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1. In t roduct ion 
The idea of n-groups derived from m-groups appeared i n 

the very f i r s t paper [2] on polyadic groups (cal led a lso 
n-groups) . This not ion was subsequently general ized in va-
r ious ways by several authors {cf. e . g . [_21] , [10] , [1] , 
[22], [23] • [4 ] - [ 0 ] )* I f l t h i s paper we introduce a general 
cons t ruc t ion , which contains a l l cases considered be fo re , and 
we t r e a t the problem from a new point of view. Usually, one 
asks what proper t ies of an n-group (G,f) derived from an 
m-group (G,g) i n h e r i t from (G,g). We are in t e re s t ed when 
an n-group (G,f) i s derived from an m-group (G,g) and what i n -
formation about t h i s m-group one oan obtain from information 
about ( G , f ) . Various app l i ca t ions and extensions of r e s u l t s 
presented here are given in [20] . This paper ia a cont inuat ion 
of our papers devoted to various cons t ruc t ions of polyadic 
groups ( c f . [12] - [19] , [4] - [8] ) . 

2. Some notions and no ta t ion 
The terminology and no ta t ion of the present paper are the 

same as in [5] , [6] (and in great par t s as in [4] , [18] , [19], 
[ l 2 ] , [ l6 ] ) . To avoid r e p e t i t i o n s , we f i x the following no-
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2 J. Michalak! 

tation: n, k, s are positive integers such that n = s*k; 
(Gr,f) is a nonempty (n+1)-group, (G,g) is a nonempty (k+1)-
-group. 

let us reoall after Post [21] a certain equivalence re la -
tion on the set of a l l palyads of a given polyadic group (c f . 
also [5] , [ j3 ] , |j8]). Let (G, f ) be an (n+1)-group. The re la -
tion » is defined as follows: 

f 

= <(b°+un> i f and only if for some i and for some 

elements c ^ , . . . t c r e G the equality ) ) = 

= f ( . ) ( c j » b 1 + U n t C i + 1 ) holds. 

Post has proved (c f . [2l] ) that <a!J> = < b ° + u n > i f and only 

i f for a l l i and r (where r » i and r+m == 1 (mod n) ) the 

equality f ( . } ) = f ( . , (x^,b®+UJ l ,cf+1 ) holds for 

every sequence In this paper we often consider 
different polyadic group operations f , g on the same set G, 

and so we write <a?> = <(b?> or = to indicate from i f 1 g 

which polyadic group the Post relation comes. 

3. C-aystems 

Consider a (k+1)-group (G,g ) . Let , . . . , <5n be a sequen-
ce of mappings from G into i t s e l f and c ^ , . . . , c k eG. We denote 
the system of mappings and elements (ca l led in this paper an 
s-system over G or simply a system over G) by<(<5^;c^)> or 
b r i e f l y <5 Any such s-system<6 jc)> enables us to define 
an (n+l ) -ary operation f on the set G by 
(1) f ( x ? + 1 ) = S ( B + 1 j (x1 ,c5'1 ( x 2 ) <SnUn + 1 ) ,c ! [ ) . 

We say that the result ing (n+1)-groupoid (G , f ) is<(tf;c)> -de-
rived from the (k+1)-group (G,g) and we write (G , f ) = 
= der| . c (G,g ) ( c f . [ 4 ] , [ 5 ] ) . In general (G , f ) need not be 
an (n+1)-group. 
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C-derived polyadic groups 3 

n k 
D e f i n i t i o n 1. An s-system < ; c ^ )> over a 

(k+1)-group (G,g) i s said to be an s-G-system i f the (n+1)-
-groupoid (G, f ) = oer? (G,g) i s an (n+1)-group. a $ £. 

A c r i t e r i o n which decides when a syetem<( 6 ;c.)> i s a G-sy-
stem was found in [6 ] , In the present paper we r e s t r i c t our-
se lves to G-systems. I t i s easy to ver i fy ( c f . [6 ] ) that for 
a G-system <(5jc.)> a l l mappings must be b i j e c t i v e . We have 
also the following 

P r o p o s i t i o n 1, Let <a^;a7> and 
be s-G-systems ovei- a { k+1)-group (G, fj )• The a d8r|. (G,g) = 

i > - * — 
= ^ and only i f < a* > - < b*>. 

Some addit ional assumptions are of ten imposed on G-systems 
under considerat ion ( c f . [ 2 ] , [21] , [10] , [11]. [ l ] , [ ? ] , [ 4 ] , 
[19] e t o . ) , r e s u l t i n g in s p e c i a l propert ies of derived (n+1)-
-groups. Nawwe try to s t a t e what do we mean by a condit ion C 
imposed on systems under cons iderat ion . 

