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1. P re l im ina r i e s 
Let L and C be the spaoes composed of a l l 2jr-periodic 

complex-valued f u n c t i o n s Lebesgue- integrable on the i n t e r v a l 
^0,2jt> and a l l 2jr-periodic complex-valued func t i ons continuous 
in<0 ,2 jn> , r e s p e c t i v e l y . Introduce in these spaoes the usual 
norms 

2 JT 
||f|| L = J | f ( t ) | d t i f f e L , 

0 

| |f |lc » s u p { | f ( t ) | x 0 < t < 2 a r } i f f e C . 

Denote by M the se t of a l l bounded func t i ons belonging to L. 
Suppose tha t $ i s a cont inuous , convex and s t r i c t l y i n -

c reas ing f u n c t i o n i n the i n t e r v a l < 0 , 0 0 ) , such t h a t $ ( 0 ) = 0 . 
Given any func t i on f e M, l e t us denote by V ^ ( f j a , b ) the t o t a l 
^ - v a r i a t i o n of f on the i n t e r v a l < a , b > , defined as the 
upper bound of the s e t of non-negative numbers 
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2 P. Pych-Taberska 

m-1 
^ $ ( l f ( x k + 1 ) - f (xk )| ) 
k=0 

corresponding to a l l partitions x 0< x ,< . . . <xm^ b of 
<a,b>. The class of a l l 2^-periodio functions of bounded 
^-variation on <0,2jt> wi l l be signified by BV .̂ 

Considering a function f e M and a fixed positive inte-
ger n, let us introduce the modulus of variation of f on 
the interval <a,b> 

n-1 
v(n; f ,a,b) = sup ^ | f ( x 2 k + 1 ) - f ( x 2 k ) | , 

77 a k=0 

where the supremum is taken over a l l partitions rr̂  of <a,b> 
into n non-overlapping intervals a i x^< x^^ x2< . . • ^ x2n-2< 

< x 2 n _ ^ b . iVrite v (0 } f ,a ,b ) = 0. Some basic properties of 
this modulus can be found in [ 2 ] . For instance, in the case 
of f e BV$, the inequality 

(1) v ( n { f , a , b U n$~1 ( l V $ ( f } a , b ) ) (neN) 

holds for every interval <a,b>. Denoting by w(<5{f) (6>0) 
the modulus of continuity of f e C , we have 

(2) v(n {f,a,b)<-2nw } f j 

for every integer n>1 and every interval <a,b> (see also [?]). 
Given any function ffc L, let S f l [ f ] (n+1e N) be the n-th 

partial sum of i ts Fourier series. Denote by Efl [ f ] and 
B [5f] the Euler and the Borel means of this series which are 
defined by 

S n ,qM( *> (k) < n - V f ] ( x ) (q>0 . n + U H ) , 
n + q / k=0 

Oo 

B r [ f ] ( x ) = e " r ^ ¿1 r k s k W ( x ) ( r > 0 ) * 
k=0 

- 116 -



Approximation of periodic functions 3 

In this paper we shall give some estimates for the rate 
of convergence of the above means at the points x at which 
the finite limit 

(3) S(f,x) = lim 4-(f(x+t) + f(x-t)l t — 0 * 1 

exists. Also, some results concerning the order of uniform 
approximation of continuous functions by the Euler and Borel 
means will be deduoed. 

The symbols c., c i ( q i = 0,1,2,... occuring below « Li 
will mean some positive absolute constants or positive con-
stants depending only on the indicated parameters q,... 

