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Let I be a real finite compaot interval, E a Banach epaoe, 
and <p an E-valued function defined on I x 5. It is well known 
that neither the continuity, nor even the uniform continuity 
of (p , does imply the exiBtenoe of a solution of the Ouchy 
problem for the differential equation x' « cp(t,x). The f i r s t 
who used the measure of noncompactness ot as a tool for solving 
this problem was Aabrosetti [ l ] , who proved (via a fixed point 
theorem of Schauder's type) the existence theorem under the 
assumption of uniform continuity of (p assuming in addition 
that « (9>(t,X) k*«(X) for any t e l and any bounded subset X 
of E. Similar results were proved by Szufla [16], Goebel and 
Rzymowski [ 9 ] , Cellina [ 3 ] , Sadovskil [14] , Szufla [17J, 
Deimling [ 7 ] and many other authors* The bibliography concern-
ing this results is given in [2 ] , [ 6 ] , [8 ] , [11] , [12] , [14] 
and is not necessary to quote i t here. The objeot of the pre-
sent article is the study of solutions of the semilinear d i f -
f e r en t ia l equation x ' = A(t )x + f ( t , x ) on the rea l l ine R 
with the assumption that the l inear equation x' = A(t )x posses-
ses an exponential dichotomy and the E-valued function f sa-
t i s f i e s on RxB some regularity Ambrosetti type condition. 
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1 . I n t r o d u c t i o n 
Throughout t h i s paper, S denote a Banach space with the 

norm 1MI, L(E) the a l g e b r a of continuous l i n e a r o p e r a t o r s 
from E i n t o i t s e l f with induced standard norm |>| , J R + the 
h a l f - l i n e t > 0 , and IR the r e a l l i n e . 

We s h a l l cons ider the d i f f e r e n t i a l equation 

( + ) x ' ( t ) = A ( t ) x ( t ) + f ( t , x ( t ) ) , 

where t e R , A ( t ) e L ( E ) , and f i s a E-valued f u n c t i o n de-
f ined on R x S , 

The purpose of the paper i e t o prove the e x i s t e n c e of 
bounded s o l u t i o n s of the above equation under the assumption 
t h a t A possesses an exponent ia l dichotomy and f s a t i s f i e s 
some r e g u l a r i t y c o n t i t i o n expressed in terms of the (Kura-
t o w s k i - ) measure of noncompsctnessa . 

2 . P r e l i m i n a r i e s 
The measure of noncompactness a (X) of a bounded subset X 

of E i s defined as the infimum of a l l £ > 0 such t h a t there 
e x i s t s a f i n i t e covering of X by s e t s of d i a m e t e r s £ . (Kura-
towski [ 1 0 ] ) . For p r o p e r t i e s of Kuratowski f u n c t i o n a the 
r e a d e r i s r e f e r r e d to the monography [ 8 ] , [11] or [ 1 2 ] . 

F u r t h e r , we w i l l use the standard n o t a t i o n s . The c l o s u r e 
of a s e t X, i t s diameter and i t s c losed convex h u l l be de-
noted, r e s p e c t i v e l y , by X, diam X and canv X. For a s e t 3£ of 
.nappings defined on I we w r i t e x ( t ) = { x ( t ) j x e « } , F [ i ] w i l l 
csnote the image of I under F . I f U and V are subsets of E 
rn l t , s are r e a l numbers, then tU + sV i s the se t of a l l 
t,< sv with ue U and v e V . 

Denote by C(|R, E) the s e t of a l l continuous f u n c t i o n s 
iv.1 R t o E . The s e t C(]R, E) w i l l be considered as a v e c t o r 

cr> endowed with the topology of uniform convergence on 
co'upact subsets ofIR« 

We s h a l l use the following theorem due t o Ambrosetti [ l ] : 
Let I be a compact s u b i n t e r v a l of IR and Y a bounded e q u i -

trontinuous subset of the standard Banach space of continuous 
f u n c t i o n s from I to E . Then 
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( U { Y ( t ) j t e i } ) = sup{cx(Y(t)): t e i } . 