Consider the category G r ^ of (k+1)-groups ( c f . [12] ) 
and f i x n = e*k. Suppose that for any (k+l)-group (G,g) a set 
C(G,g) (possibly empty) of s-systems over (G,g) i s chosen in-
variantly with respect to isomorphisms of (k+i)-groups ( i . e . , 
for any isomorphism h; (A, g ) — - ( B , g ) and an s-system^d ;c)> 
of the set C(A,g) the system }h(c )> belongs to the set 
C ( B , g ) ) . Denote by C the c l a s s of a l l systems belonging to 
C(G,g) f o r any (k+1)-group (G,g) . We w i l l often say that a 
system <(6 jc)> s a t i s f i e s a condition C or simply that i t i s a 
C-aystem i f <(6 ;o.)> belongs t o the c l a s s C. As was mentioned 
above, in t h i s paper we assume that a l l systems of the c l a s s C 
( i . e . , a l l C-systems) are G-systems. Given two conditions 
C, C ' , the condition C i s said to be stronger than C' i f 
C(G ,g)c C'(G,g) for any (k+1)-group (G,g) . In this case we 
write C^-C' (and C > C' i f C i s essent ia l ly stronger, i . e . , 
C / C' ) . By CC' we denote the i n t e r s e c t i o n of the conditions C 
and C ' . A group (G,f) = der®. c (G,g) i s said to be an s-C-de-
rived (or b r i e f l y : C-der ived , " i f s i s f ixed) f ro« (G,g) i f 
<£ jc> i s an s-C-system over (G,g) . The (k+1)-group (G,g) i s 
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4 J. Michalski 

called then an s-C-creating (or < 5 ;o>-creating) (k+1)-group 
of (G , f ) , and the system itse l f is called an s-C-creat-
ing system of (G , f ) . An (n+l)-group (G, f ) is said to be a 
C^j-primitive (n+1)-group i f it is not s-C-derived from any 
(k+1)-group and n>1. Consequently, (G,f ) is a C-primitive 
(n+l)-group i f it is -primitive for every k <n. 

The above terminology coincides with that of Dornte, who 
considered in [2] the case where <5̂  = idQ ( i = 1 , . . , , n ) and 

was an identity polyad in (G,g). 
D e f i n i t i o n 2. An s-system over a 

(k+1)-group (G,g) is said to be an s-PE-system if 6. is the 
k 

identity mapping for every i = 1 , . . . ,n and is an iden-
tity polyad in (G,g). 

The above-defined condition is , in fact, the intersection 
of two conditions: P and E, which are defined and investigated 
in [20] . But in this paper we consider only PE-systems. 

Note that in previous papers we used the symbol y„(G,g) * s 
(also yB(G)) to denote the (n+1)-group PB-derived from (G,g). 
According to the terminology used here, in this paper we pre-
fer the symbol der®(G,g) where e = denotes an identity * 
polyad in (G,g). 

The case of n » 1 should be treated separately. Since any 
(k+1)-group is 1-PE-derived from i t se l f , for any condition C 
weaker than PS every (k+1)-group is 1-C-derived from i t se l f . 
Therefore it i s natural to oonaider the notion of C-orimitive 
(n+1)-group only for n >1 (and k<n ) . 

The f i rst criterion for an (n+1)-group to be PE-derived 
from a (binary) group has been given by Dornte in [2 ] . It was 
generalized by Post to the case of (n+1)-groups PE-derived 
from (k+1)-groups (cf„ ¡21] , and also [9] for a certain spe-
oial case). Thia problem for conditions different from PE 
was considered in [5]» [7], [22] and other papers. In [20] 
we give such c r i t e r i a for various conditions Cs 

There are known some conditions C ( e . g . the Hosszu condi-
tion of [4 ] , which is desoribed in section 5° of this paper) 
when C-pr io i t i ve (n+1}-groups do not ex i s t . Such conditions 
w i l l be called nonrestrictive conditions, namely 
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D e f i n i t i o n 3. A condi t ion C i s said to be 
( s , k ) - n o n r e s t r i c t i v e i f any (sk+1)-group i s s-C-derived from 
a (k+1)-group. 

D e f i n i t i o n 4. A oondi t ion C i s said to be 
( s , k ) - r e s t r i c t i v e i f there e x i s t s an {sk+1)-group which i s 
not s-C-derived from any (k+1)-group. 

I t i s evident t ha t condi t ions which are weaker than a 
c e r t a i n n o n r e s t r i c t i v e condi t ion are n o n r e s t r i c t i v e . Similar ly 
condi t ions which are s t ronger than a r e s t r i c t i v e one are r e -
s t r i c t i v e . 

As was mentioned above, the Hosszu Condition (denoted i n 
the sequel by H) defined i n [4] i s n o n r e s t r i c t i v e , whereas 
the condi t ion PE and also those studied in [5]» [6] , [19] are 
r e s t r i c t i v e . For r e s t r i c t i v e condi t ions C the prpblem a r i s e s 
of deciding when a given (n+1)-group i s C-pr imi t ive . There i s 
a lso problem of the r e c o n s t r u c t i o n of C-crea t ing (k+1)-groups, 
which makes sense f o r n o n r e s t r i c t i v e condi t ions as we l l . This 
ques t ion was t r ea t ed in [,21] - ¡23] , [l l] , [6] . In the present 
paper and in [20] we resolve the above problem in severa l new 
cases . 

The not ion of a n o n r e s t r i c t i v e condi t ion i s c lose ly r e -
l a t ed to a g e n e r a l i z a t i o n of Hosszu theorem ( c f . [4], Coro l la -
ry 4 ) . Namely, t h i s general ized theorem s t a t e s tha t an (n+1)-
-groupoid (G,f) i s an (n+1)-group i f and only i f (G,f ) i s 
s-H-derived from a (k+1)-group. I t i s c l e a r tha t t h i s theorem 
remains t rue when we s u b s t i t u t e the condi t ion G f o r H. More-
over, we may s u b s t i t u t e any n o n r e s t r i c t i v e condi t ion C^G (and 
only such a cond i t i on ) . A n a t u r a l ques t ion to ask at t h i s 
po in t : Must such a oondi t ion be weaker than H? In other words 

P r o b l e m 1. Does there ex i s t a n o n r e s t r i c t i v e 
condi t ion e e s e n t i a l l y s t ronger than H? 

