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The n o t i o n of a P 0 - l a t t i c e o f f i n i t e order was i n t r o d u c e d 
f i r s t by T. Traozyk [2] i n 1 9 6 3 . G. E p s t e i n and A. Horn [ 1 ] 
used t h i s c o n c e p t f o r some new g e n e r a l i z a t i o n s of P o s t a l g e -
b r a s . They d i s c o v e r e d P^- and P g - l a t t i c e s i n t h i s way. 

On t h e o t h e r hand T. Traozyk and W. Zarqbsk i [ 3 ] and 
W. Z a r ^ b s k i [ 4 ] i n t r o d u c e d g e n e r a l i z e d P Q - , P ^ and P 2 - l a t t i -
c e s o f o r d e r c j + . 

Ii) t h e p r e s e n t paper P 0 - l a t t i c e s which are P - a l g e b r a s 
( c a l l e d P Q P - l a t t i c e s ) w i l l be e x a m i n e d . The theorem about t h e 
monotonia r e p r e s e n t a t i o n of P Q P - l a t t i c e s i s g i v e n i n s e c t i o n 2 . 
I n s e c t i o n 3 i t i s shown t h a t a P . P - l a t t i o e L g e n e r a t e s t h e 
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B o o l e a n a l g e b r a B f o r c e r t a i n n i f and on ly i f L i s a 
P o s t a l g e b r a . 

1 . P r e l i m i n a r i e s 
Let L be a d i s t r i b u t i v e l a t t i c e w i t h the l e a s t e l e m e n t 0 

and t h e g r e a t e s t e l e m e n t 1 ; x U y and %y d e n o t e t h e j o i n and 
t h e meet o f e l e m e n t s x , y e L. The c e n t e r B of L i s t h e B o o l e a n 
s u b l a t t i c e o f a l l complemented e l e m e n t s o f L. The complement 
of b & B i s denoted by b . The g r e a t e s t e l e m e n t z e L ( z e B ) 
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such that xzny, i f i t exists, i s denoted by x — y(x=s»y ) . 
I f x — - y ( x = s > y ) exists for any x,y e L then L i s called 
a Heyting algebra (a B-algebra). In particular 1 x is de-
noted by !x. The least Boolean element greater than x, i f 
i t exists, is denoted by x !| A B-algebra is called a P-algebra 
i f ( x — > y u y —>x ) * 1 or, equivalently, i f 

(1) z==> (xu y ) = ( z = * > x ) U ( z = > y ) 

is sat is f ied in i t . I f there exists an ascending sequence 

(2) 0 = eo<; e1 . . . ¿ ; e n _ 1 » 1 

where n is an integer >2 such that every x e l can be written 
in the form 

n-1 
(3)

 x = U V i * b i £ B 

i=1 
then L is a P 0 - l a t t i ce . In this case we write L = 
= (eQ o i l a i n (2) whose union with the center 
B generates L i s called the chain base fo r L. The order of L 
is the smallest number of elements in a chain base of L. 

Every x e L = ( e 0 , . . . ,en_1 ,B) has a monotonic representa-
tion 

n-1 
(4) x = x ^ i » XifeB, x ^ x g » . . . » x ^ . 

i=1 

A PQ- latt ioe L = ( e Q , . . . , e n _ 1 ,B ) which is a Heyting alge-
bra and sa t i s f i e s : — e ^ J = e^ for i =0 ,1 , . . . ,n-2 is 
called a P^-algebra. 

A P.j-algebra L = ( e 0 , . . . »e f l_1 »B) such that e i=^>x exists 
for every x e L , i = 0 ,1 , . . . ,n -1 , i s called a P2-algebra. 

