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1. In t roduc t ion 
Let X and 7 be two complex H i l b e r t spaces . Let L(XtY) d e -

note the se t of a l l olosed l i n e a r opera to rs on l i n e a r subma-
n i f o l d s of X, with values i n I , For L(X,X), we s h a l l simply 
wr i t e L(X)• Por any opera tor AeL(X,Y), D(A), N(A) and R(A) 
denote r e s p e c t i v e l y , the domain» the n u l l space and the range 
of A* Let 7 (A) , the reduced minimum modulus of A, be def ined 
by the formula 

(1 .1) r ( A ) » sup { r 5 > 0 : | | A x | |>y | | ( I - P H ( A ) ) x | | , x e D( A)j , 

where denotes the orthogonal p r o j e c t i o n of X onto N(A), 
provided tha t A ¡Í 0 . 

Let { x p } p e Z (where Z i s the r i n g of i n t ege r s ) be a family 
of H i lbe r t spaces , and l e t S p e L(XP ,XP+1) be a family of ope-
r a t o r s such tha t R ( S p ) c H(S P + 1 ) , f o r a l l p e Z . Let the fo l low-
ing sequence r ep re sen t the complex of H i l b e r t spaces 

u.2) 
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Let •[ H p ( ) } p e Z denote the cohomology of the oomplex (X,S) • 
- (XP,Sp)pfeZ, that is, HP(X,S) = N(SP)/R(SP~1), p&Z. Let the 
dim(Hp(X,S)) denote the algebraic dimension of the linear spa-
oe HP(X,S). 

We reoall that a complex (X,S) = (XPtSp)pe2 is said to be 
Fredholm if inf {r(Sp)} >0, dim(Hp(X,S)) < °° for eaoh pe Z, 
and HP(X,S) + 0 only for a finite number of indioes. 

Next, we recall some definitions [5] related to the com-
muting systems of linear operators. 

Let s • ( f•••f) be a system of n indeterminates, and 
letA[s] be the exterior algebra over the complex field C, 
generated by Then, for any integer p, 0<p<n, 
^[s] is the space of all exterior forms of degree p in 
s1t...,sn. For any Hilbert space X,a[s»X] (resp, 
will denote the tensor product X®A[s] (resp, X ®J^[s]). In 
the case of two Hilbert spaoes X and Y, there is a natural 
identification of the spaoe a[s,X] ® A[t,Y] with the space 
A[(s,t) ,X®y] , where t • (t.j,...,tn) is another system of in-
determinates. Let the operator H^ :A[s]—-A[s], H^ § B 
|eA[s], satisfy the relation 

H3Hk + HjjHj • 0, j,k»1,...,n. 

D e f i n i t i o n 1.1. An n-tuple S = (S1f...,Sn)c 
cL(I) is said to be a D-commuting system if there exists 

n 
a dense subspace D of X in D D(S.) with the following pro-1»1 J 
pertiesi J 

(i) the restriction $s = (S.,®!!., + ... + Sfl® Hn)| a[s,D] 
is closable, 

(ii) if d s is the canonical olosure of then R(6g)c 
cH(<Sg). 

D e f i n i t i o n 1.2. A D-commuting system 
S « (S1f...,Sn)cL(X) is said to be singular (resp. non-sin-
gular) if 8(£s) 4 N(<5S) (resp. K(Sg) = N(<5g)). 
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D e f i n i t i o n 1.3. Let S « (Sv...,Sn) be a 
D-commuting system associated to a complex of Hilbert spaoes 
( ̂ [s,X], ̂ s^psO' w h e r e a d5 ' a[®»x] n Then the ope-
rator S is said to be Fredholm if the corresponding complex 
is Fredholm. 

D e f i n i t i o n 1.4* The joint spectrum of a D-com-
muting system S = (S1,...,Sfl)c L(X) is the set of those points 
A € Cn such that S - I is singular, denoted by <JD(StX). 

D e f i n i t i o n 1.5. The joint essential speotrum 
of a D-oommuting system S = (S^.. fS Q)c L(Z) is the set of 
those points k C n suoh that S - AI is not Fredholm, denoted 
by <5n (S,X). D 

The main aim of this note is to establish an inolusion 
relation for the joint essential speotrum of a D-oommuting 
system S = (S.j,...,SQ) by applying the spectral results of 
C. Grosu and F. Vasilesou [5] for the tensor product of two 
D-commuting systems, where S^ £ l(i), for X = Xj®... ®Xfl and 
X^,...,XC are Hilbert spaces. The obtained speotral inolusion 
includes some interesting results as special cases. 

2. Some supporting lemmas 
L e m m a 2.1. (Grosu and Vasilesou [5]). Let (X,S) 

and (Y,T) be two Fredholm complexes of Hilbert spaces. Then 
their tensor product (X ®Y, S®T) is Fredholm. 

L e m m a 2.2. (Grosu and Vasilesou [5]). Let (X,S) 
and (Y,T) be two complexes of Hilbert spaces. Then their ten-
sor product (X ® Y, S ®T) is Fredholm and exaot iff either 
(X,S) or (Y,T) is Fredholm and exact. 

L e m m a 2.3« (Grosu and Vasilescu [5]). Let 
S = (S1 Sc)cL(X) be a Dg-commuting system and let 
T = (T1,...,Tn)c L(Y) be a DT-commuting system. Then 

S®T = (S.,® I Y , . . . , S n ® I y , I z ® T 1 , . . . , I z ® T n ) cL ( X®Y) 

is a D g ® Dt-commuting system. 