P r o b l e m 2. Does there e x i s t a n o n r e s t r i c t i v e 
condi t ion s t ronger than every n o n r e s t r i c t i v e condi t ion? 

I f the answer to Problem 2 i s nega t ive , then one may pose 
P r o b l e m 3. Find a n o n r e s t r i c t i v e condi t ion such 

tha t any e s s e n t i a l l y s t ronger condi t ion i s r e s t r i c t i v e . 
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Analogous ques t i on may be asked f o r r e s t r i c t i v e c o n d i t i o n s . 
P r o b l e m 4. Does t he re e x i s t a r e s t r i c t i v e condi -

t i o n weaker than every r e s t r i c t i v e cond i t ion? 
I f the answer to Problem 4 i s n e g a t i v e , then we put 
P r o b l e m 5. Find a r e s t r i c t i v e cond i t i on such 

t h a t any e s s e n t i a l l y weaker c o n d i t i o n i s n o n r e s t r i c t i v e . 

4 . s - C - i d e n t i t y polyads 
Now wa formulate some no t ion which s i m p l i f i e s cons iderably 

the i n v e s t i g a t i o n of C-derived polyadic groups . 
D e f i n i t i o n 5. Given an (n+1)-group ( G , f ) , l e t 

k k <(ê )> be a k-ad in G. The k-ad i s said to be an s - C - i d e n -
t i t y polyad 

i n (G,f) i f e.. i s an i d e n t i t y polyad in some 
s - C - c r e a t i n g ( -k+l)-group of ( G , f ) . 

i!he i n t r o d u c t i o n of t h i s no t ion was in sp i r ed by [15] , 
when we s tudied s-skew elements in polyadic groups with r e s -
pect to the cond i t ion ES. One can a l s o de f ine s -C- inve r se 
polyads and s-C-skew e lements , which we w i l l i n v e s t i g a t e i n 
a s epa ra t e paper. Note t h a t a 1 - P E - i d e n t i t y n-ad <( e " )• in an 
(n+1}-group (G,f ) i s simply an i d e n t i t y n-ad in ( G , f ) . 

Consider an (n+1-)-group ( G , f ) . I t i s evident t h a t any 
s - C - c r e a t i n g (k+1)-group of (G, f ) determines some s - C - i d e n t i t y 
k-ads in (G, f ) and conve r se ly , any s - C - i d e n t i t y k-ad i n (G, f ) 
determines some s - C - c r e a t i n g (k+1)-groups of ( G , f ) . Unfo r tu -
n a t e l y , the correspondence between the se t of a l l s - C - c r e a t -
ing (k+1)-groups of (G, f ) and the s e t of a l l s - C - i d e n t i t y 
k-ads in (G, f ) i s not n e c e s s a r i l y b i j e c t i v e . .Never the less , 
f o r c e r t a i n cond i t i ons t h i s i s so . 

D e f i n i t i o n 6. A c o n d i t i o n C i s sa id to be 
( s , k ) - r e g u l a r i f f o r any (n+1)-g^oup (G, f ) the above co r respon-
dence i s b i j e c t i v e . 

I t i s easy to check t h a t a cond i t i on s t ronge r than a r e g u -
l a r one i s a l so r e g u l a r , and a cond i t i on weaker than an i r r e -
gu l a r one i s i r r e g u l a r . 

- 136 -



C-derived polyadio groups 7 

By arguments of [21 ] or [15] the condition PE is ( s - k ) - r e -
gular for any a and k ( c f . also ¡20] ) . In the following 
sections we will show that the condition H is ( s ,k) - i r regular 
for k > 2 , whereas for k = 1 i t is (n,1)-regular (of . Propo-
si t ion 5 and Corollaries 8 , 9 ) . We l i s t now several problems 
about regularity of conditions between H and PE. 

P r o b l e m 6. Does there exist an irregular condi-
tion stronger than every irregular condition? 

I f the answer to Problem 6 is negative, then one may pose 
P r o b l e m 7. Find an irregular condition C such 

that any condition essentially stronger than C is regular. 
P r o b l e m 8 . Does there -exist a regular condition 

weaker than every regular condition? 
I f the answer is no, we state 
P r o b l e m 9. Find a regular condition C such that 

any condition essentially weaker than C is irregular . 
As we mentioned above, for a regular condition C any 

s-C-creating (k+1)-group (G,g) of a given (n+1)-group (G,f) 
is determined by a unique s-C-identity k-ad in (G,f) . 
This may be false for an irregular condition. But for an arbi-
trary (regular or irregular) condition C any s-C-creating 
(k+1)-group (G,g) can be reconstructed from some s-C-identity 
k-ad <e^)> in (G,f) and some s-C-creating system ; c > of (G,f) . 
Namely, we have the following 

P r o p o s i t i o n 2. I f an (n+1)-group (G,f) is 
<5jc>-derived from a (k+1)-group (G,g) w i t h ^ e ^ as an iden-« 
t i ty k-ad, then the operation g is given by 

(2) g ( x * + 1 ) = f ( 2 ) ( x 1 f ^ ( x 2 ) 3k(x k + 1 ) ,d2 . n - k ) 

where the mappings 3 * 1 , . . . , a r e inverse of <5̂  , . . . ,6 k and 
2r k 

the (2n-k)-aa < d^ ' > is an inverse of the k-ad . < ^ ( 8 ^ , . . . , 
...,3r'k(ek)> in (G,f). 