2. The monotonic representation in a PQP-latt ice 
Kotica that i f a PQ - latt ice L has the property that 

e.̂  — > e j exists for every i , j , then L is a P-algebra and a 
Heyting algebra (see [ l ] th.3.1 and th.4.2) . 
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R e p r e s e n t a t i o n of ? - l a t t i c e s 3 

L e m m a 2.1* L e t L be a P „ P - l « t t i c e w i t h the c e n -o 
t e r B . Then 

( i ) ( x U y ) = > z - { x = = f e - z j ( y = = 4 . z ) 

( i i ) - ( Z = = = > X ) ( Z = ^ y ) 

( i i i ) b x = » ( o U j ) « b U 0 U ( * = i . j ) f o r b , o e B 

( i v ) (xy = = > z ) - ( j c = i * 8 ) u ( y = > z ) 

(V) { * = s > y ) { y = i > a ) ^ ( X = > a ) 

( v i ) x ! • x = s > 0 

( v i i ) ( x U y ) ! • x l U y ! | ( x y ) l = x ! y l 

P r o o f . To prove ( i ) , ( i i ) , ( i i i ) i t s u f f i c e s to 
observe t h a t those p r o p e r t i e s ho ld i n B - a l g e b r a s (see [ l ] } . 

n-1 n-1 
We now prove ( i v ) . L e t x « M x , e 4 and y » I J y , e A 

i«1 1 1 i»1 1 1 

be monotonic r e p r e s e n t a t i o n s of x and y . I t i s known t h a t 
n-1 

xy - x^y^e^ i s a monotonio r e p r e s e n t a t i o n of x y . By ( i ) 

and ( i i i ) we o b t a i n 

, n-1 \ n - 1 

x y = s > z - i | J x ^ ^ ) ^ « = H = 
X i « 1 ' i=1 

n-1 n-1 

= H i U ( e i = = > z ) ) « p j ( ^ U y ± u ^ ^ z ) ) . 

3-1 3=1 

Easy c a l c u l a t i o n shows t h a t i f a.,« . . . , and o. ,^ . . . . 
n-1 n-1 1 1 1 - 1 1 n ~ 1 

then O ( a ^ i o J « a . U M a .c* - U c , , ... I f , i n a d d i t i o n , 
i=1 1 1 1 i = 2 1 1 - 1 n _ 1 

b 1 ^ . . . < b Q _ 1 then 

n-1 n-1 

0 ( a i U b i U c i ) = a^ U b^ U ( J ( ( a ± U b ± ) c i ) U c n - 1 = 
i=1 i = 2 

n-1 n-1 
* P I ( a ± U c ± ) U Q ' ( b i U c ± ) . 

i=1 j=1 
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Therefore 
n-1 

xy==?>z = P ) (x±U y± U (e± z ) ) = 
i=1 

n-1 n-1 
= P i ( ^ U (e ± =^>z))U ( | ( y i U ( e i = ^ z ) ) = (x =^z) U (y ==>z) 

i«=1 i=1 

because x^« x^, y ^ y k and ( e k = > z) f o r 

For (v) we haves i f a < (x=«»y) (y =^>z) then a x ^ y and 
ay*s£ z . Henoe a x < a y ^ z , thus a ^ ( x = ^ > z ) . 

To prove (vi) note t ha t x(x =*>0) = 0 and thus x « x = > 0 . 
I f x=sb then bx = 0 f o r b e B , so b ^ ( x = > 0 ) and x = ^ » 0 ^ b . 

( v i i ) fol lows d i r e c t l y from ( v i ) , ( i ) and ( i v ) . 
L e m m a 2 .2 . I f L « ( e Q , . . . f e n - 1 , B ) i s a P 0 P - l a t t i -

ce , then 

( i ) ( x = ^ 0 ) { e i = » x ) < (y = > 0 ) U ) 

( i i ) x l ^ ^ y j u y ! ( e i = i > x U x ! ( e i = > x ) U y l ^ ^ ^ y ) 

f o r every x,y L and i = 0 , 1 , . . . , n - 1 . 
P r o o f . ( i ) . By Lemma 2.1 (v) we obta in 

( e i = > x ) ( x = > 0 ) ( e i = > 0 ) < ( e i = > y ) ^ (y=^0)U ( e i = = > y ) . 

( i i ) ( x l ^ ^ y J U y ! ( e 1 = s > x ) ) (x! (e^==s>x) U y ! ( e ^ = > y ) ) = 

= ( x ! ( e i = > y ) u y! ( e i = > x ) ) (x! U e1=^s>x) (y! U e j ^ ^ y ) » 

= x I ( e i = ^ y ) ( e 7 ^ ^ x ) y ! U y ! ( e i = i > x ) x t ( e ^ ^ r y ) = o . 