2. Auxiliary results 
Let (^(9)), k+1 e N, be a sequenoe of non-negative factors 

defined in a set G of positive numbers, with the accumulation 
point +00. Consider the Diriohlet kernels 

sin (k + 4)t 
2sin £ t 

I —OO < t < 00 , k+1 e N) 

and write 
p° 00 

(4) K9(t) - -jOy *(?> - M ? 1 « 
k«0 k«0 

L e m m a 1. Suppose that (p is a complex-valued func-
tion measurable and bounded in an interval <0,6>, 0 <6^jrt 
such that 50(0) • 0. If, for the kernel defined by (4), there 
is 

(5) Ap(x) 
o 

/ K?(t)dt (0 < x.s<S , peQ), 
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4 P . Pych-Tabereka 

then 
6 

f f i t i K ? ( t ) d t 

S/n 
s9 

c n 

j r\ v ( n - 1 t » , O t a ) 
+ 2 H ^ r — + 

* ( # « ) E ( 9 > 1 ) . 
k=1 

where n = T91 = i n f { 3 » 9 : j e n } , 
P r o o f . P u t t i n g t k = k5/n ( k = 1 , 2 , . . . , n ) , we have 

6 n-1 tk+1 

/ 9 > ( t ) K 9 ( t ) d t = 9>(tkJ J K ? ( t ) d t 

<5/n k=1 t . 

n-1 k+1 

+ Z I / f ^ ^ " ^ V l V t , d t = + I 2 ' 
k=1 t 

say, 

By the Abel t r a n s f o r m a t i o n , 

<5 n-2 r " . p 

J K ? ( t ) d t + ^ | ^ ( t k + 1 ) - ^ ( t k ) j J K ? ( t ) d t . 

t , k=1 t k + 1 

Consequent ly , i n v i ew of ( 5 ) , we g e t 

n-2 

l i ^ ^ ( t ^ l l A ^ t ^ l + X j p { t k + i ) - ? ( V l l A 9 ( t k + 1 ) k 

V i 
<59 

n-2 

k=1 

Apply ing once more the Abel t r ans f o rma t i on we ob ta in 

n-3 k 

k+2 
k=1 j=1 

n-2 

• Z j ^ V l ^ V l ¿ T 
0 = 1 
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Approximation of per iodio funct ions 5 

<y9 
° n iv( 1 'cn 0 t ) + + v(n-2J9,Ü, <5) 

5? 

^ v ( k | y t O t t k ) v ( n . 1 | y Q 
Z_- + n=1 
fc-1 K 

ä) 

Sinoe 

oo 

k=0 
^ ^ 4 f ( 0< t <3T)t 

2s in t ^ 

we have 

n-1 Ö/a 

k=1 0 

<5/n n-1 

j L - i d t -
0 k=1 

d/n n-2 k . 

f f / E L I ^ V ( i - T d r ) + 
k=1 

n-1 
+ L ^ ( t + v ¿ t 

3-1 

dt 

JT 
n-2 

E 
k=1 

n-1 

v (k i 5o ,0 , t k + 1 ) v U - I ^ . O . t ^ ) 
k(k+1J + _ n-1 

y v(kl9,0,tk) JTv{n.u 0t6) 

v2 2" n i l • 
k-2 

Co l l e c t i ng the r e su l t s we get our t he s i s . 
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6 ?» Pych-Taberska 

L e m m a 2. If cp i s of bounded $ -variation oa the 
interval <0,¿>>, then 

k=1 K k=1 

Moreover, under the assumptions lim cp(t) « m(0) » 0 and 
t-0+ 

eg 
( 6 ) ' 

k»1 
we have 

n-1 
lim = 

n k=1 

P r o o f . In view of (1), 

k=1 K k=1 x / 
S/n 

11» i 

' E i * - 1 0 ) . 

n-1 
^ 2 

k=1 

and the desired inequality follows* Sinoe <p i s r ight-aidely 
continuous at the point t = 0, we have V$(?>|0,t) * 0. 

This and the condition (6) imply our assertion by simple cal-
culation* 

Suppose now that (p i s of class C 0 BV̂  and write 

(Sip) = sup{vf {(pit' ,t" ) : It' - t" l<ff}-

- 120 -



Approximation of periodic functions 

Obviously, is a non-deoreasing function of 6 and 

(Q$(6i<p) )>cd {6\<p) when 0«<5<°<=. 

As known, for an arbitrary t > 0 there exists an ?>0 suoh that 
($p : a , b ) e i f |b-a|< ? (the proof runs as in [5], Lemma 3). 