Our r e s u l t w i l l be proved by the following f ixed-point 
theorem of Schauder type (see [ 5 ] , [ 6 ] , [13] » [ l 4 ] ) s 

Let x be a olosed convex subset of C(1R, E ) . Let § be 
a function which assigns to each subset Y of £ a r e a l number 
§{Y)>0 with the following propert ies : 

1° $ { ! { ) < $ (Y2) whenever Y.,c y 2 j 
2 o $ (Y U { y } ) = § (Y) f o r a l l y e 3f; 
3° § (coñv Y ) « $ ( Y ) | 
4° i f $ ( Y ) » O then Y i s compact. 
Assume that Fs X—~3e i s a continuous mapping s a t i s f y i n g 

$ ( f [ y ] ) < $ ( Y ) for arb i t rary subset Y of 5 with $ ( Y ) > 0 . Then 
F has a f ixed point in X, 

3. Main r e s u l t 
Let As]R—- L(E) be strongly measurable and Bochner i n t e r -

grable on every f i n i t e subinterval of JR. We suppose that the 
d i f f e r e n t i a l l i n e a r equation 

(*) x ' ( t ) = A ( t ) x ( t ) 

admits a regular exponential dichotomy (see [4] , p .233) . Next, 
denote by G the main Green's function for ( * ) (see [4] , 
p.240) . 

Let f : K * E — b e continuous. Assume that 

l!f(t,x)||<m(t) for ( t , x ) e ] R * 3 , 

where a i s a locally integrable function on IR with 

for any compact subset I of R and each bounded subset X of EP 

where g, h are functions of into i t s e l f such that g i s 
continuous, h i s nondecreasing, 

Assume in addition that 

a (f [I y X] )s£ sup í g ( t ) : t e l|«h(aX) ) 
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L = s u p j ^ | G ( t , 8 ) I g ( s ) d s : t e E 
I JR 

and L » h ( t ) < t f o r t > 0 . 
T h e o r e m . Under the above hypo theses t h e r e e x i s t s 

a bounded s o l u t i o n of (+) on IR. 
P r o o f . We d e f i n e a mapping P as f o l l o w s 

(Fx} (t) = J G ( t , s ) f ( s f x ( s l ) d s f o r x e C ( R , B). 
E 

According to Lemma IV. 3.1 of |_4], t h e r e e x i s t p o s i t i v e con-
s t a n t s N, i> t h a t i s 

| G ( t , e ) U N - e - 9 | t - s | 

f o r t , s i n R . Denote by X the s e t of a l l x e C(IR, E) such 
t h a t 

l l x ( t ) I N K = 2HM( 1 - e ) 

and + + 
2 I 2 

| |x{t 1} - x ( t 2 ) | | ^ K ' J 9 | A ( s ) | d s + J m(s)ds 
«1 

f o r r e a l t , and t g w i t h t ^ t g . I t i s easy t o see t h a t X 
i s c losed convex bounded subse t of C(IR, E ) . 

Let xeJf . We have 

t 
< N M V ^ - ^ m i e i d s + / e - ^ ^ V t s j d s j = 

, «> k+1 00 k+1 

^ k=0 k k=0 k 
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°° t+k+1 ~ t-k v 

^ H( ZL ®"Vk f m(e,ds + 0"1>k / m(8)dB 
k=0 t+k k=0 t-k-1 

^ 2NM • 7 e " ^ = K L « - 1 

k=0 

for t e R . By Theorem IV.3.2 and Remark IV.3.6 of [4] the 
function Px i s a solution of the d i f f e r en t i a l equation 

7 ' ( t ) * A(t)7(t) + f ( t , x ( t ) ) 

on IR . Hence 

||(Px) ( t 1 ) - (Fx)(t2)||^ 

t, 

^ J ||A(s)(Fx)(s) + f(s ,x(s))||ds^ 

t t 2 

K J |A(s)| ds + J m(s)ds 

whenever t ^ tg . Consequently, Px e l , 
Let u,v e 3E . Let tfeE and a>0 . Then 

||( Pu) ( t ) - (Fv)(t)||< 

t - a t+a 

^

a n-rei oo. 