The l a s t equal i ty holds by ( i ) . 
T h e o r e m 2 .3 . Let L = ( e 0 , . . . »8n_-j »B) be a 

P 0 P - l a t t i o e . Then every x e L can be w r i t t e n i n the form 
n-1 

(*-) x = D ^ x j e ^ where D^x) = x! (e i ==i>x) , i = 1 , 2 , . . . , n - 1 
i=1 
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and the fol lowing properties hold« 

( i ) D ^ x ) > D 2 ( x ) > . . . ^ D ^ f x ) 

( i i ) D j J xUy ) » D j U ) U D±(y) 

( i i i ) D ^ x y ) = D ^ x j D ^ y ) 

( i v ) Dĵ fto) * b for be B 

(v) D i (® j ) * f o r 811(3 ° f o r ^ ^ 

I n part ioa lar Dn_.j(e.j) » Je^. 

n-1 
P r o o f . Let x » be a monotoilic representá-

i s 
t i on of x. Of courBe x ^ e ^ x for i = 1 , 2 , . . . , n - 1 . Thus 

x) and x^e^sg («1=^» Therefore 

n-1 n-1 

U x i e i ^ U 
i - 1 i=1 

x = | J ^ « ( J ( e i = ^ x ) e i 

and 
n-1 n-1 

jc « {x! ) x < x l l^j ( e i = ^ > x ) e i = D ^ x j e ^ 
i«1 i=1 

On the other hand x j e ^ x. Thus 

n-1 n-1 
[ J ( e j ^ ^ r ^ x j e ^ x and D ^ x ^ = 
i=1 i=1 

n-1 
= x ! x x! = x. 

i=1 

n-1 
Therefore x = l^J D i ( x ) e i . 

i=1 
I t i s easy to see that ( i ) , ( i v ) and (v) hold. I t remains 

to show ( i i ) and ( i i i ) . 
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We pi-ove ( i i ) . By Lemma 2.1 ( v i i ) , the d e f i n i t i o n of 
a P-a lgebra (1) and Lemma 2 .2 wt obta in 

C ^ U y ) = ( x U y ) ! ^ ^ (xUy) ) = (x! U y !) ( ( e ± = ^ , x ) U ( e i = ^ y))-

= x l ( e i = s > x ) u y ! ( e i = > y ) U y l ^ ^ ^ x ) = 

= xl[ei=>x)U = D1(x)U D ^ y ) . 

Now, we prove ( i l l ) , by Lemma 2.1 ( i i ) , ( v i i ) we obtain 

D±(xy) = (xy) ! ( e ± = i > x y ) = x l y ! ( e i = ^ x ) ( e 1 = ^ . y) = Dj^ixjDj^iy) 

and t h i s completes the proof. 
T h e o r e m 2 .4 . Let L = ( e n , . . . , e n . ,B) be a 

n 4 O U"I 
P „ P - l a t t i o e and B be a d i r ec t power of a Boolean algebra B. 

n 1 
Then there e x i s t s a ( 0 , 1 ) - l a t t i c e monomorphism from L to B . 

n-1 
P r o o f . I f x * M D J x J e , i s a r e p r e s e n t a t i o n (*) 

i - 1 
of element x , then we def ine h : L —»-Bn~1 by h(x) = 

= ( D 1 ( x ) , D 2 ( x ) , . . . , D n _ 1 ( x ) ) . By Theorem 2.3 we obta in 
h (xUy) = h(x) Uh(y) ,"h(xy) = h (x )h (y ) , h(0) = [o], h (D_= [l] 
where [b] s tands f o r ( b , b , . . . , b ) f o r be B. Obviously h(b) = [bj. 

By t h i s theorem we can consider every P Q P- la t t i oe as the 
s u b l a t t i c e of some monotonio elements of Bn~1 . ( ( b . p b g , . . . 

i s said to be a monotonic element i f b ^ b g ^ . . . ^ 
. . . > ) • 

Observe tha t i n a Post a lgebra , which i s in p a r t i c u l a r 
a P Q P - l a t t i c e , the r e p r e s e n t a t i o n (*) i s the usual monotonio 
r e p r e s e n t a t i o n of element in a Post a lgebra , which i s known 
to be unique. 