P r o o f . Let (G,f) = der®.„(G,g) ( i . e . let f be _ t _ 

given by (1) and let be an identity k-ad in (S ,g) . f i r s t 
we consider the case s > 1 . 
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Take elements d^,,. . »d^jj Ê G such that the n-ad 
10 a n i d e n t i t 7 polyad 

in (G,g) and substitute d^, •. • »^^„jc xk+2'*** ,xn+1 
Thus we get 

(3) f(xk+1,d!j l"k) = g (x1 ,51 {*2 ) <?k(xk+1)* 

Take a (2n-k)-ad <d^n"k> such that <d^n - k> = <d""k>. Let 

denote the mapping inverse to 6^ for i = 1, . . . ,k. Then (3) 
becomes (2). Substituting the elements e.j , . . . ,ek for 
x2 , . . . ,xj£ + 1 in (2) we obtain 

(4) = f ( 2 ) ( x 1 , y 1 ( e 1 ) , . . . , 3 ' k ( e k ) d ^ n " k 

It follows from (4) that <d^n"k> is an inverse of the k-ad 
<r 1 (e 1 ) , . . . ,y k (e k )> in (G, f ) . 

Next, let s = 1 ( i . e . , n 3 k). Note that 

(5) *(2)<*?k+1> » 
k k 

k 
Take éléments d 1 f . . . t d k e G such that the 3k-ad <(o1 ,c5'1 (d1 ) , . . . 

. . . ,6"k(dk) ,ck> is an identity polyad in (G,g) and put 
d 1 t . . . ,d k in place of *jc+2»***»x2k+1 i n As in the f irst 
part of the proof one can verify that g satisfies the assump-
tions of our theorem. This completes the proof of Proposi-
tion 2. 

C o r o l l a r y 1. Let <6|0> and <6|fi'> be s-G-sy-
stems over (k+1)-groups (G,g) and (G,g ' ) f resp., and let 
<ek> be an identity k-ad in (G,g) as well as in (G,g ' ) . If 
der|;fi(G,g) = (G,g') and S± = s'± for i « 1, . . . ,k, then 

ê = g' . 
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t. 

Fix an (n+1)-group (G,f) and a k-ad < e * > in ( G , f ) . I t may 
be interest ing to consider the question under what condition 
on and d i » »«»» d 2n-k f o r m u l a gives the operation 
g such that ( G,g ) i s an s-C-creating (k+1)-group of (G,f ) 

i f 

with<9^> as an identity k-ad. The solution of th i s problem 
for certa in conditions wil l be given in tha following sections 
and in [20] * 

5. A-system8 
Now we give a characterization of s-C-identity polyads for 

a certa in condition C ( this wi l l be continued in [20]). F i r s t 
we define this condition, which i s related to the condition H 
of [4] . 

D e f i n i t i o n 7. An s-system <<5'^jc1 > over a 
(k+1)-group (G,g) i s said to be an s-A-system i f 

1° i s an automorphism of (G,g) j 

2° 6 i = (tf.,)1 for every i = l , . . . , n > 

3° for any x e G we have 

(6) g ( < y x ) f o ! f ) = g ( c * , x ) , 

4° 
(7) ( ^ ( ^ J . ^ l O g ) , . . . .<y 1 (c k )> = < o * > . 

An (n+1)-group (G,f) A-derived from a (k+1)-group (G,g) 

wi l l be denoted by der? .k(G,g) (instead of der3-_ t,(G,g), 

since a l l mappings 5 . p . . » , 5 n are powers of the same mapping ¿¡'j 

de facto 5 = 5 , ) or br ie f ly der*? (G,g) . The A-craating system I O f ç 
i t s e l f wi l l be denoted by <(<5}c*)> o r < 5 } o > . 

From the def in i t ion of an A-system and by Proposition 1 
we obtain t 

C o r o l l a r y 2, If < 5 j a 1 / i s an s-A-system over 

(G,g) and <a£> * <b* >, then i s also an e-A-system t:v*r 
c g ' 

(G,g) and der | (G,g) = der® b (G ,g ) . 
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The condition A is a generalization of the well-known 
Hosszu condition for (binary) groups (cf. [_21] , [11] , Qo] , 
[23], [1]). It differs from the condition H of [4] only in 
the formulation of 4°, where equality (7) was of the form 

(8) ^(c ±) a ^ for every i « 1,...,k. 

Any k-ad satisfying (8) also satisfies (7); so the condi-
tion H is stronger than A. The condition H is (s,k)-nonre-
strictive for k>1 (cf. [4])» which implies the (s,k)-non-
restrictivity of A. For k > 2 the condition A is essentially 
weaker than H. Indeed, this follows from 

k k 
P r o p o s i t i o n 3. Let <o^> and <a.j> be central 

polyads in a (k+l)-group (G,g), Define mappings d ^ G — - G by 
S±(x) « (i - 1 "I. Then<tf°»c!f> is 

ft k 
1° an A-system over (G,g) if and only if <a..> is an iden-

tity polyad in (G,g)j fc 
2° an H-system over (G,g) if and only if ia an iden-

tity polyad in (G,g). 
Recall that k-ads in a (k+1)-group (G,g) (to be exact: 

= - equivalence classes of k-ads) may be treated as elements g 
of the free covering group (G*,*) of (G,g) and also as ele-
ments of the associated group (G'0>*) (which is actually a nor-
mal subgroup of (G*,*)j cf. [21] , [l8] and also [4], [5], 
[12], [13], [l6]). For this reason we may interpret conditions 
1° and 2° in terms of (G*,•). 