25 -



4 R.U. Verma 

. L e m m a 2*4« Let S = ( S 1 t . . . , S f l ) cL(X) be a Dg-com-
muting system, and l e t T = ( T 1 , . . . , T f l ) c L(Y) be D^-commuting 
system. Then 

6fl (S ®T,X®Y)c 6 (S,X)*<?n (T,Y)U S n (S,X) x 5 (T,Y). 
eDs®DT Dg T ®Dt 

P r o o f * The proof fo l lows from a combination of 
Lemma 2.1 and Lemma 2*2. 

R e m a r k 2*5» Under the condi t ions as i n Lemma 2.4» 
we con jec tu re the fo l lowing i n c l u s i o n r e l a t i o n 

6_ (S,X)x®n (T,T )Ue n (S,X) x ff ( T , Y ) c 6 - (S®T,X®Y). 
Dg T ®Dt

 eDs®DT 

L e m m a 2. (Grosa and Vasi lesou [5])* Let 
S » (S1 S n ) c l ( ï ) be a Dg-commuting system, and l e t 
T « { T 1 t . . . t T n ) c L(Y) be a Dj-oommuting system. Then 

Dg®DT(-S®T, X®Y) "S T 

and i f S and T are Fredholm, then S ®T i s Fredholm. 

3. Tihe e s s e n t i a l spectrum <5„ (S,X) eD 

Let X i , . . . , X 0 be H i l b e r t spaoes and l e t S^eL(X^) , f o r 

j = 1 , . . . , n , be dense ly-def ined ope ra to r s . Let X = X ^ ® . . . ®XQ 

be the completion of the a lgebra io t ensor product X̂  ® . . . ® X n 

with r e spec t to the canonica l H i lbe r t norm, and l e t S^ eL(X) 
be the canonical olosure of the opera tor 

Then S = ( S ^ , . . . , ^ ) i s a D-commuting system, f o r D = 
= D(S1 ) ® . . . ®D(Sn). 
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h e o r e m 3 .1 . 

V S i X , C V « D ( S l , ( S 1 ' X 1 , X ^ ( S 2 ) ( S 2 ' i 2 , x • • • * f f D ( S J ( V X n » u 

. . . ^ D ( s n ) ( S n ' V , U ••• U ( < 5 D{B 1 ) ( S 1 ' X 1 , X 

. . . * < 5 D { ^ } (Sn_1 . X ^ ) x (S n ,X n ) j , 

C o r o l l a r y 3 . 2 . For n = 2 , Theorem 3.1 reduces 
to a special oase of Lemaa 2 . 4 , that i s , 

<5. ((S..® I 1 ® S p ) , X. ® X ? ) c 
eD(S1)®D(S2) 1 2 1 2 1 2 

c ( & e D ( S i / S 1 ' X 1 , x 6 ' D ( S 2 ) { S 2 . X 2 , U ^ ( S 1 ) ( S 1 ' X 1 , ^ e D ( S 2 / S 2 . X 2 , > 

P r o o f of Theorem 3 . 1 . The proof follows from an 
inductive argument. For n « 2, the theorem reduoes to a spe-
c i a l oase of Lemma 2 . 4 . 

Lex us assume that the theorem holds for any n-1 opera-
t o r s , for Then, i f B^ denotes the oanonical closure of 
the operator 

I 1 « S j ® . . . ® I n _ v ( j « 1 , . . . , n - 1 ) , 

we obtain 

g = ( B ^ I n . . . ® I n _ 1 ® S n ) . 

I f B = ( B ^ , . . ^ ) , D(B) = D(S^) ®D( ) and X ^ * 

= then Lemma 2 .4 , Lemma 2 .7 and the induction 
hypothesis imply that 
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(B®S„, X)C (B.X 

x f fD(Sn><8»'1ni)u ( S ( B ) < B ' W * & e D { S o , ( S n ' X n O c 

C [( f feD( S i , ( S1 } X ®D( S 2 ) i S2 } x ' ' • x 6D( Sn_1 ) < Sn-' 'Xn-1 

U ( S ( S l ) ( S 1 » X 1 ^ 0 e D ( S 2 / S 2 » X 2 , x e D ( S 3 ) { S 3 ' X 3 ) x — 

" # X > | S n " 1 0 U ' ' * U((7I>CS1 . . . 

5 D ( S n . 2 ) ( S n - 2 ' V 2 , , f 0 8D(S q ) ( 8 » - 1 ' W j * t r D ( S f l ) < S i i » V U 

This oompletes the proof. 
C o n j e o t u r e 3.3. Under the conditions as in 

Theorem 3 .1 , we aonjecture the following inclusion relat ion 
whioh seems to be trae 

( f f e D { S i / S 1 ' X 1 > x e D ( S 2 ) ( S 2 ' X 2 , x — * < rD(Sn) ( Sn»Xn>)U 

• • • U ( < 5 D(S 1 J Î S 1» X 1 , X 

• • • x 6 D ( S n _ 1 ) < S n - V X n - 1 > x ( 5 e I ) ( S o / S n . X n O C 

R e m a r k 3.4. I believe strongly that Conjeoture 3*3 
must be true, and I guess that i t may follow from some combi-
nation of Taylor's technique [7] and Fialkow's approach [4]. 

Acknowledgements: The author would like to thank R. Curto, 
L. Fialkow and F. Vasilesou for valuable correspondence re-
lated to the contents of this paper« 
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