Consequently, 

(7) lim fl4(<S|ffl) - 0. 
«—Of 9 

I f , in addition» the function $ sat is f ies the condition 

(8) <£ (2u)iS £$(u) (u>0,as «const.), 

then 

( 9 ) Qfl8i<p) &${</>)) ( 0 < < 5 < J T ) , 

where vr(6iY$[<p)) denotes the modulus of oontinuity of the 
continuous function Vg($c>) defined by V^fpHt) • V$((p\-irtX) 

(t > -jt) , in the interval < - tt, jt>. 

3. Approximation by the Suler means 
Given any function f e l and a fixed point x for whioh 

the limit (3) i s f in i te , let us introduce the 2jr-periodio 
function <px defined by 

(10) <px{ t) 
f(x+t) + f(x-t) - 2S(f,x) when 

.0 when t « 0. 

It is easy to see that 
jr 

B n , 0 W ( x ) - S ( f » x ) ' I/px(nKn(t)dt, 
0 

with 
n 

- K n , q ( t ) - id7* IL (k) n+1 e N), 11 +q J k=0 

121 



8 P. Pych-Taberska 

Our main result concerning the Suler means can be stated 
as follows* 

T h e o r e m 1* ( i ) Suppose that f e L and that, at 
a fixed point x, the limit (3) i s f i n i t e . If there exists a 
positive number <5^jt suoh that f i s bounded in the interval 
<x-<5,x+<5>, then, for n>2, we have 

v(n-1 |cp_»0,d) 
(11) I Bn,q " o^q.ff) ^ + 

n-1 
+ c, Zvfkjp ,0,k<?/n) 

— h + k«1 K 

( i i ) If f € M, then, at ever; point x at which the f i -
nite limit (3) exists , the estimate (11) with <? = jt remains 
va l id . Moreover, the last term on the right of this inequali-
ty oan be dropped. 

P r o o f . Let us write 

/6/a 6 jt\ 
(12) Bn q [ f ] ( x ) - S(f ,x) - 1 / + / + / k ( t ) K n ( t ) d t . 

\ 0 6/a. 6 / 

Sinoe 

I V « ^ E ( ? ) » - ? • 
n + q ' k=0 

we have 

i/n 
/ 9x(t)Kn(t)dt v ( l V x § 0 4 ) . 
0 

To estimate the second integral on the right-hand side 
of (12), we shall verify that the kernel K̂  s a t i s f i e s the 
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A p p r o x i m a t i o n o f p e r i o d i c f u n c t i o n s 9 

c o n d i t i o n ( 5 ) w i t h 9 = n , o 0 • 2 j t ( 1 -i-q j . I n d e e d , u n d e r t h e 

a s s u m p t i o n s 0 < x < 6 ^ j r f q > 0 a n d n t N , w e h a v e 

[ 6 n I 5 

/ K n< t , d t
 < 7 7 T T n L (k) < H / v * ) « 

1 x n + q ' k - 0 1 x 

IT 

x ( l + q ) 
n Z - V k J k . 1 x f 1 + a ) n Z — V k J k + 1 

k - 0 K + 2 1 ' k = 0 

2JT 
n n + 1 

L/ n + l \ n - k 2TT ^ 

x ( n + 1 ) ( 1 + q ) fc-fi 

n + l \ n + 1 - k 
k J q 

x ( n + 1 ) ( 1 + q ) n n x 

C o n s e q u e n t l y , a p p l y i n g L e m m a 1 , w e g e t 

< 5 / n 

L 
. k = l 

5
 + n - T 

n - 1 
v ( k | j p , 0 , k < 5 - / n ) 

( n > 2 ) . 