C o r o l l a r y 3. Let k>1. If the associated group 
(Go,°) of a (k+1)-group (G,g) contains an element of order k 
from the center of the free covering group (G*,*), then there 
exists an A-system over (G,g) which is not an H-system over 
(G,g). 

7/9 give the example of such a (k+1)-group. Let k>1. Con-
sider the (k+1)-group (G,g) = der*(G,') where (G,•) = (Z 2, + ) 

? k+1 ^ is the cyclic group of order k (i.e., g(x1 ) = x^.. .+xk+1 

(mod k2)). Let a± = 1 for i = 1,...,k and let <c*> be an 
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arbitrary k-ad in G. Thus, by Proposition 2 <<5ijl}Ck)> is an 
A-sJstem and it is not an H-system over (G,g ) . 

C o r o l l a r y 4. For k>1 the condition H is es-
sentially stronger than A. 

However, it is evident that for k = 1 this corollary is 
f a l se . Namely, 

P r o p o s i t i o n 4. For k = 1 the condition H is 
aqual to A. 

The main purpose of this section is to give a criterion 
for a k-ad to be an s-A-identity one. ir 

L e m m a 1. I f is an A-system over (G ,g ) and 

(G , f ) = der® # c (G,g ) , then the mapping 6 is an automorphism 
of the (n+1)-group ( G , f ) . 

P r o o f . Indeed, 

5 ( f ( x * + 1 ) ) = <5 (g ( 6 + 1 ) ( x 1 , <5 (x 2 ) , . . . , ( 5 n ( x n + 1 ) , c ! f ) ) = 

= S f a ^ j f S U ^ <5n+1 (xn+1 ) ,o!f) = f ( <5 ( x 1 ) , . . . , ( 5 ( x n + l ) ) . 
lr 

T h e o r e m 1. A k-ad <e.j)> is an s-A-identity poly-
ad in an (n+1)-group (G , f ) i f and only i f there exists an 
automorphism 3* of (G , f ) such that 

(9) < 0 1 ,ar(e2) ,3r2 (e3 ) 3*k _ 1 (ek )> = <3r(e1 ) ,3 l2(a2) . . . . ,y k ( e k ) > 

and 

(10) 3"k(x) = f ( 2 ) ( d 2 n - k , x , e 1 , ^ ( e 2 ) , 3 * 2 ( e 3 ) , . . . , ? k " 1 ( e k ) ) 

On V* 

where the (2n-k)-ad < d^ > is an inverse of <e1,2T(e2 ) , . . . 

. . . , y k ~ 1 ( e k ) > in ( G , f ) . Then (G , f ) = der®.c (G,g) a n d < e k > i s 

an identity k-ad in (G,g) i f and only i f 

(11) g ( x k + 1 ) = f ( 2 ) ( x 1 , 3 - ( x 2 ) , 3 r 2 ( x 3 ) , . . . , j k ( x k + 1 ) , d 2 n - k ) , 

(12) ¿ = 
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(13) <c1,y(c2),y2(c3),...,3'k""1(ck)> | 

= <e1,3*(e2),^2(e3),...,3'k"1(ek)> 
iil 

for an automorphism T of (G,f) satisfying (9) and (10). 
P r o o f . Let be an s-A-identity k-ad in an 

(n+1)-groap (G,f). Thus there exists a (k+1)-group (G,g) such 
that (G,f) = der®}£(Gfg) and<ek>is an identity k-ad in (G,g). 
According to Proposition 1 the operation g is given by (11) —1 ?n-k where 3* = 8 and the (2n-k) -ad < q " "•> is an inverse of the 
k-ad <^(6^ tyk(-ek)> in (G,f). Prom Lemma 1 it follows 
that 6 is an automorphism of (G,f), whence j is an auto-
morphism of (G,f) as well. Thus 

f(2)(y(x1).i2(x2),...,aik+1(x]£+1),y(d1),3'(d2),...,^(d2n_k)) = 

= ̂ (f(2)(x1,3*(x2),3'2(x3) ik(xk+1),d2n-k)) = ;r(g(xk+1)) = 

= g(3*(x1),-.,^(xk+1)) = f(2)(r(x1),3'2(x2) ^k+1(xk+1),d^n"k), 

which shows that 

(14) < d? n" k>= <r(ci1)ty{d2),...,ar(d2n_k)>. 

Sinoe 6 is the inverse of T, we get 

(15) <dfn-k> = <<5T(d1),<5(d2),...,c5-{d2n_lc)>. 

