, (6) on p.341, formula (3), (7) on p.402, formula (30*), 
(8) on p.403, foraula (44), ses also [Mo], 
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L e m m a 1® For F = Q(Vd)» d>0 we have 

d 

• W - ' - l I ® « ' 
1=1 

P r o o f <> In the well known formula 

u 

V P ( " 1 ) ° d I L ( i ) B2 ( j ) » w h e I , e B 2 ( x ) =• . 
1=1 

the terms corresponding to -x + g- vanish in view of (4) and 
(5)® 

« L e m m a 2. I f d<0 s then 

Idl Id'l Idl 

L ( f ) = - L ( ! ) - L ( t ) - o. 
1=1 1=1 1=1 

1=0(3) 2 |dl +1=0(3) |d|+l«so(3) 

P r o o f « , I t is sufficient to substitute |d| - 1 
for 1 and" to apply (3). 

3o Main results 
Unfortunately, we cannot avoid some tedious computations 

with Kronecker symbols, but we collect them in the proof of 
•Theorem 1» 

T h e o r e m 1. I f d is a negative fundamental 
discriminant, 3+d, then 

3 Idl 
L (=¥-) * - *> ( * ) 
1=1 

3 £ ( ! ) ^ L . f M d ) ( i - ( f ] 
1=1 

|d| +1*0(3) 

P r o o f . Prom = ±1 for 1= +1 mod 3 i t follows 
that 
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3 -ti / 3 l e i . 3 I d ' , 

= E © l 2 - E ( i ) 1 ' 
1 = 1 \ 1 = 1 1 = 1 

1si d! (3) 1=2 Id! (3) 

!d l 

l ) ( L ( i ) 1 " + E ( i ) ( i * n n * . 
\ 1=1 1=1 

l = ' d ! ( 3 ) ; d | + l = | d j ( 3 ) 

!di Id! 

L E ( ! > 2 

1=1 1=1 
2 I d | + l = | d | { 3 j 1 = 2 ! d ! ( 3 ) 

Idl idl \ 

H ( f ) ( l + J d | ) 2 - ] T ( f ) ( l + 2 ! d ! } 2 ! . 
1=1 1=1 

I d l + 1 = 2 I d l ( 3 ) 2 | d | + l s 2 | d i ( 3 ) 

/ J \ ^ 

L e t u s o b s e r v e t h a t a l l elx s u m s c o n t a i n i n g ( y j 1 c a n c e l , 

a n d t h e s u m o f r e g a i n i n g t e r m s i s e q u a l t o 

2 | d | H , + i d | 2 L 2 j , 

w h e r e 

El d l Id l I d l 

( I ) 1 - L a 
1 = 1 1 = 1 1 = 1 

1 = 0 ( 3 ) I d | + l s 0 ( 3 ) 2 I d l + 1 = 0 ( 3 ) 

I d l I d l I d l 

1 = 1 1 = 1 1 = 1 
1 = 0 ( 3 ) | d | + 1 = 0 ( 3 ) 

Id l 

= 3 H ( f ) ( i + l < J l ) 

1=1 
I d l + 1 = 0 ( 3 ) 
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in view of (4) and (6 ) , and 

^ \d[ Idl Idl 

L « ) • • L ft)- L « ) -1 - 1 1 -1 1=1 
1=0(3) |d|+1*0(3) 2Idl+1^0(3) 

E ft) • ~ 2 L ( « • 
1=1 1=1 

1=0(3) 3^0(3) 

i n vi'ew of Lemma 2. Moreover from (7) i t fol lows tha t 
1dl [ldl/3] . 

L ft) • ( ! ) £ (4 ) - 7 ( ! ) (3 - © « « • 
1=1 t - 1 

1=0(3) 

Col lect ing a l l above r e s u l t s we obtain the theorem. 
T h e o r e m 2 (see [Qu] and [Lu] ) . I f d > 0 i s the 

discr iminant of the f i e l d P « Q(Vd"), then 31 #K 2 0 p i f and only 
i f the c l a s s number of the f i e l d Q(\C3d) i s d i v i s i b l e by 3 
or d = 6 mod 9. 

" P r o o f . Since the odd par t s of numbers #Kg0p and 
wp | )p(-1) are equal , i t i s s u f f i c i e n t to inves t iga te the d i v i -
s i b i l i t y by 3 of w p $ p ( -1 ) . 

(1) Suppose tha t 3 + d. Then we have mod 3: 

- i L (!) 1 2 = i L ft) - - 1 L ft) • 
1=1 1=1 1=1 

3+1 311 

» - M ( f ) h(-3d) - h(-3d) mod 3, 

i n view of (8) , and the theorem fol lows in t h i s case. 
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(2) Suppose t ha t 31d. Fut d = - 3 d ' . Then 3 t d ' , and d' 
i s a negat ive fundamental d i s c r i m i n a n t . We apply to i t Theo-
rem 1. Then we obta in mod 3: 

i . e . h ( d ' ) == 0 mod 3 or d ' = 1 mod 3. 
Since d = -3d' , we have h ( d ' ) = the c l a s s number of 

Q(V-3d), and d ' = 1 mod 3 i s equiva len t to d = -6 mod 9. 
C o r o l l a r y . Let d > 0 be the d i sc r iminan t of 

the f i e l d F = Q(V<F). Then 3 |h(d) impl ies 3 l # K 2 0 p . 
P r o o f . By a theorem of A. Soholz [Soh] i f 3 | h ( d ) , 

then 3 d iv ides the c l a s s number of Q(V-3d). Therefore the r e -
s u l t fo l lows from Theorem 2. 
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