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A COMPOUND RIEMANN-HILBERT PROBLEM FOR HOLOMORPHIC 
FUNCTIONS WITH NONLINEAR BOUNDARY CONDITION 

1. In t roduc t ion 
Linear compound Riemann-Hilbert problems f o r holomorphlc 

f u n c t i o n s , i . e . problems with a Riemann-Hilbert oondit ion 
on the boundary of the considered region and a conjugacy 
condi t ion (Riemann or Hi lber t condit ion) on an inner contour 
i n the reg ion , have been inves t iga ted i n severa l papers, so 
by I.S.Rogozhina [ 6 ] and Lu Chien Ke [ 2 ] . The case of a non-
l i n e a r conjugacy condi t ion f o r general ized ana ly t i c func t ions 
i n the sense of I.H.Vekua was considered by J.Wolska-Boche-
nek [ 9 ] , whereas i n the papers of A.Mamourian [ 3 ] , [ 4 ] , l i n e a r 
compound problems are t rea ted f o r general e l l i p t i c complex 
equations of f i r s t order . In the recent paper of Fang Ainong 
[ 1 ] problems with l i n e a r conjugacy and Riemann-Hilbert condi-
t i o n f o r a c l a s s of s trongly nonl inear e l l i p t i c complex equa-
t i o n s of f i r s t order are deal t wi th . A forthcoming paper of 
Wen Guo-chun [ 7 ] t r e a t s a compound problem with a s h i f t f o r 
nonl inear e l l i p t i c complex equations of f i r s t o rder . 

In the present paper a spec ia l c l a s s of compound problems 
f o r holomorphic func t ions in the unit disk with a nonl inear 
Riemann-Hilbert condi t ion i s considered. Reducing the problems 
i n a known wsy to the corresponding nonlinear Riemann-Hilbert 
problems and u t i l i s i n g the r e s u l t s of [ 8 ] f o r the Riemann-Hil-
ber t problems, we obtain exis tence theorems f o r the compound 
problems* 
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2. Statement of problems 
Let D: [ z | < 1 be the unit disk in the complex z plane 

with the boundary S: |t| = 1, t = e i s s «or). Let.L be 
a simple closed smooth contour lying in D with variable 
point t . We denote by D~ the inner region bounded by L, and 
by D+ the doubly-oonneoted region situated inside S and out-
side L. As positive direction on L we take the clockwise d i -
rection, and as positive direction on S the counter-clookwise 
one such that the domain L+ l i e s on the l e f t of S and L. 

Problem B 
It i s required to determine a sectionally holomorphio 

function $(z) = cp(z) + i V(z) in D with continuous limiting 
values $ + ( t ) , $~(t) on L and continuous boundary values 
$ ( t ) = <p(t) + i if(t) on S sat isfying the conjugacy condition 

(1) $ + U) = G$"(t) + g(t ) on L, 

the nonlinear boundary condition 

(2) y>(t) + p(s,<p(t)) - f ( s ) on S, 

and the additional condition 

(3) cp( 1) «= k in t - 1. 

In Prqblom_E1_and_ B2 the additional condition i s 

(3a) tp(0) = c in z - 0 

and 

(3b) cp(0) «= d in z = 0, 

respectively, where i t i s supposed that the origin z = 0 l i e s 
in D". 

We make the following basic assumptions on the data: 
(1) G = G.|- + i Gg i s , in general, a complex constant d i f -

ferent from zero; g(t)eH^(L), 0< fi<1, i s a given Holder con-
tinuous function on L, 
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( i i ) P(s,<p) i s a rea l -valued continuous func t ion on 
[-ir»ir] x 1R which i s 2ir-periodio in s and possesses a c o n t i -
nuous p a r t i a l de r iva t ive F^ and a p a r t i a l de r iva t ive Fg s a -
t i s f y i n g the Caratheodory condi t ions and an es t imat ion of the 
form 

|F8(s,<p)| < B(e)e L^(S), ^ > 1 , 

f o r values <p from bounded I n t e r v a l s of JR. 
( i i i ) f ( s ) i s a rea l -va lued absolute ly continuous 2jr-perio-

die func t ion on [-ir,7t] possessing a de r iva t ive f ' i s j e L^(S), 
$ >1. 