The 2n-ad <d^n~k,3"(e1),^2(e2),...,ark(ek)> is an identity poly-
ad in (G,f); so the 2n-ad < Sid.,) ,<?(d2),... ,<S(d2n_k) ,<5y(e.,),... 
... ,<5yk(ev)> is also an identity polyad in (G,f). Thus, in view 
of (15) the k-ad<e1,y(e2),^i:(e3),...,^ (ek)> is an inverse 
of<d2n"k>in (G,f). Then by (14) we get (9). Prom the equa-
lity 
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x = g ( e k , x ) = f ( 2 ) ( e 1 , r ( e 2 ) , 3 t 2 { e 3 ) , . . . , ? k - 1 ( e k ) , ? k ( x ) , d 2 n - k ) 

and u s i n g ( 9 ) we o b t a i n ( 1 0 ) . Note t h a t 

f ( * r 1 > = g ( s + 1 ) ( x 1 » < ? { x 2 ) < 5 n ( 3 t n + 1 , » c i ) " 

= 6 ( 8 } { x 1 f « S ( x 2 ) < 5 n " 1 ( x n ) , g ( < 5 n ( x n + 1 ) , c k ) ) = 

= g ( a ) ( x l , ( ? ( x 2 ) , . . . f < ? r i - 1 ( x G ) , f ( 2 ) ( 6 n ( x n + 1 ) t 3 ' ( c l ) , 3 ' 2 ( c 2 ) 

. . . , y k ( c J c ) , d f 1 - k ) ) = 

= S ( s _ ! ) ( * ! , 6 { x 2 ) < 5 n - k " 1 ( x n _ k ) , g ( < 5 n ~ k ( x n _ k + 1 ) < 5 n - 1 ( x n ) , 

, f ( 2 ) (tf n ( * n + 1 ) , y ( o 1 ) , y 2 ( o 2 ) , . . . , y k ( c k ) d 2 n - k ) ) ) = 

- 8( , ( x , , 5 ( x 2 ) . . ( x n _ k ) , f ( 4 ) ( i n - k ( x n . k + 1 ) ' 

...,6n~k(xn),6n'k(xn+1),yk+1(c1),yk+2(c2),...(Ck),d2n"k))= 
2 

• • * = ( 2 8 + 1 ) ' 1 l 0 2 ' » • • • » ^ 1 

T h u s t h e k - a d < ^ ( c . , ) ( c 2 ) ^ n + k ( c k ) > i s an i n v e r s e o f 

t h e ( 2 n s + n - k ) - a d < d 2 n " k > i n ( G , f ) . So we h a v e t h e e q u a l i t y 

s + 1 

( I 6 ) < j n ( c 1 ) ^ n + 1 ( c 2 ) , . . . , j n + k ( c k ) > = < e 1 , 3 " ( e 2 ) , . . . , ^ k - 1 ( e k ) > , 
f ' i ? i ^ 

w h i c h t o g e t h e r w i t h ( 9 ) g i v e s ( 1 3 ) . 

C o n v e r s e l y , c o n s i d e r a k - a d i n G and an a u t o m o r p h i s m 

V o f ( G , f ) s a t i s f y i n g ( 9 ) and ( 1 0 ) w h e r e the ( 2 n - k ) - a d 

< d 2 n " k > i s an i n v e r s e of t h e k - a d < e 1 » e 2 ) » 3 " 2 ( 0 3 ) » • • • 

. . . , i k " 1 ( e k ) > i n ( G , f ) . Prom t h e d e f i n i t i o n o f < d 2 n - k > t a k i n g 

i n t o a c c o u n t ( 9 ) we g e t ( 1 4 ) . We may w r i t e t h e e q u a l i t y ( 1 0 ) 

i n t h e f o l l o w i n g f o r m 
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(17) < y k ( x ) , d f - k > ! < d f - k , x > . 

Define a (k+1)-ary ope ra t ion g by (1%1). Then 

g ( g ( x k + 1 ) , x J k J 1 ) = f ( 2 ) ( f ( 2 ) ( x i , a r ( x 2 ) , 3 r 2 ( x 3 ) ^ . . 

= f ( 2 j ( x 1 f f ( 2 j ( 3 " ( x 2 ) , . . . 

. . . ,3Tk(xk+1) ( x k + 2 ) , d f - k ) , ? 2 ( x k + 3 ) . . ,3* k (x 2 k + 1 ) , d f n - k ) = 

= f ( 2 ) ( x 1 t J ( f ( 2 ) ( x 2 ' 

" ' t l ' 2k+1 ' ' 1 ' = S ( X1»S(X2 ' ' k+3 '* 

which proves t h a t g i s a ( 1 , 2 ) a s s o c i a t i v e o p e r a t i o n . Thus 
from P ropos i t i on 1 of [3] we i n f e r t h a t (G,g) i s a (k+1)-group. 
Furthermore, <ek)> i s an i d e n t i t y k-ad i n t h i s (k+1)-group. De-
f i n e a mapping <5 by (12) and take a sequence 

t h a t s a t i s f i e s (13) . We claim t h a t <<5 }C*> i s an A-system 
over (G,g) . Indeed 

< r U U k + 1 ) ) = r(f(2)(xTr(*2> ; r k U k + 1 ) , d 2 n - k ) ) = 

= f ( 2 ) ( 3 - ( x 1 ) , 3 r ( ^ ( x 2 ) ) , . . . , i k ( r ( x k + 1 ) ) , d 2 n - k ) = 

= ) , . . . , 3 '(*ic + i))» 

i . e . , Z ( t h e r e f o r e a l so 5) i s an automorphism of (G,g) . Using 
(9) and (13) we get 

