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A GENERALIZATION OF DETERMINANT THEORY
OF FREDHOLM OPERATORS IN BANACH SPACES

1. Introduction

It is shown how to obtain effectively analytic formulae
for the determinant systems of linear continuous mappings
A =71+ T in Banach spaces, where % 15 o quasi-nuclear {or
nuclear) opsrator for some natural k, The obtailned result
is a generalization of the determinant theory of operators
of the form I + T, T being quasi-nuclear, i,e. when k = 1,

R. Sikorski [2] has shown how to construct effectively
a determinant system for any linear and continuous Fredholm
operator of the form I + T in a Banach space X, where T is
a quasi-nuolear operator.

The purpose of this paper is to show how to comstruot
effectively a determinant system for Fredholm ogeratora of
the form I + T in X under the assumption that T° 1s quasi~nuc=-
lear for some positive integer k., Thus the obtained result
is a generalization of Sikorski’s theory.

2. Preliminaries

In what follows = and X denote two fixed Banach spaces
over the same real or complex field ¥. The letters £,n and
x, ¥y (with indices if necessary) always denote elements of =
and X, respectively. Every mapping into & is called a func-
tional. We recall (see [4]) that = and X are conjugate in
the sense that there exists a continuous bilinear functional
Ex on TxX such that
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2 4, Buracgewski

{a) tx =0 for every xe¢X implies £ = 0O;

(a') Ex = 0 for every £ €= implies x = O.

We assume that the norms in = and X satisfy the conditions

lgl= | smp |8x], |zl oo, | £x
Let op(Z, X) be the class of all ocontinuous bilinear fun=-
ctionals A defined on ZxX, £{Ax being the value of A at (&, x)
such that each A e op(Z, X) can simultaneously be interpreted
as an endomorphism 7= £ A in = and ss endomorphism y = Ax
in X, defined by the relationship

EAx = (EA)x = E(Ax).

Clearly, s bilinear funotional A€ op(Z, X) interpreted as the
endomorphism 7 =£(A in = 1s the adjoint of the endomorphism
¥ = Ax in X, and the elements of op(Z, X) will be called ope-
rators. The bilinear funoctional K defined by the formula

EKx = Elxo * ono

where ; and x, are firxed non-zero elements, will be called
a one-dimensional operator, denoted by x, E'o’

3. Main theorem
Let s8>1 be an integer, let

(1) do‘ 1' q1.oc"dg_1

be all solutions of the equation o® = 1, and let T € op(§, X).
Then we can factorise the operator I - T as follows

(2) I -1 =« (I «7T)(I~ oqT) eee (I = cg_4T)e

8=1

We now prove the following theorem which will be needed for
our . purpose,
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Gsneralization of determinant theory 3

Theorem 1. Let Teop(=, X) be an operator suoch
that Tk is quasi-nuclear for some integer k >1. Then for every
integer { > k there existe an integer s > | such that

(3) I-7°a A (I = T) = (I -1D)a,,
where
(4) AO = (I 'fd1T, sse (I -dB-1T)

is invertible and the oy (] = 1500048=1) are the numbers given
in (1).

Proof. Suappose that the contrary holds, i.e., there
exists an integer ! > k such that for all 8 > | the opera-
tor Ao defined by (4) is not invertible, Let us choose an in-
teger 8y > 4 and let

Ien! ='(I - NI -«

51’1T, XX (I -

51 981-1T, 4

84

where o(a1.1.....cxs 31_1 are all roots of the egquation o " = 1

19
which differ from 1, Then there must exist at least one factor
I - 0151’1'1, say, which is not invertible. Consequently there

exists a point xqyeX such that

X, = aB1Tx1 and ”x1 | = 1
where we denote 0(51’1 by °‘s1 for simplicity. Let us now choose
an integer 8,> By satlisfying the follow:ng condition, There
exists a root °‘32 # 1 of the equation « 2 2 1 such that
0(52 # °‘s1 and the operator I - °‘82T is not invertible, Conse-

quently there exists a point x,€X suoch that

X, = °‘82Tx2 and [Ix,]l = 1.
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Continuing this process we find inductively that there exist
segquences

