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1« Introduction

Let X and Y be two complex Hilbert spaces., Let L{X,Y) de~
note the set of all closed linear operators on linear subma-
nifolds of X, with values in Y. For L(X,X), we shall simply
write L(X). For any operator A ¢L(X,Y), D(a), N(A) and R(A)
denote respectively, the domain, the null space and the ranges
of A. Let y{A), the reduced minimum modulus of A, be defined
by the formula

(1.1) 7(a) = sup {720 ¢ llaxll> 7l (I-By(,))xll, xeD(A)},

where PN(A) denotes the orthogonal projection of X onto N(4),
provided that A # O.

Let {Xp}pe z (where Z is the ring of integers) be a family
of Hilbert spaces, and let SPe L(XP,XP*!) ve & family of ope-
rators such that R(SP)c N(sP*1), for all pe 2z, Let the follow-
ing sequence represent the complex of Hilbert spaces

(1.2) sP1_gp 8P _ gos1 8P
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Let {Hp(x,s)}pez denote the cohomology of the complex (X,S) =
= (xP,5P) ;. that is, HP(X,S) = N(sP)/R(8P*1), pe Z. Let the

aim(HP(X,S)) denote the algebraio dimension of the linear spa~
ce HP(X,5),
We recall that s complex (X,S) = (xp,sp)pez is said to be

Fredbolm if inf {#(5P)} >0, dim(HP(X,S)) < o for each pe 2,
and HP(X,5) # 0 only for a finite number of indices.

Next, we recall some definitions [5] related to the com-
muting systems of linear operators,

Let B = (8,400048,) be a system of n indeterminates, and
let j\.[s] be the exterior algebra over the complex field C,
generated by ByrecesBpe Then, for any integer p, O <p<n,

_K['_s] is the space of all exterior forms of degree p in
84s000,8,. For any Hilbert space X, A [s,X] (resp. P [s,X])

will denote the tensor product X®A[s] (resp, X ® P[s]). In
the case of two Hilbert spaces X and Y, there is a natural
identification of the space A[s,X]® A[t,Y] with the space
A(8,t),X8Y], where t = (t,,000,t,) i another system of in-
determinates. Let the operator H, iA[8] —A[s8], HyE = 8415,
te A{8], satisfy the relation

HJHk + HkHd = 0, j’k=1gooo,n-

Definition 1.1 An n-tuple S = (S1,...,Sn)c
cL(X) is said to be a D-commuting system if there exists

a dense subspace D of X in H D(Sj) with the following pro=
perties: =1
(1) the restriotion §g = (5,®H, + «cc + S ®H )| Als,D]
is closabls,
(11) 1f 6 g is the canonical olosure of 88’ then R(Gs)c
cN(sg).
Definition 1.2 4 D-commuting system
S = (81,...,Sn)c:L(X) is said to be singular (resp. non-gine
gular) if R(GS) # N(ds) (resp. R(Gs) = N(GS)).
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De.finition 1.3 LetS=(Sw...,Sn) be a
D-commuting system assoclated to a complex of Hilbert spaces
( Pls,x], 6§)g=o, where 6§ = 6| Rs,%] ND(6g). Then the ope-
rator S is said to be Fredholm if the corresponding complex
is Fredholm,

Definition 1.4, The joint spectrum of a D-com-
muting system S = (81,...,Sn)cL(x) is the set of those points
A€ C® such that S - A1 is singular, denoted by 6,(S,X).

Definitilon 1,5, The joint essential speotrum
of a D-commuting system S = (81,...,Sn)c L(X) is the set of

those points Ae C® such that S - AI is not Fredholm, denoted
by o, (S,X).
D

The main aim of this note is to establish an inclusion
relation for the joint essentiel speotrum of a D-commuting
system S = (§1,...,§n) by applylng the spectral results of
C. Grosu and F, Vasilesou [5] for the tensor product of two
D-commuting systems, where §3 e L(X), for X = x1§ cee éxn and
x1,...,xn are Hilbert spaces., The obtained spectral inoclusion
includes some interesting results as special casses.

2. Some supporting lemmas

Lemma 2.1. (Grosu and Vasilesou [5]). Let (X,S)
and (Y,T) be two Fredholm complexes of Hilbert spaces. Then
their temsor product (X ®Y, S&T) is Fredholm,

Lemma 2,2, (Grosu and Vasilescu [5]). Let (X,S)
and (Y,T) be two complexes of Hilbert spaces. Then their ten-
sor product (X®Y, S®T) is Fredholm and exact iff either
(x,S) or (Y,T) is Fredanolm and exact.

Lemma 2.3, ({Grosu and Vasilescu [5]). Let
S = (S.I,...,Sn)c L(X) be a Dg-commuting system and let
= (T1,....Tn)c L{Y) be a Dp-commuting system. Then

3
§

S@T = (5,8 Iy,ee0,5,8 1y, IX§T1,...,IX@Tn)cL(x§y;

is a DS® DT-commuting systen.
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Lemma 2.4, Let S = (S1,....Sn)c:L(X) be a Dg-com=-
muting system, and let T = (T;,ese,T,)c L(Y) be Dp-commuting
system. Then

6g (ser,x®Y)cC 6g (SyX)x0p (r,Y)U 6p (8,X) x6, (T,Y).
Dg®Dq Dg T S Dy

Proof. The proof follows from a combination of
lemma 2.1 and Lemma 2,2.