(18) < c 1 , 3 - ( c 2 ) , 3 ' 2 ( c 3 ) , . . . , 3 ' k " " 1 ( o k ) > -

| < 2 T ( c 1 ) , i 2 ( c 2 ) , . . . t a ' k ( c k ) > . 
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By (18 ) , the de f in i t i on of g and (14) we have 

(19) < o ! f > - < r ( o 1 ) 3"(ok )>, 

from whieh one can eas i ly get ( 7 ) . By (17) we have 

(20) < 3 c , d 2 n - k > - < d f - k , 6 k ( x ) > , 

whicih i s turn gives 

(21) < < y k ( x ) , e 1 , 3 r ( e 2 ) f j r 2 ( e 3 ) , . . . , f k " 1 ( e k ) > -

| < e 1 , a r ( e 2 ) , y 2 ( e 3 ) , . . . , 3 ' k " 1 ( e k ) , x > 
1» 1 

(s ince the k-ad < e 1 , 3 " ( e 2 ) . • ( ® k ) > i e ®n inverse of the 

(2n-k ) -ad < d 2 n ~ k > in ( G , f ) . How we use (21) and (17) to prove 
( 6 ) . In f a c t , 

g ( 5 n ( x ) , o k ) = f ( 2 ) ( < 5 c ( x ) , 3 - ( o 1 ) 3^k(ck) , d f n - k ) = 

= f ( 3 ) ( < ? k ( < 5 n ~ k ( x ) ) , e 1 , a r ( e 2 ) , 3 - 2 ( e 3 ) , , . . t y k , - 1 ( e k ) , d ^ n - k ) = . . -

= f ( e 1 , 3 r ( e 2 ) , 3 r 2 { e 3 ) , . . . , y k - 1 ( e k ) , 6 n " k ( x ) f e 1 , a r ( e 2 ) , . . . , 3 ' k - 1 ( e k ) ) = 
' i^ i ' 

= . . . = f ( e 1 t a r ( e 2 ) , . . . , a r k ' 1 ( e k ) ,x ) = 
s 

= f < 3 ) ( e 1 t a r ( e 2 ) , . . . , y k " 1 ( e k ) , d 2 n " k , x ) = 
v •- v 

8+1 

X f ( 2 ) ( c 1 t y ( c 2 ) , . . . , a r k " 1 ( c k ) , 3 r k ( x ) , d 2 n " k ) = g ( c k , x ) . 

Then <<5;ck> i s an A-system over (G , g ) . 
F ina l l y , as in the f i r s t part of the proof one shows that 

G ; s+1 ) i x1 , . . . , a n ( x n + 1 ) , c k ) = 
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« t ) ( c 2 ) , . . . o k ) , d f n - k ) ) = 

• S ( s ) ( x 1 ' < ? ( x 2 ) 
N • v • ' 

8 

- « ( s - i ) ! 1 ! . ^ ^ ) 

. e ^ y t e g ) 3 - k ~ * ( e k ) ) ) - . . . = f ( x i f + 1 ) , 
v s—1 ' 

i . e . , de r® J C (G ,g ) = ( G , f ) . T h i s comple t e s t he proof of Theo-
rem 1 . 

So, by Theorem 1 we o b t a i n t h e comple te d e s c r i p t i o n of 
e - A - c r e a t i n g ( k + 1 ) - g r o a p s of a g i v e n (n+1) -g roup ( G , f ) . Any 
such (k+1) -g roup i s de te rmined by an a p p r o p r i a t e k-ad of G 
and an a p p r o p r i a t e automorphism of ( G , f ) . 

Note t h a t i n Theorem 1 we r e q u i r e only t h a t <ck)> s a t i s f i e s 
( 1 3 ) , t h u s we have some f reedom i n choos ing i t . For i n s t a n c e , 
we may do t h i s i n t h e f o l l o w i n g way. 

C o r o l l a r y 5 . Let 3* be an automorphism of an 
( n + 1 ) - g r o u p ( G , f ) , assume t h a t 3- s a t i s f i e s (9) and (10) f o r 
some k - a d < e * > . I f a ( k + 1 ) - a r y o p e r a t i o n g i s g i v e n by ( 1 1 ) , 
a mapping 5 by (12) and a k-ad < c ^ > by the f o r m u l a s 

2 k—1 c 1 = f (e , y( eg) (e^) ,« .« , !? ' ( e ^ ) , e ^ ) , Cg = = ®k' 
s 

k k t h e n ( S i C ^ y i s an s -A- sys t em over ( G , g ) , < ( e 1 ) . i s an i d e n t i t y 

k-ad i n (G,g) and d e r ® . c ( G , g ) = ( G , f ) . 

We now use C o r o l l a r y 5 t o show the i r r e g u l a r i t y of o e r t a i n 
c o n d i t i o n s . 

P r o p o s i t i o n 5 . The c o n d i t i o n H i s ( s , k ) - i r r e -
g u l a r f o r k > 2 . 

P r o o f . Let (G,*) = ( , » ) be the symmetric g roup 
of degree k ( k ^ 2 ) . Form the (n+1) -g roup ( G , f ) = d e r " ( G , * ) 

where e i s the n e u t r a l e lement of (G,*) ( i . e . , f ( x ^ + 1 ) = 

= x , , « . . . * x n + 1 ) . A mapping y:G *-G g iven by 3- (x) = a « x * a k ~ 1 , 
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where a .is an element of order k in (G , * ) t i s an auto-
morphism of ( G , f ) . Let 0.̂  = 8 for i = 1 , . . . , k . I t i s easy to 

k ^ ^ 
oheok that the k-ad > and the automorphism f s a -
t i s f y the assumption of Corollary 5. Define a (k+1)-ary ope-
rat ion g , a mapping & and a k-ad < o ^ > a s in Corollary 5. 
Then 
(22) g(x*+1) = x 1 * a * x 2 ' . . . » a * x k + 1 , 

(23) <5(x) - a k " 1 . x . a , 

(24) ^ » e for i = 1 , . . . f n . 