F i n a l l y , l e t u s n o t e t h a t t h e k e r n e l c a n b e r e p r e s e n t e d 

i n t h e f o r m 

_ + 2 q c o s t + A ° / 2 s i n ( n + J * 
K n ( t } = 1 ? n V q + 2 q + 1 2 s i n t 

( q > 0 ) , 

w h e r e Q^EL-IR,TT) i s u n i q u e l y d e t e r m i n e d b y t h e f o l l o w i n g r e -

l a t i o n s 

q s i n 0 t = s i n ( t - S ^ ) , s i g n = s i g n t , | 0 t | | t | < £ TT 
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10 P. Pych-Taberska 

(see [3], Lemma 1.3) . Therefore, i f 0 < 6 < n t then 

jr n/2 JVx(t)Kn(t,dt * II SPxV 
s 
Collecting the above resul t s and applying (12) we get the 

desired assertions with c1 (q ,6) ^2(1+q )/d+1/2, o2(q,<5)=s 
^2(l+q)/tf+1+3<V2J7. 

R e m a r k 1. Theorem 1 ( i i ) remains valid for q «= 0, 
i . e . for the sums Bfl Q [f] = SQ [f] (see also [7]). 

Suppose now that f i s of bounded § -variation on the 
interval <x-ff, x+d> and introduce the 2jr-periodic functions 
fx* d e f i n e d by 

where f(x+0) denote the one-sided l imits of f at the point x. 
Obviously, in view of (10), 9 x ( t ) = + 80 (3 'both 

the functions <p* and <p~ are of bounded #-variat ion on the in-
terval <0,<5>. Moreover, for every interval < a , b > c < 0 t 6 > and 
a l l positive integers n, we get 

Consequently, Theorem 1, Lemma 2 and the inequality (1) yield 
C o r o l l a r y 1. Let f i L and let there exist 

a positive number 6<jt such that f i s of bounded $-variat ion 
on the interval <x-<5,x+<5>. Then, for n > 2 and q > 0 , we have 

f (x+t) - f(x+O) when 0 < | t | ^ j r , 

0 when t = 0, 

v(n»5ox,a,b)« v(n;$p*,a,b) + v(n;y>~,a,b) 

+ c 

E n 

k-1 
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Approximation of periodic func t ions 11 

C o r o l l a r y 2. I f f 6 BVg, then 

l B n , q W ( x ) + f ( x - 0 ) } | ^ 

k=1 

f o r every r e a l x and a l l n » 2 , q > 0 . Under the asaumpticn 
(8 ) , the func t ion f x defined by (10) i s of bounded ^ - v a r i a -
t ion on <0,-r>, and 

L f ] u ) . f j H O L w t s f i i ^ , ^ , , £ l i - ^ v ^ o . f i ) . 

k=1 

R e m a r k 2. Takiijg in the l a s t est imate q = 0 and 
$(u) = u ( u > 0 ) , we obtain the r e s u l t due to Bojanic ( [ l ] ) . 

R e m a r k 3. I f the func t ion $ s a t i s f i e s the con-
d i t i o n (6 ) , then the r ight-hand s ides of the i n e q u a l i t i e s in 
Coro l l a r i e s 1 and 2 converge to zero as n — . 

Considering any func t ion f e C and applying the i n e q u a l i -
ty (2) we observe tha t 

v(k}$ox,0,k;r/n)iS 2k«(j7-/n;j>x)i£4kco(j7-/njf) ( l ^ k ^ n ) 

and 

v(n-1 jcp ,0,JT) p , N 
¡S i ^ v U i j ^ . O . a r U S u ^ J f ) ( n > 2 ) . 

Moreover, 

v(k}^x ,0,k7r/n)^. v (k |9 x , 0 ,7 r )« 4v(k;f ,0,2jt) (1 k <in). 

Consequently, the following r e s u l t analogous to Theorem 1 
of [2] can be deduoed. 

C o r o l l a r y 3. I f f e C , then, f o r every q > 0 
and a l l in tegers n ^ 2 , we have 
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12 P« Pych-Taberska 

I I V « ! f ) £ i • X I 
I k=1 kirn+1 K 

m being an arbitrary positive integer not greater than n-2. 
Prom the above inequality i t follows at once that a l l 

estimates given in [2] concerning the rate of uniform con-
vergence of sums S„ [ f ] remain valid for the sums E Til. n n,q l. j » 
q > 0 . For example, we have 

l l B n f q [ f M l c < 0 6 i q , w ( £ J f ) l 0 « n { n > 2 » 

Clearly, this estimate is more precise than the ones obtained 
by Holland and Sahney in [4] and Singh (see [3 ] , p.32, He-
mark ( 2 ) ) . 