n-1 
The r e p r e s e n t a t i o n x = (^J X j ^ i s said to be the h ighes t 

i=1 
monotonic r e p r e s e n t a t i o n of x , provided tha t x.,» y., f o r any 

n-1 1 1 

moiiotonio r e p r e s e n t a t i o n x = l^J I f the h ighes t monoto-
i=1 u 

nip r e p r e s e n t a t i o n e x i s t s , then x i i s dtpoted by Dt[(x). From 
[ l ] i t i s known tha t i n P p - l a t t i c e s the h ighes t monotonic 
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representation exists and D^ (xUj ) = D^(x) u D^(y), B^(xy) = 

= D^(x)o£(y), but nij(b) is not equal to b in general. I f 
PQP-lattioe is a P2 - lattice (the condition (e^+1 —- e^) = e^ 

is satisf ied) then D^(b) = b (see [ 1 ] and [ 4 ] ) . It is also 
known that in every PQP-lattice of order m there exists a 
unique chain base f Q , f ^ . . s u c h that L is a P 2 - latt ice, 
so we oan introduce the highest monotonic representation in 
this base which satisf ies D?(b) = b for beB . 

Anyway, the advantage of representation ( * ) is that for 
a given P0P-lattice L = ( e Q , . . . , e n - 1 , B ) , we can directly r e -
present elements in, Bn_1 such that D^b ) = b for b eB , even 
i f the unique base f Q , f ^ , . . . , f m _ 1 and the order of L are un-
known. 

E x a m p 1 e 
7 

0 

This P0P-lattice is not a Pg-lattice beoause of a e 2 < e-), but 
it is not true that a^e^ . Observe that in the highest repre-
sentation a—— (1, a, a) so D^(a) - 1. By representation ( * ) 
we obtain b —— (b,b,b) for beB = {0,1,a,a} and e1 —— (a ,a ,0 ) , 
eg - — ( 1 , 1 , a ) . 

I f we find the base of this PQP-lattice, such that PQP-
- latt ice wi l l be a P 2 - latt ice , we wi l l get f Q = 0 , f 1 = e 2 , 
f 2 = 1. Now, in the highest representation we obtain 

b (b,b) for beB , 0-) —~ ( a ,0 ) e 2 — ( l , a ) . 
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3. The Boolean algebra generated by PpP-lattice 
L e m m a 3,1. A PQP-lattice L = (e0,...,en_1,B) is 

a Post algebra of order n if and only if D-jJe-j) = 1 i^j 
and D^e^) = 0 for i> ¿, 

P r o o f . If a PQP-lattice L is a Post algebra of or-
der n then (e;L=s»e.,) » 0 for i > j (see [2]) and in parti-
cular (ei=?>0) = 0. Then eiI = 1. Obviously (e^ ==t>e^) = 1 
for so » "j I and i8!^*"®^) equal to 1 for 
i«s j and to 0 for i>j. If a P0P-lattice is not a Post algebra 
of order n, then there exists some i and 0 4 be 3 such 
that = Hence b e ^ e ^ and by th,2.4 
Di(b)Di(ei)<D^(ei>_1) so b Diiei-1' • Therefore, either 
D i(e i)<1 or D ^ e ^ • 1 and D ^ e ^ ^ b 4 0. 

L e m m a 3.2. The only chain E^: eQ = [0] si e ^ ... 
...¿a. „ o P|1 of monotonie elements e Bn~1 which together 

— n 1 rn n 1 with the diagonal of B n (denoted by (_BJ) generates B , is 
the chain eQ * [0] , e1 = (1,0t... ,0,0) ••••en>_2 = 

= (1,1,...,1,0), e n - 1 - [1], 
P r o o f . Observe that (0,...,0,bi,0,...,0) = 

• [b] f o r 1 = 1»2,...,n-1, so FflU [B] generates Bn"1. 

Suppose now that E U [b] generates Bn~1. Then every elements n 1 
xe B can be written in the form 

n-1 
(1) X-- U «iijD»^] - U v d L b i d ] . 

i,j«o i>d 
e {o,1,...,n-l} . 

In partioular we get an element x = (1,...,1,0) in this form. 