( iv ) k, c , d are given r e a l cons tan t s , 

3. Reduction t o a nonl inear Riemann-Hilbert problem 
We r ep resen t the unknown funot ion <Mz) i n the form 

(4) $(z) - X(z.) [w(z) + w0(«)] , 

where 

(5) X(z) 
J inD" 
1 i n D+ 

and 

(6) w 0 (z j = u0(z) + i v 0 ( z ) - - g I z f - g p - d r . 
L 

Then the new unknown func t ion w(z) » u(z) + iv (z ) i s ho lo-
morphic i n D, continuous in D and s a t i s f i e s the boundary con-
d i t i o n 

(7) v ( t ) + ? ( s , u ( t ) + u 0 ( t ) ) - f ( s ) - v 0 ( t ) on S 

and one of the add i t iona l condi t ions 

(8) u(1) » k - u0(1) h kQ i n t « 1 
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and 

(9a) G 1 v ( 0 ) - G 2 u(O) = c | g | 2 - G 1 v o ( 0 ) + 0 2 u 0 ( 0 ) in z = 0, 

(9b) G1 a(0) + Gg v(0) » d |G| 2 - G1 a o ( 0 ) - G 2 vo(0) in z «0 , 

in problems E and E2» respect ive ly . The continuity of w(z) 
across the inner contour L easily follows from the well-known 
Plemblj formulae (of . [5]) applied to the Cauohy in t eg ra l 
in (6)* Problems Ê  and Eg reduoe to Riemann-Hilbert problems 
of similar type, where the oase of a r e a l (imaginary) con-
s tan t G in Problem B̂  corresponds to the case of an imaginary 
( rea l ) constant G in Problem Eg. In the sequel we r e s t r i o t 
ourselves to Problems E and E^* 

4. Problem E 
The Riemann-Hilbert problem (7) , (8) has the form of 

Problem P ^ o f [ 8 ] . Theorem 2 of [8] implies the following 
one. 

T h e o r e m 1. If f o r some p with 1 < p < 9 there 

ex i s t s + (2-rr)q Cg, q being the exponent conjugate 
to p and 

(10) Cß = (2jr)K [M + r R ] j l + 24^(006 K y R ) " T | » 

where E = - 2Pg 
q - P • 

( 1 1 ) 

|| «IL denoting the norm in L j S ) , 

(12) rR « sup F_(s,u+u0(t))+ P (s ,u+u0( t)) K se[-w,jr] " 8 0 T 0 

|aj<R 

dup 

ds II 3 
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Riemann-Hilbert problem 

and 

(13) 2-jfo « Max [m(s,u)] - Min [m(s,u)] 

|tt|«R l uKH 

with 

(14) m(s,u) = arctan P ( s , a + u 0 ( t ) ) , 

then Problem B possesses a so lu t i on <$(z)e C ^ ( D + ) o C ^ ( D " ) , 

A = min (q" » » with boundary values $ ' ( t ) e L p ( S ) . I f add i -
t i o n a l l y the der ivat ive F^(s,<p) s a t i s f i e s a Holder condit ion, 
the funct ion $(z) i s the only Holder continuous sect iona l ty 
holomorphic so lu t ion of Problem B. Here A^ denotes the norm 
of the H i lber t transformation 

jr 

(15) (Hu)(s) - ¿ J a (e i f f ) cot ^ J - 5 d6 
-JT 

1 < r 4 2 

24 * <00 . 

C 0 r 0 1 1 a r y ._ I n pa r t i ou la r , there e x i s t s a s o l u -
t i o n $(z) e C^(D+)r> C ^ D " ) , > • £ , to Problem E i f g = const , 

i n y s ) , r i . e . 

(16) 
cot i f 

(17) 2y = sup [m (s,<p)] - i n f [m (s,<p)J < £ , 
s e [-7T,7t] u S6[-Ir,ir] 
cpeR (peR 

where m0(e,(f>) = arctan FjpCs.cp), and 

(18) sup ||rB(8 ' (P)||p<0°. 
S 6 [ - TC,7Tj " S 
tpeR 
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In oase of ç • °o one has K « 2p and (17) i s f u l f i l l e d f o r p 
s u f f i c i e n t l y near to 1 i f the o s c i l l a t i o n 2 y of the func t ion 
a rc tan [F(p(s,<pJ] i s smaller than ^ i o f . [ 8 ] f o r f u r t h e r 

examples of Theorem 1, espec ia l ly with a rc tan [̂ „R0*] • 
0 as H—^oo . 