x.' <12 Cooe <BJ <osey
de1, dsz”..’daj'...
and
x1’12,000’x3'.00

such that

8
(5) aag -1 £ 100002000 )y oy g o7 4 ‘£ 3,

and
(6) x5 = “BJT’J' IIxJ” =1 forJ = 1,2,000 &
Pormula (6) can be re-written in the fomrm
(7) x, = Tx,,
Pa ™3 3

there ﬁsj - '0—(]— for J = 1425000 o

8
J
We now show that the set xo ={x1 ,xzv....} is linearly
independent. To this end suppose that

(8) 1‘11'J1 + "'2’32 + ces + rpxjp = 0,

Appyling suocessively formula (7) to (8) we obtain after 1%
steps (1 = 0,1,...,p=1) the system of equations

i i
r.p X; +7T Xy + see + T = 0
ey 3, 2ﬁadz 3 pﬁst 3,

(1 = op‘.ooo.p-1,0
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Since all ﬁsj ,....gBJ are different, we conclude that
1 2
1 s 1 seceyl
ﬂsj1’ 5332’..."3539
B2, B2 ,eeep2 | 40O
PR 1S Ip

p-1 p-1
’ B ese

as a Vandermonde determinant. This proves that the veotors
xJ ,...,xa are linearly independent and so the set xo is 1i-
1

nearly indgpendent. Consequently, the linear set lin(xo)
epanned by the vectors XisXppees is an infinite dimensional
vector subspace of X,

Since the product of two quasi-nuclear operators is nu-
olear (see [2]) and therefore compact, it follows that T° ia
compact for s> 2k. Thus we now assume that s > 2k, eso that T°
is compact.

Now let UCLin(xo) be any bounded set, and let

F =Xy + o0e + T X, €U,
173, P Ip

Then, by virtue of (6), we have

(9) 1.'1::J1 4+ coe + rpxd.p = Ts(r1azjx31 ese + rpugd ).

It followse from (6) that
8 8 )
[+ T = 1 (i = 1,000 p)
’I nji xdin i ’

and, in view of (9), the subset U of Lin(X ) is the image of
the compact operator T°. This means that every bounded subset U
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of Lin(xo) ip relatively oompact. Consequently Lin(xo) must be
finite dimensional, which is a contradiotion., This completes
the proof of Theorem 1.

Applying the same Theorem 1 to the operator -T instead

of T, we obtain

(10) I+ (=1)5*17% o 4 (I + 1) = (I+ D4,
where s> 1, and

{(11) Ay = (I +aqT) coe (I + g qT)

is invertible,

4, Structure of analytic formulae for the determinant

gystem

Let T € op{=, X) be such that 7% 15 & quasi-nuclear opera-
tor for some positive integer ke It follows from Theorenm 1,
in view of formula (4), that there exists a positive integer

s >k such that

(12) I + T = A;1(I + (=1)%*128) o (I & (-1)5*1T°)A;1,

where A  is given by (11).
Let P be a quasi-nucleus, (see [4]), which determines the
quasi-nuoclear operator T, i,e.

(13) ETxE= F(x,t),
which can also be written in the form
(14) meksrﬁytvx - £3),

7 and 3y being dummy varisbles. For a fixed operator
Ceop(S, X) let ns define nuclei CF and FC on op(Z, X) by
the formulae

(15) (CP)(4) = P(AC), (FC)(A) = P(CA).
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Then in view of (13) we obtain
(16) (CF)(x.¢{) = F(x.EC) =& CTx,
(17) (FC)(x.t) = P(Cx.E) = ETCx,

It follows from the above formulae that the nucle

(18) ((=1)5*11%"5)F and P((~1)5+1257K)

determine the same quasi-nuclear operator (-1)5+1Ts.
We shall use the following properties of determinant sy-
stems (see [3]).

see a
It nn<§" *°n
11,....xn

for Acop(Z, X) and A e op(S, X) is invertible, then

> (n = 0,1,2,000) 18 & determinant system

s see g
(19) Dn( 1; *’a -1 {n = 0.1.2,..0)'
Ao x1,o..,A° xn
is a determinant system for A A, and similarly,
-1 -1
Eqhg seessbply )
(20) Dn<x1....’xn (n = 0.1.2.000)

is a determinant system for AA,.