Suppose that eĵ  = (e|,... ) for i = 0,1,...,n-1. For the 
last two coordinates we obtain 

I | n-2 _n-2 b _ 1 
U ai  9i id 1f 

i>3 

u « r 1 - r 1 bid • 
i>3 
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Prom the second equal ity we get 

n-2 n-2 

U - r 1 V , d = O, so U . J -2 V l 3 - 0. 
J-0 j=0 

Then e?" 2 a?" 2 N h « « « " ! LJ N s because 
i J ID n-2 ^ i j l n -2 

f o r i = 1,2 n-2 and e e £ - 2 = 1 f o r j = 0 , 1 , . . . , n - 3 , so 

(2 ) = 1 and e n _ 2 = ( 1 , 1 , . . 1 

Observe that i f E n U [b ] generates B n " 1 , then obviously 

E^ : e'^ = ( e ^ , . . . , e ^ " 2 ) , i = 0 , . . . , n - 1 , with the diagonal 

of Bn~2 generates B n ~ 2 . But by (2 ) = e'n_1 = ( 1 , 1 , . . . , 1 ) , 

so the chain e '0 ,e ' . j , . . . i s the chain E^.^« 
Applying (2 ) f o r and so on, we obtain 

e 0 = ( 0 , 0 , . . . , 0 , 0 ) 

a - (1 a 2 a1 1 '2 a n " 1 ) - l 1 »a-( » • • • »e-j »si I 

(3 ) E f l : 

ea—2 ~ ^ ' ^ ' ' * * ' ^ ' e n - 2 ' 

e n _1 = ( 1 , 1 , « « • , 1 ,1 ) « 

For n = 3, le t E^ = j eQ = (0 ,0 ) , eq = d , e 2 ) , e 2 = (1,1 ) ] be 

the chain such that E^ U [b ] generates B 2 . Then an element p 
x = ( 0 , 1 )€ B can be written in the form 

U = ( 0 , 1 ) ' e i 0 ' 1 ' 2 } 
i>D 
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Hence 
b 2 0 U b 1 0 " 

b 2 0 U 6 1 b 2 1 U e 1 b 1 0 a 

—2 —2 2 Thus e^ ® 1 and e^ = 1 , ao » 0 and E^ * P y Suppose 

t h a t f o r k > 3 the on l y chain. B^ , suoh t h a t E k U [B ] gene ra tes 
B k ~ 1 i s F k . By ( 3 ) , the c h a i n E k + 1 has the f o rm 

eQ = ( 0 , 0 , . . . , 0 , 0 ) 

®1 = (1 • • • 

(4 ) E k + 1 : 

e k - 1 « ( 1 . 1 . 

®k = ( 1 , 1 , . . . , 1 , 1 ) . 

I f E k + 1 U [B] genera tes B k t h e n E k + 1 = E k w i t h d i a g o n a l o f 

B k ~ 1 genera tes B k ~ 1 . 

By the i n d u c t i v e assumpt ion E k = P k , so 

eQ = ( 0 , 0 , . . . , 0 , 0 ) 

e 1 = ( 1 , 0 , . . . , 0 , 0 ) 

(5) E k+1 t= 

e k - 1 = ( 1 ' 1 1 » e k - l } 

e k = ( 1 , 1 , . . . , 1 , 1 ) . 

Express the element x = ( 0 , 0 , . . . , 0 , 1 ) e B i n the f o rm 

U = e { 0 , 1 , . . . , k } . 

- 112 -



Representation of PQ-lattioas 11 

For the last two coordinates we obtain 

k-2 k-2 

U V 1 3 u U V j - 0 

3-0 3-0 
and 

k-2 k-2 
a£-i u b k - i d u U i ^ u b k k - 1 . 1 . 

j »0 3-0 
k k 

Henoe e ^ = 1 and e ^ = 0, so E j ^ « whioh completes 
the proof* 

T h e o r e m 3.3. A PQP-lattioe L * ( e Q , e 1 . . » e ^ ,B) 
generates Bn~1 i f and only i f L is a Post algebra. ( I t i s 
understood that I i s a (0,1)-sublattice of Bn~1 as in Theo-
rem 2.4) . 

P r o o f . I f L is a Post algebra,then by Lemma 3.1 the 
constana must be as follows e.| * (1,0,. . . ,0) , .M |eQ_f> 
= ( 1 ,1 , . . . , 1 ) and B = [B] of course. Then by Lemma 3.2 L ge-
nerates On the other hand,if L is not any Post algebra, 
then by Lemma 3.1 there exists the constant . . . 0). 

1 i Then by Lemma 3.2 L does not generate Bn . 
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