I t i s evident that the so-defined system <(5 j o ^ i s an s-H-system 
over (G,g) . Thus (G,f ) i s H-derived from the group (G,g) and 
<e^> i s an identity k-ad in (G,g). On the other hand, l e t 3" 
be the identity mapping of S^ onto i t s e l f . The k-ad and 
the automorphism 3* a lso s a t i s f y the assumption of Corollary 5» 
Define another (k+1)-ary operation g ' , a mapping 6' and 
a k-ad <(c'.j,... a lso s a t i s f y i n g the assumption of Corolla-
ry 5. Then 

(25) g' (x!f + 1) = 

( 26) 6' (x) « x , 

(27) c^ = e for i = 1 , . . . , n . 

The s y s t e m i s even a PE-system over (G,g) and (G,f ) 
i s PE-derived from (G,g). Moreover, i s an identity k-ad 
in (G,g) . Thus thia s-H-identity k-ad < e , . . . , e > in (G t f ) 
correspond« to two d i s t inct s-H-creating (k+1)-groupa of 
( G , f ) . This complete« the proof of Proposition 5. 

As the condition A iB weaker than H, we have 
C o r o l l a r y 6. The condition A i s ( s , k ) - i r r egu-

l&r for k > 2 . 
I t i s worth while to add that Proposition 4 and Corolla-

ry 6 hold for every s = 1 , 2 , . . . , in part icular fo r s = 1. 
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6. A-systems. The binary case 
The problem studied in seation 5° simplifies considerably 

in the binary case (k = 1). We must treat cases n>1 and n =1 
separately. Assume f i rst n>1. In this case formula (11)» 
taking into aocount (9) and the fact that the (n-lj)-ad 
(n-2) ' 

< e ,9/ is inverse to e in (G, f ) , takes the form 

? (n-2) _ 
(28) g(x^) » f (x 1 f e ,e,x2) 

where e is the neutral element in the group (G,g). Hence we 
obtain (cf . Proposition 3 of [4]) 

C o r o l l a r y 7. If (G,f) = der{?J£(G,g), then 
(G,g) = Ret^(G.f) where e is the neutral element of the O 
group (G,e). 

Note that the above-mentioned binary operation g is the 
same as that of Proposition 3 of [4]« 

Corollary 7 is false for k >1. As is shown in [4], for 
every k > l and an appropriate n there exists an (n+1)-group 
H-derived from a (k+1)-group which is not a retract of this 
(n+1)-group. 

C o r o l l a r y 8. The condition A is (n,1)-regular 
for n >1. 

Theorem 1 shows that s-A-creating (k+1)-groups of a given 
(n+1)-group (G, f ) depend on s-A-identity k-ads and some auto-
morphisms of (G , f ) . In the case of k = 1 these groups depend 
only on n-A-identity elements, while automorphisms appearing 
in Theorem 1 are determined by these elements. 

P r o p o s i t i o n 6. In an (n+1)-group (G, f ) any 
element e g G is an n-A-identity element. Then (G, f ) = 
= derg# c (G,g) , where e i s the neutral element of the group 
( G , g ) / i f and only i f (G,g) = Ret* (G, f ) , <5(xj = f ( e , x , ( n e 2 ) , e ) , 

(n+1) 0 

c = f ( e ) . 
P r o o f . Let e be an arbitrary element of (G , f ) 

(n-2) _ 
satisfying (9) and (10) (note that the (n-1)-ad < e ,e> is 
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an inverse of e in ( G , f ) . Thus, by Theorem 1 the element e 
ia an n -A - ident i ty element"in ( G , f ) . The second part of the 
theorem fo l l ows immediately from Theorem "L 

Now we consider the case n • 1. Formula (11) takes the 
form 

(31) g ( x * ) = f { 2 j ( x 1 t d , x 2 ) t 

where d i s the inverse element of e in ( G , f ) and e i s 
the neutra l element in ( G , g ) . 

C o r o l l a r y 9. I f ( G , f ) - derj? ; 0 ( G , g ) , then 

(G ,g ) = R e t 1 » 2 ( G , f ) where d i s the inverse of e in ( G , f ) 
and e i s tne neutra l element of the group ( G , g ) . 

C o r o 1 i a r y 10. The condition A i s ( 1 , 1 ) - r e g u l a r . 
Proposit ion 6 a lso changes s l i g h t l y , but the idea of the 

proof i s the same. 
P r o p o s i t i o n 7. In a group ( G , f ) any element 

e e G U a l - A - i d e n t i t y element. Then ( G , f ) = d e r ^ . 0 ( G , g ) , 
where a i s the neutral element of the group ( G , g ) , i f and 

1 , (2 ) 
only i f (G ,g ) = Ret^* ( G , f ) , 6(x) = f ( 2 ) ( e , x , d ) , c = f ( e ) 
where i e the inverse of e in G ( f ) . 
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