+ J + y )e" v | t~ s l •||f(s,u(s))-f(s,v(8))||ds. 
—o t - a t+a/ N'sup | ||f ( s , u ( s ) ) - f ( s , v ( s ) )||: t - a s s s^ t+a 

t+a / t - a 00 \ 
/ e ^ ^ d s + 2 H ( / + / j e ^ l ^ m i a j d s ^ 
t - a -00 t+a ' 
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< 2NyT1{1 - e~va) 'sup j ||f(s,u(s)) -

- f(s,v(s) )|| i t-a^s^t+aj + Ke~1'a. 

-va 

It is well known that if f: IK* E — B is continuous than the 
operator *(•) f {• ,x( •)) from C(]R, B) into itself is conti-
nuous, Now, from this fact and the above inequality it follows 
that our P is continuous as a map of x into itself. 

Let us put:$(Y) » sup {cx (Y(t)) i teE} for a subset Y 
of x . By the corresponding properties of a the function $ 
satisfy the conditions 1° - 3° listed in Section 2; 4° follows 
^rom the Arzela-Ascoli theorem (see [15] • Theorem IV.10.1). 

Assume that Y is a subset of X with #(Y)> 0. Let teTR 
be fixed. Let & > 0 be arbitrary. Choose a number.a>0 sjnoh 
that K e - ^ £. We have 

< diam 

t-a 

and analogously 
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Now, we sha l l prove that 

t+a 
« ( \J G ( t , s ) f ( s , y ( s ) ) d s : y e Y 

l t - a 

hé 

h ( « ( Z ) ) J |G ( t , s ) |g ( s ) ds , 

E 
where Z = ( ^ J { Y (S ) : t - a < S « t + a } . 

Indeed, f o r arb i t rary ¿' > 0 there ex i s t s a S> 0 such that 
| s' -s"| < <5 with s ' , s "e [ t - a , t ] or s ' , s" e [ t , t+a ] implies 
|G(t ,s ' ) - 0 ( t , s " ) | < i ' and I g ( s ' ) - g ( s " ) I < £' . Denote by I j L 

the in t e r va l Qt i _ 1 , t.j_] ( i = 1 , 2 , . . . , 2 m ) , where 

t = t - a < t 1 < . . . < t _ = t < . . . < t c _ = t+a o i m ¿m 

with t ^ - t ^ <6 . Let r^ e be points such that 

|G ( t , 6 i ) | = sup | |G(t ,s )| : s e l j , 

g ( r i ) = sup | g ( s ) : s & , 

and l e t 

c1 = sup||G ( t , s ) | : t - a « s « t + a | 

and c 2 = sup j g ( s ) : t - a ^ s « t + a | . 

By the in t eg ra l mean value theorem 

i t+a 

| J G ( t , s ) f ( s , y ( s ) ) d s s y e Y 
l t - a 

2m , 
c Z L ( t i " t i - 1 ) c o n v ( U } G ( t . s ) f & i x Z ] : s & I ± 

i=1 
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Since 

« ( U { G ( t , s ) f [ l i ^ Z]: s e l . 