- To prove the structure of the determinant system for I + T
and bearing in mind that P is a given quasi-nucleus of the
quasi-~nuclear operator pk we first obtain, on the basis of
Theorem 7 in [4], the determinant system for I + TX as follows:

Let P be a quasi-nucleuns of Tk, and let (en) be a deter-
minant eystem for I, 1.e, :

E1ytoo,§n> €1x1 XK ) §1In

(21) eo = 1’ en<x1’...’xn esvss0cscscnecs for n-1,2’oo..

gnx1 ese Enxn

- 491 -



8 A, Buraczewski

and let, for m,n = 0,1,2,404,

5,1 poece .E.n 1 710'"’7]mt§100-" *;n-
(22) Dn,m(m<x1,...,xn> = ml F171y1"‘rf)nynen+m y.',....ym.x1....,in>°

Then (D,(F)), defined by the formula

11,...,xn 31s'°'07m

(23) D (F) <§1"'°'E’n> = > D, ,(F) <€1'""§“> £0F N20,1,2 5000
m=0

is a determinant system for I + Tk.

Suppose now that formulae (22), (23) hold and consider the
nuolei in (18), which determine the same quasi-nuclear opera=-
tor Ts, P being a quasi-nucleus for '.l‘k. In view of (18) and
(C1] page 297), we obtain for m = 0,1,2,e0ee

Eapecesd
(24) Dn.,m((-1)"*1rs'kr)<x: :;‘) -
10009X,

_=1)MEH) ek, .“(Ts-kp,

?1 '"n’?m’ 5;1 poee .E,n ) .
- m! T)

vﬂ n+m(y1 ge0e ,7m,x1 po e ,!

! ”m(s+1) P o ?1,000’1’)m,§1,oto’€n >
! [N X ] -k s-k 9
m 171’1 f)npm n+m T;1 '...’Tym‘ ,21,ooo’xn
and similarly
ooty [Bareees
(25) Dn'm(F(-ﬂs"' p8-k) <x1'“"x‘;> =

(_1)m(s+1)
=T ml

a=k s~k NqseessMpséqrecesiy .
FT )r71y1‘ «oFI )qn;men+m<y1 vecesTpsXqsecesXy

_ (epnlse)) LI R X T""‘.g1.....an>

«esF
m! F171y1 ¢ nnymen+m<y1,...,ym, XqreeesXy
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Generalisation of determinant theory 9

Consequently, bearing in mind formula (12), and in view of
(19) and (20), we can obtain four formulae for the determinant
system of the operator I + T. For example, by virtue of (24)
and, (19) we obtain a determinant system (D,) for I + T defined

by
§ ’oo.’t Aad 5 ,ooogg
Dn(x:,...,x:> = 2 Dp,m (x:,...,x:> ’

m=0

5 'ooopa
Dn,m(x:,...,x:> =

where

1 m(5§'1) ?1"..'17!1’ €1’oco,£n
= m! P1?1y1"‘F17mymen+m 8=k p8=k , Ax J°
y1 ge0 0y ym [ 011,000’ n

(n,m = 0,1,2,.0.)0

Similarly, by virtue of (24) and (20), we obtain a determinant
system (Dn) for I + T defined by

§ ’000.5 oo E ’...'g
n(x:,-..,xn> 2 Dn’m<x:.....xz> (n = 0,1,2,.00),

m=0

g ’...’Ep
Dn,m(xL...,xi) =

<T)1'1‘°"k, oo g Kk, Ao>

where

m({s+1)
(—‘u‘_—" oooF

m! F77171 me n+m 31,....ym,x1....,xn

(n’m = 0,1,..0)0

Now if k = 1, i.e. when T is quesi-nuclear, then 8 = k = 1,
A, =1, so that we obtain Sikorski’s formula for the deter-
minant system of I + T given in [4] (see Theorem 7). This
solves the problem,
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