Remark 2,5, Under the conditions as in Lemma 2.4,
we oconjecture the following inclusion relation

6. (S,X)x6, (P, Y)UG, (S,X)x6. (T,Y)ce6 (s®T7,X8Y).
8pg  Dp ' Dg T Tep T Cepen,

Lemma 2, (Grosu and Vasilesou [5]). Let
S = (S1,...,Sn)c:L(x) be a Dg-commuting system, and let
T = (T1,...,Tn)c:L(Y) be a Dp-commuting system., Then

= 5,X) x 6, (T,Y),
61>S®1>T(-s§'1‘, X3Y) Ds( X) xOp, (T

and if S and T are Fredholm, then S ®T is Fredholm.

3. The essential spectrum Gep(g,i)

Let Xyse¢e,X, be Hilbert spaces and let Sje L(Xj), for

J = 1,e0e,yn, be densely-defined operators, Let X= x1§... §xn
be the completion of the algebraic tensor product X1 Qsee ®Xh
with respect to the canonical Hilbert norm, and let §5 e L(X)
be the canonical olosure of the opsrator

I1®I ®,0e®I ®8

j ®Ij+1®"° ®In.

2 3=1

Then § = (§1,...,§n) is a D=-commuting system, for D =
= D(S1)® XX ®D(Sn)o
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Theoren 3e1s

G, (g,ii) c (5

eD (819}(1) X GD(SZ)(SQ’Xz) X soe X GD(sn)(snoxn) U

°D(S1)
U<6D(s1)(s1'x1”‘ 6”eD(SZ)(Sz'Xz’ x 6D(s3)(sa'x3’ X eve

LN 3 XGD(Sn)(Sn’Xn))U LN ) U<6D(S1)(S1’x1)x LN )

sse XO (8, 41X, 4)x6 S vX ) )e
X D(S, 1) "n=1""n=1 X °D(Sn)( n'“n

Corollanry 3.2, For n = 2, Theorem 3,1 reduces
to a special case of Lemma 2.4, that is,

5 ((s,91,, I.®8,), X,®X.)C
°b(s,len(s,) | 21 e TieTe

c (6%(51)(51.1{1 ) x GD(SZ)(SQ.XZ) UO‘D(S1 ’(51’x1)m°n(s2)(82'x2”'
Proof of Theorem 3,1, The proof follows from an
inductive argument, For n = 2, the theorem reduces to a spe-
cial case of lLemma 2.4.
Let us assume that the theorem holds for any n-1 opera-
tors, for n=>=3, Then, if Bj denotes the canonical closure of
the operator

1,9.0085;8.,,.8I

1 (3'1,...,1:1-1),

1°
we obtain
S = (B1®In,...,Bn_1®I

p? 11@eee®I, ,®5. ).

If B = (B.],too.Bn_,])' D(B) = D(S1)®.Q. QD(SD_1) and xn_1 =

= X1@ cee éxn_1, then lLemma 2,4, Lemma 2.7 and the induction
hypothesis imply that
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6 B®sS,_, X)c (o B,X_ .)x
°D(B)®D(Sn)( n )C( °D(B)( )

xGD(Sn)(Sn,xn))U (GD(B)(B,in_.l)x GOD(S )(sn,xn)>c
n
[ [(SOD(S1)(S1 ,X1) X GD(Sz)(s2’x2)x se e XGD(SD-1)(SD-‘1 .Xn_1 )>U
U (GD(S1)(S1 ox1)x GQD(SZ)(Sz,xa)X GD(SB)(SB’XB)X s00
se e X GD(Sn_1)(sn-1’xn-1)>U eve U<6D(s1)(s1’x1)x XX

ce X GD(Sn_z)(Sn-?xn-?.)x 6°D(sn_1)(sn“'xn'1))]xGD(Sn’(s“"xn)U

LJ@ (S,9X )X seaxC (s X Oxﬁ (S _,X ).
D(S1) 1" D(Sn_1) n=1*“n=-1 eD(Sn) n*®n
This completes the proof,

Conjecture 336 Under the conditions as in
Theorem 3.1, we oonjecture the following insclusion relation
whioh seems to be true

(63 (81,x1)X6D(S )(82,Xz)x ocoXGD(s )(Sn,xn)>U cee
D(8,) 2 n

vesU (6D(S1)(S1,X1)x

veex G (s X )x G (s X)%:6(§ih
D(S,_4)'"n=1""n-1 °n(s,) n*“n 8p ?
Remark 3.4, I bslieve strongly that Conjecture 3.3
must be true, and I guess that it may follow from some combi-

nation of Taylor’'s technique [7] and Fialkow’s approach [4].
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