5. Problem B̂  
We d i s t i ngu i sh three cases : G i s r e a l , G i s purely imagi-

nary, and G i s complex* 
In the f i r s t case the add i t iona l condi t ion (9a) reads 

(19) v(0) = c G - vQ(0) in z « 0 

and the problem (7 ) , (19) has the form of Problem Q1 of [ 8 ] . 
We pose the fol lowing Assumption Bp on the func t ion Fi 

( i ) There hold the es t imat ions 

du_ 
(20) |Fs(s,<p) +Pv(8,V)-35

b|<B0(8)€1?(D, ^ > 1 , 

f o r almost a l l s e [-tt.ttJ and a l l cp e "R, and 

(21) 2 T - sup [m (s,cp)] - inf ("mis,«?)] < f . 
S€[- t t , t t] L 0 ae[-7!f7T] L 0 J * ? 
yen (pen 

where as above mQ(s,(p) = arctan[PCi)(s,cp)] . 
( i i ) F(s,cp) i s s t r i o t l y monotone in cp f o r almost a l l 

s e [-jt,tt] and possesses the ( f i n i t e or i d e n t i c a l l y i n f i n i t e ) 
l i m i t func t ions F±(s) • lim F(st<p) uniformly i n s e [-jryjr] . 

tp-f + Oo 
from Theorem 4 of [ 8 ] then fol lows 
T h e o r e m 2« Under Assumption BQ the Problem B1 

with r e a l constant G has a unique so lu t ion $(z) € C^(D+) n C ^ D " ) , 

l - min (l - ^ » p) » w i t J l £ L
p ( s ) f o r som® 1 < P < S » u 

the constant 
7T 7T 

C - J f ( s ) d s - j v 0 ( t ) d s - 2jt [cG - vQ(0)] 
-7T -Jr 
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lies between the Holts 

jr 
- J *&(s)ds. 

-JT 

In the seoond oase G • iGg we have the additional condition 

( 2 2 ) u ( 0 ) - - [ O G 2 + A 0 ( 0 ) ] 

and the Problem (7 ) » (22) has the form of Problem Qg of [ 8 ] « 
Prom Theorem 5 of [ 8 ] one obtains 

T h e o r e m 3. If for some p with 1 < p < 3 there 
exists 

1 
H^|oG2 + ao(0)| + 2 (2jr)q Cg, 

where q i s the conjugate exponent to p and Cfi i s given by 
(10) with (11) - (14)» then Problem B1 with purely imaginary 

oonstant G = iGg has a unique solution § ( I ) € C ^ ( D + ) N C | J ( D " ) L 

X m mln Q - . p ] , with $ ' ( t ) e l (8 ) . 

C o r o l l a r y * In particular, there exists a unique 
solution $ (a) e C^(D+) ̂  C1 (D") , A - £ , to Problem B1 with 
purely imaginary oonstant G • iGg*if g • oonst and the assump-
tions (17),. (18) are f u l f i l l e d , 

6. Problem B1 (continuation) 
In the oase of a oomplex oonstant G « Ĝ  + iGg Problem B̂  

leads to a Riemann-Hilbert problem with boundary condition 
of the form 

(23) v ( t ) +U ' (s ,u ( t ) ) * h(s) on S 

and additional oondition 

(24) A u(0) + B v(0) - 1 in z - 0, 

where A, B, 1 are non-vanishing real oonstants* 
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Problems of this type have not been oonsidered explioitely 
In [8] but can be dealt with In analogous way as Problems Q^, 
Q 2 there. So the problem (23), (24) Is equivalent to the prob-
lem with the boundary condition 

(25) | | + ̂ a(8,tt) |fi.+ V8(«,u) - h'(s) on S 

and the additional oondition 
TC TC TC 

(26) A J u(t)ds - B s,u(t))ds • 2*rl - B J h(s)ds 
-TC -TC -7T 

for the harmonic function u. The problem (25)» (26) in its 
turn is equivalent to the fixed point equation 

o 
(27) u(s) «= k + J Lfcu)d6, 

0 
where the real parameter k = k[u] is a solution of the equa-
tion 

TT , B s 
( 2 8 ) k - l 2 i f / ^ s,k + / L(6,u)« ds -

-7r 0 ' 

•re v B 

- i - I ^ r / M . ) d a - ¿ j //1(6-,u)d6T ds. 
-tc -or 0 

The kernel L(s,u) is given by the same expression as for 
Problems Q.,, Q g in [8]. 