^ sup | |G(t,s)| : e e Ijj'atf [l ±x z] ) 

see Appendix), so 

f\ t+a 
a J G(t,s)f (s,y(e)): y e Y 

t-a 

,2m . 
<cx ^ i ^ i - i > conv ( U - G ( t , s ) i z] : a e l . 

i=1 

2m 

^ ^ ( V ^ - l 1 sup j |G(t,s)| : 8feIiJ'o<(f [l ±x Z] ) 

i= 1 

2m 

^ X I ( t i " t i - 1 ) S U P { ' G ( t » s , l ! s & Ii}'supjg(s):s6li}'h(o<(Z)) = 

i=1 

= n 

i= 1 

2m 

h ( c x ( Z ) ) . ^ / - Git.aJlgtTi) 

i-1 I ± 

+ |G(t,s)| | & ( T l ) - g(s)| + | G(t,s)|g(a)Jds, 

t+a 

: Jl (« ( Z ) ) « 2a(c 1+c 2)£' + J lG(t,s)|g(s)ds 

t-a 

and our claim is proved, 
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Because 
t - a 

F [Y ] ( t ) c J G ( t , s ) f ( s , y ( s ) ) d s : y e Y 
I — OO 

r t+a 
+ J G( t , s ) f ( s , y{ s ) )d s : y e Y | + 

OO 

j G ( t , s ) f ( s , y{ s ) )d s ; y t Y 
t+a 

we obtain 

cx(p[Y](t))<£ + h(a(Z)) f |G(t,s)|g(s)ds +t . 
E 

Since Y i s almost equicontinuous and bounded, we can apply 
Ambrosetti's r e su l t to get 

a (Z) = sup |a (Y(s ) ) : t - a s j s « t+aj<$ (Y). 

Hence 

a (F [y] ( t ) ) < 2 £ + L*h($ (Y)) , 

and therefore a (F [y] ( t ) ) ¿SL*h(#(Y)). 
Consequently, § (P [y ] ) ^ l«h(0 (Y) ) . Thus a l l assumptions 

of our f ixed-point theorem are s a t i s f i e d ; P has a fixed point 
in X which ends the proof. 

. Our r e su l t holds 
1-9~9)/2N. Moreover 

He m a r k . Let S r = j xe S: ||x|| r̂ 
whenever f i s defined on E*S r and M <r 
i f the condition ||f(t,x)lkm(t) i s replaoed by ||f (t ,x)|| « M' 
on B*S r , then we must assume that !fl'< rtf/2N. 

4. Appendix 
The object of th i s appendix i s to derive the following 

property of the measure of noncompactness a : 
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I f Q i e a continuous mapping from a compact i n t e r va l I to 
L (E) and W i s a bounded subset of E, then 

c x ( U { Q ( t ) W : t 6 l } ) ^ s u p { |Q(t )| s t e l } - a ( W ) . 

For th i s purpose we choose i> 0 . l e t 6 = S(i)> 0 and 
W^c E ( i = 1 , 2 , . . . , m ( t ) ) be such that 

I Q( t ' ) - Q( t " )| < (sup {|| x||: x t l | ) " 1 £ f o r |t ' - t "|<<5 

and 

m 
W = (^J Wi with diam i + oc(W). 

i=1 

Divide the i n t e r va l I in such a way that t ^ < t 2 < . . . < t f l with 
t j + 1 " t d < < i 0̂ = 1 » 2 , . . . , n - 1 ) . Let us put X ^ = { x e E s there 
e x i s t s a point w e W.̂  such that ||x-Q(t^ )w|| < £ J f o r i=1,2, . . . ,m 
and 3 = 1 , 2 , . . . , n . 

We have 

m n 
U { Q ( t ) W : t £ l ) c y \J X i ; j . 

i=1 j=1 

I f IIxk - Q ( t j )w k ||< £ ( k » l , 2 ) with x k f cX i ; j and w ke W i t then 

||x1-x2||^||x1 - Qi t^w^l- + ||Q(td )w1 - Q(t3 )w2H + 

+ ||Q(t;j)w2-x2||< 2e + | Q ( t 3 ) | ||w1-w2H< 

^ 2e + sup{|Q(t )| : t e l } ' d i a m < 

< 2 e + [c + CX(W)] •sup {|q ( t )| : t e l } . 

Therefore 

« ( U i Q i ^ i W : t e l | J ^ 2 t + [ t + <x(W)J -sup{|Q(t )| : t e l } , 

and we have f i n i shed . 
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