Finally, let us note that Corollary 2 implies 
C o r o l l a r y 4. I f f e C O B V ^ , then 

n-1 

K , q [ f ] - f | l C < 0 7 ( ^ L i * " 1 ( H ( £ » f ) ) 
k=1 

Henoe, in view of (7) and under the assumption (6 ) , 
lim 8 q [ f ] ( x ) = f ( x ) uniformly in x e l - « , » ) , I f , in 
n—00 
addition, the function § satisf ies the condition (8 ) , then, 
in view of (9 ) , we get 

i i V q M - f i i c < * ° 7 ^ L i r 1 ( M f , v , ( f > ) ^ 
k=1 

JT 

< 2 * c 7 ( q ) j ^ ( \ l § i U - 3 r t i r ) ) + / { « ? - 1 ( ^ L w ( t | V # ( f ) ) ) d t | . 

The last inequality with q = 0, £ (u ) = u is equivalent to the 
Natanson result [6] . 
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Approximation of periodic functions 13 

4. Approximation by the Borel means 
Now, le t us consider the Borel means B r [ f ] of an arbitrary 

function f e L, introduced in Section 1, I f at a fixed point x 
the f i n i t e l imit (3) e x i s t s , then 

jr 

B r [ f ] ( x ) - S ( f , x ) = ^ / ^ ( t j K j . i t J d t (r > 0 ) , 
0 

where cpx i s defined by (10) and 

0 0 P 1 1 „ v „k -2r s in i- t s in ( r s in t + -5- t ) 
- - 8 — . . 1 t 2 -

k=0 2 s i n 2 t 

I t i e easy to ver i fy that , for every r > 0 , 

l l ^ i t j U r + \ {-00 < t < c * > ) , 

and 
o 

h (t )dt 

Therefore, applying Lemma 1 and arguing similarly as in the 
proof of Theorem 1 we obtain the following r e s u l t . 

T h e o r e m 2. Let f e I and l e t at a f ixed point x 
the l imit (3) be f i n i t e . I f there e x i s t s a posit ive number 
<5 such that f i s bounded in the interval <x-6,x+6>, then, 
for r > 2, we have 
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14. P. Pych-Taberska 

where n = Tri. In the case <5" = Jr, the last term on the right-
-hand side of the above inequality oan be omitted. 

From Theorem 2 some estimates for the rate of pointwise 
and uniform convergence of the Borei means can be deduoed as 
in Section 3. We shall present a few of them* 

C o r o l l a r y 5. Suppose that f e BV$ and that the 
condition (6) is fu l f i l l ed . Then, 

B r [ f ] ( x ) - \ | f(x+O) + f(x-0 

31 £ i{ r 1 (f ,) + r 1 (| V^O, f 0 
k=1 

for every x e ( - 0 0 , 0 0 } and a l l r > 2 (n = f r i ) . Henoe 

lim B r [ f ] ( x ) = \ |f (x+O) + f (x -O) } . 

If f e cn BV£, then 

||Br[f] - f||c«62 £ » f ) ) 
k=1 

and consequently, lim B r [ f ] ( x ) = f ( x ) , uniformly in 
r—-00 

x e ( - « , « ) . 
C o r o l l a r y 6. If f € C, then 

k - M - flic ̂  26 

n-1 
co 

k=1 ksm+1 

where n = Trl and m is an arbitrary positive integer I o b s 

than n-2. In particular, 

|B r [ f ] - f||G^c8co(f ? f ) log r ( r>2 ) , 
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Approximation of periodic fonctions 15 

More over ( 

coU/r»f) V f , 0 t 2 * ) 
l | B r [ f > f | | c < o g J log dt ( r » 2 ) , 

0 

provided that f e CD BVg and / log ^ j y dt<°° (see [2]) . 
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