Ve now assume that there hold the inequalities 

(29) 

(30) f ^ u ( s , u ) < 1 

for almost all se[>jr#7r;] and all u e R . Then the equation 
(28) has a unique solution k » k[u] which depends continuously 
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upon u i n the maximum norm topology f o r any Holder c o n t i -
nuous f u n c t i o n u. I f ¡^u|<E, the so lu t i on k s a t i s f i e s 
the e s t ima t ion 

1 

(31) [ k \ 4 K0 + (2ir)q Cjj, 

where 
7T 

(32 ) Ko = TaT | 1 ~ "Irr / M s ) d s | + | | | V 0 
-7T 

and Cg i s given by (10) with 

(33) M - | | h ' | | , r R = sup | | ^ s , u ) | | ç 

luKR 
and 

(34) m(s tu) = a r c t an [ ^ ( b . b ) ] . 

The re fo re , Sohauder 's f ixed point theorem y i e l d s the ex i s t ence 
of a s o l u t i o n w(z) to problem (23) , (24)»i f f o r some p with 

1 < p < Ç the re e x i s t s R>KQ + 2(2ir)q Cg. Moreover, the s o l u t i o n 
i s unique because the d i f f e r e n c e w(z) = w^(z) - w2(z) = u(z) + 
+ i v ( z ) of two s o l u t i o n s w ^ z ) , w2(z) s a t i s f i e s the boundary 
cond i t ion 

(35) v ( t ) + % ( s ) u ( t ) = 0 on S 

with the continuous func t i on 

1 
(36) %(s ) =* J ^ f s . u ^ t ) + r [ u 2 ( t ) - u.j ( t ) ] )dr 

0 

and the condi t ion 

(37) A u(0) + B v(0) = 0 
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in z = 0. The Riemann-Hilbert problem (35) has one l ineari ; 
Independent solution (over the field of real numbers) 

(38) W(z) = e " i T { z ) , tf(z) = S[arctan %(s)] , 

where S means the Schwarz operator. But the oondition (37) 
for W(z) leads to the relation 

JT 
(39) f tan J arctan %(s)ds 

-jr 
= 1 

which is impossible because of the assumption (30). Applying 
these results to the Riemann-Hilbert problem (7) with (9a), 
we obtain the following theorem. 

T h e o r e m 3. Let the function F ful f i l the es t i -
mations 

(40) 

(41) 

F(s,cp)| < F , 

1 + 
du. 

*8(s,<p) + y s . c p ) -jjJ >0 

for almost a l l s e and al l cpeR. 
I f for some p with 1 < p <3 there exists 

RV c| G|2 - 0 . ^ ( 0 ) + G2u0(0) -

G1 
fir 

jr 

— 7T 
/ [ f ( s ) - v 0 ( t ) ]ds + ^ F0 + 2 (2ar)q Or, 

where Cg is given by (¡10) with (11) - (14), then the Problem 
B̂  with complex constant G = Ĝ  + iG? has a unique solution 

$(z) € C^D+J^cyÎT) , "X = min (q t h) w l t h § ' (*)€ l p ( S ) , 
C o r o l l a r y . In particular, there exists a unique 

solution $(z)e C^(D+) r»C1(D"), * » , to Problem B1 with 00m-
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plez constant G = G1 + iG2 , if g • const and the assumptions 
(17), (40) and 

(42) 1 +-Gl-PB(s,cf))>0 

are f u l f i l l e d . 
R e m a r k . The Corollary also holds,if the boundedness 

condition (40) i s replaoed by 

(40' ) |p(s,(p)|< PQ + Pjcpl6 , 0 ^ 6 <1. 
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