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1. Introduction

Let P be a real quadratic field with the discriminant d,
and let Op be its ring of integers, It is known that the group
K20F is finite, where K2 is the functor of Milnor. It seems
that there are some relations bstween this group and the class
group of F. In the present papsr we obtaln some such relations,

We prove (Theorem 2) that ttKZOF is divieible by 3 if and
only if the class number of the f£ield Q (V=3d) is divisible
by 3 or d = 6 mod, 9. It follows that if 3 divides the class
number h(d) of F, then 3 |HK,0p.

By a result of B. Mazur and A. Wiles the cdd parts of the
integers :H:KQOF and wFSF(-1) are squal, where 5p is the Dede-
kind zeta function of F, and wp = 24 for d # 5, 8, wp =
a 120 resp, 48 for d = 5 resp., 3. Moreover theres exist formu-
lag expressing SF(-1) and the clase number of Q(V-3d) as sums
of Kronecker symbols (see [Bs], [Le],[Mo]), Therefore our
proof is based on transformations of sums of Krcnecker sym~
bols. Soms particular cases of Theorem 2 have basen proved
earlier by C. Queen [Gu] and Li Hong~Wen [Lul. Recently
J. Urbanowioz [Ur| has also given a simple proof of ihsorem 2,
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2. Formulas containing Kronecker symbols

We cnllect here some formulas containing Kronecker sym-
bols thezt will be used later, We consider Kronecker symbols
(%>, where 1 1is an intsger, and d is a fundamental discri-
minant, i.e, d =1 moé 4, d # 1, squarefree, or d = 4d ,
d'= 2, 3 mod 4, 4 squarefrse. lst 7 be the number of units
of Q(Vd) for d negative,

The following formulas helds

(1) (¢) = (8) for a>0, 1= 41 mod g,
(2) (%) (;i) sgn(11’) for d<0, 1 =1 mod d,
(3) (8) = (i) for a<o, o<i<lal,
ld!
(4) Z (—%) = 0 for every d,
1=1

)1:0 for d>0,

M=
TN
o,

(5)

1=1
idl
(6) nla) = 25 (T) 1 for d<o0,
1=1
. lig1 /3] R
(7) h{a) =m\ (T) for d< -3,
\3/) 1=1
[4/3]
(8) h(=3d) = 2 (g—) for d>4, 3+4d.
1=1

411 these formulas are given in I:Le]. {1)-(5) on pp.337=~
-338, (6) on p.341, formula (3), {7) on p.402, formula {30%),
(8) on p.408, formula {44), see also [lio].
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Lemma 1. For P = Q(Vd), d>0 we have

a
wSpl=1) = 3 121 (‘%) 1%

Proof. In the well known formula

d
weSp(=1) = 4 ; (%) B, (-é—), where B,(x) = xz-'x-l-% §

the terms corresponding to =-x + %-vanish in view of (4) and

(5)e
ceLemma 2, If d<0, then

Ll |4l ldl
Y ®-- L Om X (D
153?;} 21d] +1=0(3) Idl+i;oi33

Proof, It is sufficient to substitute |d] - 1
for 1 and to apply (3).

3. Maln results

Unfortunately, we cannot avoid some tedious compubations
with Kronecker symbols, but we collect them in the proof of
Theorem 1,

Theorem 1. If d is a negative fundamental
discriminant, 3+ d, then

ldl

COERTOIE z_‘ el 1o (-3}

8l 4150

AW ]
a
[+ 1

=
n
=

l

Proof. From (:13—) = +1 for 1= +1 mod 3 it follows
that
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%J.di \ 5 j 3idi /a2 Jld /a\ 2
=343, h 3 dy) .2
. N1 - _l\B/)‘\ E__‘ \1)1 = Z "1/ * =

1=1 \oi=1 1=1
1=id! (3) 1=21al (3)
/ 13 1l \
d /d\ I g ped
= -<-§>\ L \T/)l + <l/(l+[”\ +
\ 1=1 _ 1=1
1=ldt (3) al +1=ld} (3)
dl 4
e L Beean®o 1 (§0f-
1=1 1=1
2lal +1=[d] (3] =214l {3)
|a , HdL = A
. ($treranz - 3 (taretal .
1=1 1=1 ‘ /
tal +1=2 lal (3) 2)di +1=21d} (3)
Let us observse that all gix sums contalning (%) 12 cancel,
and the sum of remaining terms is egual to
_ N
-@) (21 2, + ;dl"’zz),
where
Z jal &\ _ ldl a lal 2
v e 3 B 2 -
1=1 o 1=1 1=1
1=0(3) tal +1=0(3) 2lal +1=0(3)
ld} Id[ 14l d
Q d q -
-2 }E; 1 1=3 2{; 1) (1 =
1=1 1=1
1=0(3) ld|+1:o(3)
1d| |
-3 Z (4) (e1al) + 21L pa)
ldl+ 1= (3)
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in view of (4) and (6), and

o8 @ 8@ L ow-

1‘1 1.1 1=1
1=0(3) |d] +1=0(3) 214} +1=0(3)
lal ) la| o
-4 -(I) = -2 Z (T>'
I=1 1=1
1=0(3) 1=0(3)

in view of Lemma 2. lloreover from (7) it follows that

$ -0 3010 6- @)

1=1
1=0(3)

=1 (3(%) - 1) h(d).

Collecting all above results we obtain the theorem.
Theorem 2 (see [Qu and [Lu]). If d>0 is the
diseriminent of the field F = Q(Vd), then 3| #K,0p if and only
if the class number of the field Q(V=3d) is divisible by 3

or d = 6 mod 9.

Proof. Since the odd parts of numbers #K,O0p and
WFSF(-H are equal, it is sufficient to investigate the divi-
sibility by 3 of wpdpl=1).

(1) Suppose that 31 d. Then we have mod 3:

wron <13 @1 2 @1 L ®)-

1=1 = 1l
311 31

1

- %i (%) h(-3d) = h{-3d) mod 3,

in view of (8), and the theorem follows in this case,
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(2) Suppose that 3|de. Put d = =3d'. Then 3td’, and 4q’
is a negative fundamental discriminant., We apply to it Theo=-
rem 1, Then we obiain mod 3:

314l ) , , '
wpdp(=1) =;—;, Y (4)22= -2 (d—3> a1 pay (1 - (%))
1=1
Thus wFSF(-1) = 0 mod 3 if and only if h(d')(1-G%>>£0ma31
iege h(d') =0 mod 3 or d'= 1 mod 3.
Since d = -3d', we have h(d’') = the class number of
G(Vy-3d), and d'= 1 mod 3 is equivalent to d =-6 mod 9.
Corollary. Let'd > 0 be the discriminant of
the field F = Q(Vd). Then 3|h(d) implies 3| #X,0p.
Proof. By a theorem of 4, Scholz [Sch]| if 3|h(d},

then 3 divides the class number of Q(V-3d). Therefore the re=-
sult follows from Theorem 2,
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